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Introduction

Notations

Let Q be a set and B a subset of a set-algebra A of subsets of
Q.

L(B) is linear hull of {ec : C € B} with the supremum norm ||-||
ba(.A) (the Banach space of bounded variation finitely additive
measures on A with the variation norm (|-| := |-| (R2))) is
isometric to L(.A)" with the dual norm. Whence L(A)' is
identified with ba(.A).

The A-supremum norm in ba(A), i.e.,

||l := sup{|p(C)| : C € A}, u € ba(A), is equivalent to the
variation norm.
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Introduction

Nikodym property B C A (set-algebra)

Definition (Schachermayer-Valdivia)

B has Nikodym property, property N in brief, if each B-pointwise
bounded subset M of ba(.A) is bounded in ba(A), i.e.,

sup |u(A)| < oo, VAe B= sup |u(A)| < x
HEM AcA,ueM

Then L(B) is dense subspace of L(A) ({ec: C € B}° is
bounded=> {e¢ : C € B}°° neighborhood of 0).

Definition (Valdivia)

B has strong Nikodym property if for each increasing covering
UmBm of B there exists B, which has property N.
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Introduction

Web Nikodym property of B C A (set-algebra)

Definition

Increasing web in a set A is a family

W = {Ammy..m, : (M, M2, ..., Mp) € UsenN®} of subsets of A
such that

o A - Um1Am1

Q Am, my...mp = Ump. 4 Am1,m2,...,mpmp+1a vVp, mj € N,
1<i<p+1.

Each sequence (Am;m,...m,)p i call a strand in W.

Definition (Kakol-LP)

B has web Nikodym property, property wN in brief, if each
increasing web {B; : t € UsN®} in B has a strand composed of
sets which have property N
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Introduction

Properties N, sN and wN in o-algebras

For a o-algebra S of subsets of a set {2 it was shown:
@ S has property N (Nikodym-Dieudonné-Grothendieck).
© S has property sN (Valdivia).
© S has property wN (Kakol-LP).
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Introduction

Properties N, sN and wN in algebras

The algebra of finite and co-finite subsets of N fails to have
property N.

The algebra 7 (/) of Jordan measurable subsets of / := [0, 1]
has property N (Schachermayer)

The algebra 7(K) of Jordan measurable subsets of
K := Mi<i<klai, bi] has property sN (Valdivia 2013)

The aim of this talk is to prove that 7(K) has property wN.
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Deep unboundedness and property N

More notations

Lett=(t,b,..., %) € TCNPand

u=(ui,Up,...,Ug) € UCNI.

pisthe lengthof t. If t = () then t = t;.

t(i) .= (4, L, ..., t;) is the section of length i of t, 1 < i< p.
(i) :=0ifi > p.

tx u:= (t1,t2, ey tp, tp+1, tp+2, ceey tp+q), with tp+j = U, for
1<j<q

Definition

(t"= (8, 17,...,t],...) € T)nis an infinite chain if
t"1(n) = t"(n) # 0, Vn € N.
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Deep unboundedness and property N

Last notations

t x s(t x s € U)is an extension of t (of t in U).
Uis increasing at t = (t1, b, ..., tp) € UsN® if there exists

(=8, )t =t —1)x({tt,. . )1<i<plcU

such that t; < ¢/, for each 1 < i < p.

Definition

U is increasing (increasing respect to a subset V of UgN®) if U
is increasing ateach t € U (ateacht € V).

U is increasing if |[U(1)| = co and
HneN:t(i)xne U(i+1)} =o0,Vt=(ty,b,...,l) € Uand
1<i<p.
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Deep unboundedness and property N

NV-tree
Definition
An NV-tree T is an increasing subset of UgyN® without infinite
chains such that each t = (#, b, ..., tp) € T verifies that the

length of each extension of t(p — 1) in T is p and
{t():1<i<pnT={t}.

The infinite subsets of N are NV-trees, named trivial NV-trees.

N/, i € N\{1}, and U{(i) x N’ : i € N} are non trivial NV-trees.

