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Abstract

Time multiplexing is a common approach for achieving super resolution. The basic method involves moving two
grating one is in front of the object and the other one in front of the camera. In this paper, we present a novel approach
for obtaining super resolution not by shifting a grating, but by using its various dilations for obtaining the required

encoding and decoding of information.
© 2004 Elsevier B.V. All rights reserved.
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1. Background

The super resolution for one-dimensional ob-
jects may be implemented in several fields of sci-
ence and industrial utilizations. The most
common example for using such objects is for
industrial scanners application where each prod-
uct is marked by a one-dimensional bar code.
This code contains fine details and needs to be re-
solved accurately in order to prevent false identi-
fication. Another example for one-dimensional
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objects where super resolving abilities have signif-
icant urge may be seen in the microscopy field
(particularly for medical applications). There, a
three dimensional scanning is performed over a
given tested sample. If super resolving approach
is applied, the three dimensional scanning con-
strains may be converted to two-dimensional
scanning. Such an improvement decreases the
scanning time and reduces the system cost
performance.

Every optical system can provide only a limited
spatial resolution. In terms of spatial frequencies,
the lens is band limited and functions as a low pass
filter. The numerical aperture and the wavelength
determine the cutoff frequency of the system.
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Thus, an extension of the aperture may improve
the spatial resolution of the optical system. How-
ever, physical extension is costly and not always
possible. The purpose of super resolution is to ob-
tain a synthetic enlargement of the aperture with-
out changing its physical dimensions. The
attempts to obtain effectively larger apertures fol-
low a single principle. They are based on certain
apriori knowledge about the object. The object
should be approximately time independent [1-3],
polarization independent [4], or mono-frequency
(4-independent) [5], one dimensional [6] or spa-
tially restricted [7,8]. One of the most appealing
approaches for achieving resolving power, which
exceeds the classical limits, is related to temporally
restricted objects and is based on two moving grat-
ings [2]. The basic idea is to transmit, in several dif-
ferent temporal frequency bands the information
about different spatial frequency bands. The first
grating is placed in the input plane and is moving
with velocity V. The moving grating is used to en-
code the spatial information of the object and to
allow for its transmission throughout the limited
aperture. At the output plane of the system an-
other identical grating is placed. It moves along
the opposite direction with the same velocity V,
and its role is to decode the information passed
throughout the aperture. The output is imaged
onto a detector that acts as a time integrator. It
was shown that this configuration is able to in-
crease significantly the effective aperture of the
system.

2. The presented approach

In the following experiment the encoding and
decoding was done by spectral dilation and not
by time shift. Instead of moving a grating with a
constant velocity two masks M and M’ were in-
serted in optically conjugate planes of the object
and the image, respectively. The mask M in the ob-
ject plane has grating characteristics. A simple
Ronchi grating splits the incident wave into several
diffraction orders, which illuminate the object un-
der different angles of incidence and replicates
the spatial spectrum of the object. This allows
higher spatial frequencies to enter the system aper-

ture, but they are overlapped and so cannot be
used to reconstruct the object. Both masks had
varying periods in the x and y directions, which
cause scaling in the Fourier plane. The scaling al-
lows transmitting different spatial frequency bands
in different angles, causing different spatial fre-
quency bands to appear in different areas of the
system aperture. Thus the scaling enables orthogo-
nality, just as the various frequencies in the time
multiplexing approach achieved due to the shifting
of the grating mask. The orthogonality is achieved
after averaging in the y-axis. The objective of the
mask M’ which is identical to mask M is to adjust
the proper angular direction to all the encoded
spectral bands which passed through the aperture.
With this method after encoding and decoding the
unwanted spectral information does not overlap
with the desired spectral bands and thus it may
be filtered out. In this paper, we present the follow-
ing technique restricted to one-dimensional ob-
jects. The axis that has no information will be
used for encoding and decoding of information
to obtain the superresolution.

Section 3 presents a theoretical explanation
about the principle behind the one-dimensional
superresolution approach that was used in this
experiment. Section 4 displays the experimental re-
sults. The paper is concluded in Section 5.

