FINITE DETERMINACY AND WHITNEY EQUISINGULARITY OF
MAP GERMS FROM C" TO C>!
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ABSTRACT. We show that a holomorphic map germ f : (C",0) — (C?"~1 0) is finitely
determined if and only if the double point scheme D(f) is a curve germ with isolated
singularity. In this case, we have that pu(D?(f)) = 2u(D?(f)/S2)+C(f) — 1, where u(X)
denotes the Milnor number of a curve germ X with isolated singularity and C'(f) is the
number of cross-caps that appear in a stable deformation of f. In the second part, we
consider 1-parameter unfoldings F(t,x) = (¢, fi(z)) of f. We show that if u(D?(f;)) is
constant and F' has no triple points, then F' is excellent in the sense of Gaffney [8]. In
the last part, we study the polar multiplicities of the strata induced by stable types in
f- We find a minimal set of invariants whose constancy in a 1-parameter unfolding F' is
equivalent to the Whitney equisingularity of F'. We also give an example of an unfolding
which is p-constant, but it is not Whitney equisingular.

1. INTRODUCTION

Let f: (C",0) — (CP,0) be a holomorphic map germ, with n < p. We denote by
D(f) the double point set germ in (C",0), which is defined as the closure of points = such
that f~'(f(z)) # {x}. We take an appropriate analytic structure in D(f) so that it is
well behaved with respect to deformations. This means that if F(t,z) = (¢, fi(z)) is a
l-parameter unfolding of f, with fo = f, then D(F) N {t = 0} = D(f). However, this
implies that D(f) may be non reduced, in general.

In the case that p = 2n — 1, it follows from Whitney’s work [24] that a holomorphic
map f is stable if and only if it an immersion with normal crossings, except at isolated
points, where f is A-equivalent to the generalized Whitney umbrella or cross-cap. As a
consequence, we deduce that f is finitely determined if and only if D(f) is a complex
curve germ in (C",0) with isolated singularity. When n = 2, we have a map germ
f:(C?,0) — (C3,0) and this is a known fact (see [17]). Moreover, since D(f) is a plane
curve, we can consider here the reduced structure. There is also another related result
in [19], for a map germ f : (C",0) — (CP,0) with n < p and corank 1. In this case, f
is finitely determined if and only if all the multiple point schemes D¥(f), for k > 1, are
isolated complete intersection singularities (ICIS) of dimension p — k(p — n) or empty.

In our case, if f: (C*,0) — (C*"1,0) is finitely determined, the double point schemes
D?*(f) and D?*(f)/Ss are reduced curves and we can consider its Milnor number as defined
in [3]. We show that if n > 3, then

u(D*(f)) = 2u(D*(f)/S2) + C(f) - 1,
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where C'(f) is the number of cross-caps that appear near the origin in a stable deformation
of f. When n = 2, there is also a similar formula [19], although we must take into account
the number of triple points T'(f).

In the second part of the paper, we consider u-constant unfoldings F' of f. This means
that p(D?(f;)) is constant in the family f; : (C",0) — (C?*"~1,0). The main result is that
any p-constant unfolding with no triple points is excellent in the sense of Gaffney [8]. An
unfolding F is said to be excellent if there is a representative F' : D x U — D x C?*"~1,
where D, U are open neighbourhoods of 0 in C, C™ respectively, such that for any ¢t € D,
f71(0) = {0} and f; : U\ {0} — C>! is an immersion with only transverse double
points. Moreover, we also deduce that any topologically trivial unfolding is p-constant.

Finally, we consider the problem of determining whether an unfolding F' of f is Whitney
equisingular (i.e., there is a representative of F' which admits a regular stratification with
the parameter axes as strata). We apply the main theorem of [8], which says that F' is
Whitney equisingular if and only if F' is excellent and all the polar multiplicities of the
strata induced by stable types in F' are constant. The problem is that there is a big
amount of invariants to consider. However, most of the times these invariants are related
and it is possible to reduce this number and to remove the condition for F' being excellent.
This is done in [8] in the case of a map germ f : (C? 0) — (C3,0). Gaffney shows that
the Whitney equisingularity of the unfolding is equivalent to the constancy of u(D(f;)),
the multiplicity mo(f;(D(f:))) and the first polar multiplicity m(f;(C?)). Moreover, if f
has corank 1, then the constancy of my(f;(C?)) is not necessary.