Example
The product of a finite family of NV-trees is an NV-tree
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Deep unboundedness and property N

Elementary properties of a NV-tree T

Proposition

Each increasing subset S of T is an NV -tree.

Whence if S, ¢ T and S,.1 is increasing respect to S, then
UnSh is an NV -tree.

Proposition
If no NV -tree is contained in U (C T) then T\U contains an
NV -tree.

| \
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Deep unboundedness and property N

Elementary properties of a NV-tree T

Proposition
{By:ueUsN°} twebinB— B=U{B;:te T}.

Proof.
This equality follows from the following trivial facts:

Q@ B =UuerByty T Buiy = Uu(iyxneT(i+1) Bu(iyxn
Q@ be B=—3tec T:bc B, (T does not contain infinite
chains).
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Deep unboundedness and property N

Deep B-unbounded sets

Definition (Deep B-unbounded set)

Let Be A. M C ba(.A) is deep B-unbounded if for each finite
subset Q of {e4: A€ A}

sup{|u(C)| :neMnNQ°, Ce A, CC B} =oc.
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Deep unboundedness and property N

Let M(C ba(.A)) be deep B-unbd and {Bj ¢ A:1<i<q}a
partition of B. There exists j, 1 < j < q, such that M is deep
B;-unbounded.

If 3Q" C {ea: A € A}, finite, SUP e prgiye |1l (C)) < Hi,
ie{1,2,...,q}, then sup,cyno- 1l (B) < Ei<icgHi, with
Q = Ui<icgQ- O
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Deep unboundedness and property N

Webs without N-strands

Proposition

Let B := {Bm,m,..m, : P, My, Mz, ..., mp € N} be an increasing
web in A without N-strands.

Then there exists an NV -tree T such that for each
t=(t,b,...,1q) € T the set B; does not have property N and if

p > 1 then By has property N if i < p.

v
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Deep unboundedness and property N

Webs without N-strands

Proof.

Either Bm,, my € N not prop N (then T :=N)

or By prop N. Qq := Dand Q) :={ty e N: ty > m,}.
Suppose j < i, te QUQ = t(j—1) € Q_4,

@ t€ Q= Brnotprop N; t(j — 1) x N C @Qj; Syj_1) =N

@ te Qj = B; prop N; 3 ’S;(j_”’ = oo with
tGj—1) x S;(H) C ij and (t(j — 1) x N)n Q; = 0. Then

Sl‘(j—1) = @
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Deep unboundedness and property N

Webs without N-strands

If t € Q) then B; prop N and B; = UpBixn =
@ Either each B« not prop N. Then S, := N and

S;1 k..t = ®’
@ or3m , € N: Bycpprop Nif n> mi 4. Then Sy, 4 := 0
and S;, ;:={neN: m,+1 < n}.

Qi1 :_u{tht te Qtand Q4 :=U{tx S;:te Q}.
B without N-strands— T := U{Q, : i € N} does not contain
infinite chains

(t€ Q== t(p—1) € Qyp_1) = Byp_1) prop N)
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Deep unboundedness and property N

Webs without N-strands

Each t € Q, has an extension { € Qi 4, hence
T(k) = QU Q,, Vk € N. Hence T increasing prop, because

o [T(1)|= ‘QH =00
@ t=(t,b,...,1p) € T then

t(, 1 ‘—oo 1<i<p,and
|St(p—1)| = o0

Further, t(i) € Q; = By prop N and B; not prop N,

{t(:1<i<p}nT={t} and

{extt(p—1)inT} =t(p—1) x N.
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Deep unboundedness and property N

Increasing sequences without property N

Proposition

Let A be an algebra of subsets of Q and let (Bm)m be an
increasing sequence of subsets of A such that each B, does
not have property N and span{ec : C € UnBmn} = L(A).

There exists ng € N such that for each m > ng there exists a
deep Q-unbounded 75(.A)-closed absolutely convex subset My,
of ba(.A) which is pointwise bounded in By, i.e.,

sup{|u(C)| : u € Mn} < oo for each C € Bp,.