3. System analysis

In order to achieve superresolution by the
method described in the introduction the optical
set up shown in Fig. 1 was used.
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Fig. 1. Optical system for superresolution experiment by use of
two masks M and M’.
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The object and the mask (the encoder) that are
adjacent in the optical set up are multiplied and
then Fourier transformed by the first lens. This
causes the desired scaling and shift of the spatial
spectrum of the object into the narrow slit posi-
tioned at plane Z = 2F. This slit simulates the nar-
row aperture of the imaging lens. At Z =4F the
output is multiplied by the second mask M’ (the
decoder) which replicates and scales the spectral
information found at plane Z =2F. Instead of
using a low pass filter the amplitude in the image
plane is spatially averaged in order to filter the un-
wanted spectral bands. The averaging is done dig-
itally in the camera by summing all the pixels in
the y-axis of the captured 2-D image and convert-
ing it to a 1-D image. This average is equivalent to
an integral along the y-axis.

Let us now focus on the presented technique re-
stricted to one-dimensional objects. Fig. 1 shows
the optical configuration that was used for the sys-
tem analysis. The masks M and M’ have a varying
period in the x and y directions, and are of the fol-
lowing type:

1 1 27X
M(x,y)zEJrzcos [Ty} (1)

where a has units of square length and is the scal-
ing factor. Note that actually the chosen mask pre-
sents a large number of 1-D (along x-axis) gratings
that exhibit dilated frequency along the y-
coordinate.

The input object is assumed to be illuminated
by both spatially and temporally coherent light,
so the mathematical analysis is performed with
optical amplitudes. The field amplitude at Z =10
is denoted by Ey(x). The amplitude distribution
just after the first mask is

E()()C)M(x,y) = %Eo(x) + %Eo(x) exp |:_ 2_]7;xy:|
+ %Eo (x) exp [QJQTDC)/}
= Uy(x,). (2)

Using a one-dimensional spatial Fourier trans-
form operation, one can write the 1-D spatial spec-
trum of Uy(x,y) at Z =2F.

Uo(v.3) = [ Unlox.p) exp(-2njux)as

:%Eo( )+41‘E0(sz) +iEo(V+y)

3)

where Ey(v) denotes the Fourier transform of
Ey(x). Eq. (3) shows how various scales of the
encoding grating M were translated to shifts in
the spectral domain. At Z = 2F the system has a
pupil function which for coherent light may be for-
mulated as

A oy A

~ v 1 ,
Py(v) = rect(E) = {0 elsZ: 2 4)

where ‘rect’ is the rectangular function. The coher-
ent transfer function for a rectangular aperture is
drawn in Fig. 2.

At plane Z = 4F, just before the second mask
M’, the amplitude distribution is

U5 = [ Palo)0alr. ) exp(-2njur v
Sl )
+-— EO( J;) rect

x exp(—2mjvx')dv, (5)

Eq. (5) is multiplied by the second identical
mask M’ yielding:
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Fig. 2. Coherent transfer function for a rectangular aperture.
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(6)
The distribution of Eq. (6) is imaged onto the
CCD camera as shown in Fig. 1. Then the distri-
bution is integrated along the y-axis to obtain
the required decoding of the spatial spectral
bands. After a few mathematical manipulations

one obtains 9 terms that may be divide into 4
groups which have similar contributions to the

final image (constant coefficients are not
considered):
E(X') = E\(x) + Ex(x') + E3(x') + E4(x'). (7)

The first term is

E(Y) = / Eo(v)rect (1) exp(~2nja'v)dv

></exp<2 Jay>d’
= 5(x/)/Eo( )rect(A )exp( 2mjx'v)dvy
= const x o(x'). (8)

This term is a consequence of the multiplication of
the second and the third term of the first brackets
of Eq. (6) with the first term of the second brack-
ets. Eq. (8) is a function that exists only in X =0
and will have a very small impact on the recon-
structed object.