We extend all the results of Gaffney to the case n > 3, although we use slightly different
technics. We show that an unfolding I’ with no triple points is Whitney equisingular if
and only if

(1) u(D2(f2)), mo(D(fr)), mo(fe(D(ft))) are constant, and
(2) the odd polar multiplicities mg;—1(f:(C")), i = 1,2,... are constant.
Condition (1) is equivalent to the Whitney equisingularity of the families of double point
curves D?(f;) and D?*(f;)/Sa. If f has corank 2, condition (2) can be reduced to the
constancy of just my(f:(C")).
We finish the paper with an example of an unfolding F' which is p-constant, but it is
not Whitney equisingular. Therefore, we have the following situation:

Whitney equising. = top. trivial = p-constant = excellent & Whitney equising.

The Whitney equisingularity problem for unfoldings of map germs f : (C*,0) — (CP,0)
has been previously studied in the following cases: p=1[22],n=p=2andn=2,p=3
[8], n = p =3 and corank 1 [10], n = p and corank 1 [11], n < p and corank 1 [12], n >3
and p =2 [9].

We refer to [23] for basic definitions and properties about A-equivalence of map germs,
finitely determined map germs and stable maps.

2. FINITE DETERMINACY AND MULTIPLE POINT SCHEMES

Let f : U — CP be a holomorphic map, where U C C" is an open subset and n < p.
Given k > 1 we define the k-multiple point set, D¥(f), as the closure in U* of the set

{(z1,...,2x) € U2 f(x;) = flx;), 2 # x;, for any i # j}.

Assume p = 2n — 1 and n > 3. Then it is well known (see [24]) that f is a stable map
if and only if there is a discrete subset ¥ C U such that:
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(1) f: U\ X — C*!is an immersion with normal crossings.

(2) Foreachxg € 3, f~1(f(z0)) = {xo} and the map germ f : (C*, zo) — (C*", f(x))
is A-equivalent to the Whitney umbrella, which is the map germ (C",0) — (C**~1,0)
given by

(21, .. ) — (1, T, T2 T1 Ty, Ty 1T,

It is not difficult to see that these conditions imply that D?(f) is a 1-dimensional
complex submanifold of U*, and that D¥(f) is empty for k > 3.

We would like to have a converse of this assertion. To do this, we need to choose a
convenient analytic structure for the double point set D?(f). We follow the construction
of [18] which is also valid for holomorphic maps from C" to C? with n < p. Let us denote
the diagonals of C" x C" and C? x C? by A,,, A, and denote the sheaves of ideals defining
them by Z,,, Z,. We write the points of C* x C" as (z,2'). Then, for each i =1,...,p, it
is clear that

filz) = fi(e') € Tn,

so there exist a;;(z,2"), 1 <i <p, 1 <j <n, such that
filw) = fia) = o, ') (w5 — ).
j=1

If f(x) = f(a') and = # 2/, then clearly every n x n minor of the matrix a = [o;;] must
vanish at (x,z'). We denote by R, (a) the ideal in Oc¢z» generated by the n x n minors
of a. Then we define the double point ideal as

*(f) = (f x )Ty + Rula).

It is easy to see that V(Z*(f)) = D?(f) and we call this complex space the double
point locus of f. At a non-diagonal point (x,z’), Z?(f) is generated by the functions
fi(z) — fi(z'). Moreover, the restriction of Z?(f) to the diagonal A,, is the ideal generated
by the n X n minors of the jacobian matrix of f, so that A, N D?(f) is just the singular
locus of f. The following property of the double point locus is a consequence of [2].

Lemma 2.1. The codimension of D*(f) is < p. Moreover, if the codimension is p, then
D?(f) is Cohen-Macaulay.

Now we come back to the case p = 2n—1 and n > 3. Next proposition has been showed
in [19] for map germs f : (C",0) — (CP,0) with n < p and corank 1.