In particular, this proposition holds if UnBm = A or if UpnBm, has
property N.
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Deep unboundedness and property N

Deep Q-unbounded sets indexed by NV-trees

From the two preceding Propositions follows the next
proposition.

Proposition

Let B := {Bmm,..m, : P, My, Mz, ..., mp € N} be an increasing
web in a set-algebra A.

If B does not contain strands consisting of sets with property N
then there exists an NV -tree T such that for each t € T there
exists a deep Q-unbounded 75(.A)-closed absolutely convex
subset M; of ba(S) which is B;-pointwise bounded.
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Web Nikodym property in 7 (K)

J(K), K := Mi<i<k[a;, bj] C R

Definition

A bounded B c R¥ is ch{an measurable whenever the
Lebesgue measure of B\B is zero.

{B,Q,...,Q} c J(K), M c ba(J(K)), deep B-unbounded
absolutely convex.
Proposition

Ifa >0 ande>03Cy, C] € J(K), disjoints contained in B and
u € M such that

@ 11(C1)| >, [1(C))| > @, Tyejeru( @) < 1,

Q CiUCj C Mgkl d] C K, Micick(di — ¢j) < €

© M is deep C;-unbounded.
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Web Nikodym property in 7 (K)

B C K = I_I1<,<k[a/, b/] C Rk

Proof.

Let (c’)1<j<s(,) strictly increasing, a; = ¢!, b; = cs(') and

U
Micick(cl ™ — ) < e

Let /= o], o[, with 1 < j < s(i), and /) := [P, &%),

and

let {By, Bz, . .., Bm} the non-void intersections of B with
B ox...ox B <ji<s(i), 1 < i<k

There exists B, 1 < n < m, with M deep Bp-unbounded.

Ol
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Web Nikodym property in 7 (K)

(B, B,Q,....,Q) c I(K)

M c ba(J(K)), deep B,-unbd absco, Q := {Qy,...,Qr}

Proof.

sup{|u(C)|: perMnQ°, CC By, Ce A} = o0,

dDy C By, Dy € J(K), IX € tM N Q° = [N(Dy)| > r(1 + «).
p=r""AeM,|uB,)| <r'<1and

Tigjer (@) < rr=1.

1(Ba\D1)| > [u(Dy)| — |u(B)] > 1 +a—1=a.

M is deep D;-unbded or B\ D;-unbded. O
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Web Nikodym property in 7 (K)

{B,Qq,...,Q} C J(K), M C ba(A)

Corollary
If M deep B-unbd absco, g € N, a > 0, e > 0, 3 in B pairwise
disjoint Jordan measurable subsets Cy, Ca,. .., Cq and i1,
M2,. . ., ig € M such that:

Q [1i(C)| > o, Tigjcrpi(@) <1,i=1,2,..,q,

@ M is deep Cq-unbounded

Q Ui<i<qCi C Migickler, di] C€ K, Migick(di — ¢i) < e.

Proof:Exist disjoint subsets Cy, C{ € J(K), in B, and ;11 € M:

Q [11(C1)| > e, [11(C)| > o, Tagjerit (@) < 1,
@ Mis deep C}-unbded
o Ci U Cq C n1<,<k[C,',d,'] C K, r|1g,<k(d,' = C,') < €E.....
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Web Nikodym property in 7 (K)

{B,Qq,....,Q}C J(K), M; C ba(A),te T

Proposition

If T is an NV -tree, each M; is deep B-unbd absco, a > 0, ¢ > 0
and{tl : 1 <j<k} CT, there exists { By, B{} C J(K),
BinB; =0andByUB; C B, uy1 € M, an NV-tree Ty and
{|_|1<,'<k[ c? ds] 1<s< Q} CK:

Q@ ({:1<j<Kk}cTiC Tanth /sdeepB’ -unbd, vt € Ty.