The second term is

v

E)(x') = /rect Av) exp(—2mjx'v)dv

EO (v ,Ji) exp (2njxy>d /
a a

= Ey(x rect( ) exp(—2mjx'v) exp(2mjx'v)dv

= const X Eo(x'). 9)

This term is a consequence of the multiplication of
the second and the third term of the first brackets
of Eq. (6) with the second term of the second
brackets. Eq. (9) is the reconstructed object
Eo(x") multiplied by a constant factor.

The third term is

E3(x) = /rect (i) exp(—2mjx'v)dy
~ / 2 v/
X / Ey (v +}i) exp <_n]xy >dy’
a a
/ L _ b
= Eo(x) / rect (Av) exp(—2mjx'v)
x exp(—2mjx’v)dv

— PSF (A;x/> x Eo(x'). (10)

This term is a consequence of the multiplication of
the second and the third term of the first brackets
of Eq. (6) with the third term of the second brack-
ets. Eq. (10) is the reconstructed object multiplied
by the Fourier transform of the pupil function
(scaled by a factor of 2), which is very narrow
around X = 0 in comparison with the image plane
(around one half of the object’s typical period).
The fourth term equals to:

E (x) = /rect (Alv) exp(—anx’v)dv/ Uo(v,y)dy
= LRI(x') + const x PSF(Avx').
(11)

This term is a consequence of the multiplication of
the first term of the first brackets of Eq. (6) with
the terms of the second brackets. Eq. (11) is a Fou-
rier transform of the pupil function which is again
a very narrow function around X = 0 in the image
plane (around one object’s period) plus the low
resolution image LRI(x’) that is obtained when
the input is imaged through the limited aperture.
Thus one may see in the image plane the recon-
structed object Ey (Eq. (9)) plus the narrow PSF
function (Eq. (10)) plus the delta function (Eq.
(8)) and the low resolution image (Eq. (11)). For
instance observing the experimental results seen
in Fig. 5(c) reveals bright line at the origins
(X = 0). This line is the narrow PSF plus the delta
function. In Fig. 5(d) the contrast of this line was
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digitally decreased. Due to the used input which
contains high spatial frequencies the influence of
the LRI term is small since there is not much infor-
mation in those low spatial frequencies and they
are mainly expressed as low resolution back-
ground. Its subtraction improves the overall con-
trast of the image (i.e. see Fig. 5(d)).

4. Experimental results

Here this approach is demonstrated for one-di-
mensional superresolution where the axis that car-
ries no information will be used for the different
dilations. This approach can be applied for objects
with a cigar shaped area in the spatial frequency
domain that is badly matched to the frequency
transfer domain of a lens. For experimental valida-
tion of the suggested approach, we used the set up
shown in Fig. 3.

A He—Ne laser with a wavelength of 632.8 nm
illuminated an object Ey(x) and a mask M (at-
tached to Ey(x)). The two masks M and M’ have
to be inserted in optical conjugate planes and have
to be identical. The masks have to be perfectly
aligned in order to achieve good results. One way
to overcome this problem is to implement the sec-
ond (decoding) mask using the computer that is
connected to the CCD camera in the image plane.
This can be done since the mask is an amplitude
mask and not a phase mask. Before performing
the experiment the mask M is imaged on the
CCD camera with an open aperture, and saved
on the computer. This image of mask M will be
used instead of the mask M'. Then the CCD grabs
the intensity in the image plane without the mask

F

To(x)

]>%<0 =

M’. The computer that was connected to the
CCD camera uses the stored (or generated) inten-
sity mask M’ and multiplies it with the intensity
grabbed from the image plane. So we would have
on the computer:
I=|EPMT, (12)
where E is the amplitude in the image plane before
multiplication by M’ and [ is the intensity calcu-
lated by the computer. If a real mask M’ was used,
the CCD camera would have grabbed the intensity
in the image plane which is the square of the mul-
tiplication between the amplitude of the image and
the amplitude of the mask M’. This equals to the
described by Eq. (12).

Since we used coherent light the summation
would have to be over amplitudes and not intensi-
ties. Note that because the multiplication is done
between the grabbed images in the computer it is
possible to overcome this problem.