@ |u1(B1)] > a and T{|ui(Q)] : 1< i< 1} <

© Bj UB] C Uics<qMi<iklCFs ,] CK,

Z1<s<q(|_|1</<k(d —c})) <e
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Web Nikodym property in 7 (K)

=, t,... ) 1<j<k
1) 2 19;

Let =2+ Trcjeup. (Digiesy T @i = ¢, b=,
1<i<k, I'I1<,<k(c’ — cl) < e/qforeach 1 < j; < s(i) and
1\/<klf [c]~", ¢[, with 1 < j < s(i), and

/§ [C ’) 1 C?(')]

9 | .
Let {B1 , B2, ..., Bm} be the non-void intersections of B with the
products £l x ... x k.

3B, 1 < n < m, such that M;: is deep Bp-unbounded.
Corollary applied to {B, Q1, ..., Qr}, My, o and ¢/q provides a
Jordan measurable partition {Cy, C,--- , Cq} of By and {1,
A2, ,Ag} C My such that:

A(Ck)| > a and Ticicr [M(Q)I <1, for k=1,2,....q,
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Web Nikodym property in 7 (K)

{Di:1<i<q}={B:i#nfU{C:1<i<q}

If M € ba(A) is deep B-unbd Jiy € {1,2,...,q9'} : M is deep
D,-M-unbd.

Whence if U is an NV-tree, M, is deep B-unbd Yu € U and
Vi:={ue U: M,isdeep D;-unbd}

then U = Uq<j<q Vi. This implies that Jip, with 1 < jp < ¢/, such
that Vj, contains an NV-tree U;. O
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Web Nikodym property in 7 (K)

Deep D;-unboundedness

@jc{1,2,....k} =3l €{1,2,...,9'} : My deep D;-unbd.
@ dipe{1,2,...,9'}andan NV-tree T, C T: te T,
M; = D,-O-unbounded.

o t=(t,8,... . t)¢T,1<j<kand2<m<p =
WL, = {veUsNS: (m—1)xveT}

is an NV-tree. M(t, J Jxw is deep B-unbd, Yw € W,/;1,
197207 7m 1

whence 37, € {1,2,...,q'} and an NV-tree V/, c W/,
such that

M

(tj,z, ,m 1)><w

is deep D, -unbd Vw € V/,,.
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Web Nikodym property in 7 (K)

B; and A

Proof.

Let D be the union of D;, and all D; and Dﬂ obtained. The
number of sets defining D is less or equal than g — 1, hence
HCh :DC B\Ch

Let T; be the union of T;, and all {#'} and

(¢, 8,....¢ ) x V& .2 < m< pj} obtained. By construction
T; has the increasing property (= NV-set) andif f € T; the
set M; is deep D-unbounded.

We get the proof with By := Cy,, B} := D, uy := Ap, because by
construction

Q [11(B1)| > o, Tygicr [11(@) < 1, and

Q By UB| C Usey{Mi<i<k[C?, d7]}, |J| < g, whence
zseJ(|_|1<l<k(d c’)) < (e/q)q=
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Web Nikodym property in 7 (K)

{B,Qq,....,Q}C J(K), M; C ba(A),te T

Corollary

If T is an NV -tree, each M; is deep B-unbd absco, a > 0, ¢ > 0
and {t : 1 <j< k} C T, there exists in B a family of pairwise
disjoint subsets {By,Bo, ..., Bx,B'} ¢ J(K), k measures

pj € My, 1 <j <k, and an NV-tree T* such that:

Q {:1<j<k}cT*cTandM,isdeep B -unbounded for
eachte T*.

Q |(B; }>aand2{\ﬂj Q)|:1<i<r}<, for
/_1 2,..., k.

Q B C U1<S<q{l'l1<,-<k[cf, d?]} of compact intervals
contained in K such that
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Web Nikodym property in 7 (K)

Firstly apply Proposition.
Then apply again Proposition with {2, 3, ...tk t'} and
B := B]. Finish with k repetitions. O
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Web Nikodym property in 7 (K)

The diagonal order in N2

The elements of N? ordered with the diagonal order give the
sequence

((1,1),(1,2),(2,1),(1,3).(2,2),(3,1),...)
We will need the sequence
(in)n = (171a271a273a'--)

of its first components.
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Web Nikodym property in 7 (K)

J(K) has property wN

The algebra J(K) has property wN.