The readout of the CCD camera is related to
the field distribution that illuminates it as: |E|*".
Thus in order to multiply amplitudes instead of
intensities a root of 2y should be applied to the
captured images prior to the multiplication opera-
tion with the decoding mask. This could not have
been done if the grabbed image was optically mul-
tiplied by the mask M’. The CCD camera we were
using had y = 0.45 so we applied a root of 1/0.9 to
the intensities readout that were grabbed by the
camera before performing the multiplication. A
slit with a width of 0.063F was placed in the Fou-
rier plane to mimic a low performance imaging
system. This means that for a coherent illumina-
tion periods smaller than 200 pm would not pass
the imaging system. Another advantage of using

The computer
implements the
second mask

CCD
F

F F

F

F

Fig. 3. Experimental setup.
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a computer was that instead of using a low pass fil-
ter along the y-axis in the Fourier plane (in order
to filter out the terms that do not resemble the ob-
ject), after the multiplication the result was inte-
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grated over the y-axis. From the mathematics we
expected a very narrow distortion of the image
around X =0, we eliminated that by image
processing since the image was grabbed and M’
had a period ranging from 0 to 100 um as can be
seen in Fig 4. Fig. 5(a)—(d) are the results for the
first input (chirp with period ranging from 200 to
450 um): (a) is the original object imaged through
the optical system with an open aperture, (b) is the
object imaged through the low performance imag-
ing system (close aperture), (c) is the object imaged
through the optical system with a closed aperture,
when masks M and M’ are inserted and (d) is the
object imaged through the closed aperture system
with masks M and M’ with image processing. As
can be seen the object information, which was lost
when, imaged through the closed aperture system
was reconstructed after inserting masks M and
M’. The image processing step contained filtering
the narrow distortion in the optical axis and sub-

Fig. 5. Output (chirp with period ranging from 200 to 450 mp) captured by the CCD camera with (a) a clear aperture, (b) a closed
aperture without the masks M and M’, (¢) a closed aperture with the masks M and M’ without image processing and (d) with image
processing.
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captured by the CCD camera (a) clear aperture, (b) closed

aperture without masks M and M’ and (c) closed aperture with Fig. 7. Thef horizontal Cross sec tion (.)f the Fourier tr..ansform
masks M and M. (FT) of an image of a grating with period 150 pm (a) with open

aperture, (b) with a closed aperture without masks M and M’
and (c) a closed aperture with masks M and M’.
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tracting the low resolution image (that may be ob-
tained by capturing the picture of the original in-
put without the super resolving mask, or by low
pass filtering the spectrum of the captured super
resolved image). As can be seen a better contrast
was achieved with image processing. Figs. 6(a)-
(c) are the results for another input (chirp with per-
iod ranging from 100 to 300 pm): The original ob-
ject, the object imaged through the low pass filter
and the object obtained after super resolution
aided by image enhancement. Figs. 7(a)-(c) are
examples of the cross section of the spatial fre-
quency domain of a Ronchi grating with period
of 200 um with and without superresolution, the
reconstruction of the high frequencies is clearly
seen. The obtained results illustrate a significant
improvement in the imaging ability of the system
as can be seen from the comparison between Figs.
7(b) and (c). The spatial frequencies existing in
Fig. 7(a) that did not pass through the system (as
seen in Fig. 7(b)) were reconstructed using the
super resolving approach in Fig. 7(c). The applied
digital processing for obtaining the spectrum of
Fig. 7(c) was subtraction of the bright line in the
origins of the captured image.

5. Conclusions

In this paper, a new approach for one-dimen-
sional superresolution that is based on spectral

dilation was introduced, this approach was exper-
imentally demonstrated for one-dimensional grat-
ings with varying periods. Obviously, this
approach could be used for any kind of one-di-
mensional objects as well, or for objects with ci-
gar shaped area in the frequency domain. It was
shown both theoretically and experimentally that
the high spatial frequencies that could not pass
through the closed aperture of the imaging sys-
tem were reconstructed using the presented
approach.
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