Proof.

Let us suppose that 7(K) does not have property wiN.

Then 3 exists in J(K) an increasing web

{Bmymy...mp : P, My, Mg, ..., mp € N} without strands consisting
of sets with Property N.

Whence 3 an NV-tree T such that for each t € T there exists a
deep K-unbd 75(J(K))-closed absco subset M; of ba(J(K))
which is B;-pointwise bounded. O
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Web Nikodym property in 7 (K)

First induction

Proof.

By induction we determine an NV-tree {t' : i ¢ N} ¢ T and
(k; € N); 1 such that for each (i, j) € N? with i < k; there exists
aset B; € J(K) and p;; € M, that verify

o Zs,v{‘Mij(st)‘ :s< ky, 1 <v<j}) <1,

Q |uy(By)| > J;

@ B;n By =0if (i.j) # (i', /') and

Q U{Bs :s< kv, j <V} CUrcseq(McicklC, 0f]) C

Q Tics<q(Mcick(d? — c)) < 2/, foreach j € N.
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Web Nikodym property in 7 (K)

First induction. Step | |

Proof.

Select t' € T. Corollary with B:=Q, a =1and e =2""
provides

@ Biy, B} € J(K), p11 € My and an NV-tree Ty such that
ln11(B1q)| > 1, ' e T, C T,

M; is deep B;-unbd for each t € Ty and

B} C Utcs<q {Mi<ic<klCf, 0]} C K, such that

Ticscqr (Maick(df — ) <27

Define k; := 1 and S' := {t'}. O
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Web Nikodym property in 7 (K)

First induction. Induction hypothesis

Proof: Let us suppose that we have obtained:

@ The natural numbers ky < ko < k3 < ... < Ky,
@ the NV-trees T1 D To D T3 D ... D Tp,
o §:={t:i<k}CT,1<j<n, Sincrrespect S,

1<j<n,

) {M,VGM,,./ngJ v <}

@ {B,Bj:i<ky,1<v<j}cJ(K), pairwise disjoint,
Vj <

° |MI/ Ij)‘ > jand Ysck, 1<v<] |Ml/ st)‘ <1,i<kandj<
@ j<nandte Tj = M;is deep Bj-unbd,
@ Usck, j<v<nBsy C B C U1<s<an1<:<k[C,/7 ,/] CK,

0 Yicscq(Mcick(a? i~ ]) <27,
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Web Nikodym property in 7 (K)

First induction. End

Proof.
Select S, ¢ = {tt .. ther1} € T,\{t': i < kp} incr respect
S". Apply Corollary to {‘B;,, Bsy : s < ky,1 <v<n}, Ty the
finite subset S™" := {t' : i < kyy1} of Ty, « = n+ 1 and
e =21 to obtain:
@ {B,.y, Bint1:1<i<kpi1} C J(K), pairwise disjoint
C By,
@ {piny1 € My, 1 <i < Kng1}, [pting1(Bing1)| > n+1,
Y sck,1<ven [pinp1 (Bsy)| < 1,
@ S™1 C Tpyq(incrtree)C Ty, M; deep B, ;-unbd Vt € T4,
® By C Utcs<gn {M<icklClnyrs Bpiqll € K

® Yicscqn, (Mcick(OPnpy — CFpyql) <2777
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Web Nikodym property in 7 (K)

A Jordan measurable set

Proof.

IfH; c {1,2,...,k},jeN,then B:=U{B;j:ic H;,jcN}is
Jordan measurable.

In fact: For each j € N we have

B\B C (Ui, (B\B)} UB,

hence B\B is a subset of

{Uj<ip(B\B))} U {Ut<s<q, Mi<i<klcs , 07 1}, which Lebesgue
measure is < 0 + 2. Therefore B\B is a Lebesgue
measurable set with Lebesgue measure zero.
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Web Nikodym property in 7 (K)

Second induction and basic idea

Proof.

With a new easy induction we obtain a strictly increasing subset
J:={j1,j2,---Jn, ...} of N such that for each n € N we have
that

|Minjn(Um>nBimjm)’ < 1.

Note that || () < sp € N, {Ny,1 < u < sp} partition of
Jn C N\{1,2,...,jn} in sy infinite subsets and
Bu = Usgkv,VGNuBSV5 then

S { | thinj| (Bu) - 1 < U< Sp} < Sp
implies 3/, with 1 < U’ < sp, such that

}/J'fnjn} (BU’) <1.

S. Lépez Alfonso and M. Lépez Pellicer Nikodym boundedness property in set-algebras



Web Nikodym property in 7 (K)

Second induction. End

Let j,.1 € Ny and the induction is finish.
Then Up=nB; ;. C By implies that

ImJm

’:uin]'n (Um>nBimjm) < 1’

whence the Jordan measurable set Up-nBj,;, verifies that
| Hiin (D> B )| < 1.
Recall that (B, 1i,),)n verifies for that:
Z{| injo(Bimim)| - M < N}) <1,

‘:U’l‘njn(B/n]‘n) ‘ > jn'
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Web Nikodym property in 7 (K)

The contradiction

Proof.

S™ 1 increasing respect S” = {t': i € N}(c T)is an
NV-tree= U{B;i : i € N} = J(K) > H := UgenByj, = Ir €

N: H e By.

(Mp)p 1, Iy = r == {tinyjn, : P € N} C My (By-pointwise

bounded)— sup{‘u,-np/np(H)’ :p €N} < oo

in contradiction with:

Hingjny (Um<p Bimjim)

<1

Minpjnp(Binpjnp) > jnp > np and

Mi,,pj,,p(Unp<mBimjm)

<1

S. Lépez Alfonso and M. Lépez Pellicer Nikodym boundedness property in set-algebras




Web Nikodym property in 7 (K)

References |

[§ Diestel, J.: Sequences and Series in Banach Spaces.
Springer, New York (1984)

[3 Diestel, J., Uhl, J.J.: Vector Measures. Mathematical
Surveys, Number 15. American Mathematical Society,
Providence (1977)

[§ Dieudonné, J.: Sur la convergence de suites de measures
de Radon. An. Acad. Brasi. Cién. 23, 277-282 (1951)

[d Kakol, J., Lopez-Pellicer, M.: On Valdivia strong version of
Nikodym boundedness property. Preprint

S. Lépez Alfonso and M. Lépez Pellicer Nikodym boundedness property in set-algebras



Web Nikodym property in 7 (K)

References Il

[§ Loépez-Alfonso, S. On Schachermayer and Valdivia results
in algebras of Jordan measurable sets. RACSAM DOl
10.1007/s13398-015-0267-x, Published on line: 22
December 2015.

[§ Loépez-Alfonso, S., Mas, J., Moll, S.: Nikodym boundedness
property and webs in o-algebras. RACSAM Rev. R. Acad.
Cienc. Exactas Fis. Nat. Ser. A Math. (2015) DOI
10.1007/s13398-015-0260-4

[@ Nikodym, O.M.: Sur les familles bornées de fonctions
parfaitement additives d’ensembles abstrait. Monatsh.
Math. U. Phys. 40, 418-426 (1933)

S. Lépez Alfonso and M. Lépez Pellicer Nikodym boundedness property in set-algebras



Web Nikodym property in 7 (K)

References lli

[§ Schachermayer, W.: On some classical measure-theoretic
theorems for non-sigma-complete Boolean algebras.
Dissertationes Math. (Rozprawy Mat.) 214, 33 pp., (1982)

[§ Valdivia, M.: On Nikodym boundedness property. RACSAM
Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Math. 107,
355-372 (2013)

S. Lépez Alfonso and M. Lépez Pellicer Nikodym boundedness property in set-algebras



	Introduction
	Deep unboundedness and property N
	Web Nikodym property in J(K)