Proposition 2.2. Let f : U — C?>*~! be a holomorphic map, where U C C" is an open
subset and n > 3. Then f is stable if and only if D*(f) is a smooth curve and D3(f) = 0.

Proof. If f is stable, then obviously D3(f) = 0. Given a point (xg, zj) € D*(f) it is either
a singular point of Whitney umbrella type f if xy = z{, or a transverse double point of f
if 2y # z(. In both cases we can take normal forms for the corresponding germ or bi-germ
and verify easily that D?(f) is smooth at (g, ).

Suppose now that D?(f) is smooth and D3(f) = (. Given a singular point of f,
(w0, 70) € D*(f), we can assume without loss of generality that zo = 0. Let k be the
corank of f and assume that after a linear change of coordinates the germ of f at 0 is
given by

flxy,.ooomy) = (T, Tk, 1(T) s+ o, Gnak—1(2)),
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with g; € m2. Then for each i =1,...,n+ k — 1 we can write
gi(x) —gi(@) = > Byle,a)(; — af),
j=n—k+1

with (;; € ma,. Thus, it follows that Z?(f) is generated at (0, 0) by vi—h, j=1,...,n—k,
the function germs g;(z) —g;(2'), i =1,...,n+k —1, and the k x k minors of the matrix
B = [By]- If D*(f) is smooth at (0,0), this implies necessarily that £ = 1 and the result
is a consequence of [19]. O

Now we use this proposition in order to characterize finitely determined map germs
f:(C*0) — (C*10). Again, next result has been showed in [19] for map germs
f:(C"0) — (CP,0) with n < p and corank 1.

Proposition 2.3. Let f : (C",0) — (C*~1,0) be a holomorphic map germ, where n > 3.
Then f is finitely determined if and only if D*(f) is a germ of reduced curve and D3(f) =
0.

Proof. By the Mather-Gaffney criterion for finite determinacy [23], f is finitely determined
if and only if there is a representative f : U — C?"~! defined on some open neighbourhood
U of 0 in C" such that f : U\ {0} — C*"! is stable and f~!(0) = {0}. By Proposition
2.2, we have that D3(f) = 0 and D?*(f) \ {0} is a smooth curve in U. Thus, D?(f)
has dimension 1 and is Cohen-Macaulay by Lemma 2.1. In particular, D?(f) is pure
dimensional and hence reduced.

Conversely, suppose that there is a representative f : U — C?"~! defined on some open
neighbourhood U of 0 in C" such that D?(f) is a reduced curve and D3*(f) = (. By
shrinking the neighbourhood U if necessary we can assume that D?(f) \ {0} is a smooth
curve and f71(0) = {0}. Thus, f : U\ {0} — C>! is stable by Proposition 2.2 and
f:(C",0) — (C*"71,0) is finitely determined. O

We consider now the image of D?(f) through the projection p; : C* x C* — C" onto
the first factor. If f : (C",0) — (C?"~1,0) is finite, then the restriction of p; to D?(f)
is also finite and hence, the image D(f) = pi(D?*(f)) C C" is a germ of analytic set.

However, we need to take some appropriate analytic structure so that it behaves well
under deformation. We define

D(f) = V(Fo(p1.Op2(p)));

where Fo(pl*ODz(f)) is the Oth Fitting ideal sheaf of the Ocn-module p1,Opz(s). The
underlying set germ of D(f) is obviously p;(D?(f)) but, in general, it is not reduced and
may have embedded points even in the case that f is finitely determined.
Corollary 2.4. Let U C C" be an open subset with n > 3.

(1) A holomorphic map f : U — C?"~! is stable if and only if D(f) is a smooth curve.

(2) A holomorphic map germ f : (C",0) — (C*~1,0) is finitely determined if and

only if D(f) is the germ of a curve with isolated singularity.

Proof. The first part follows from Proposition 2.2. In fact, if f is stable, then D?(f) is
a smooth curve and D3(f) = ), which implies that p, : D*(f) — D(f) is one-to-one.
Moreover, by taking normal forms is obvious that p; is also regular, so that it is in fact
biholomorphic and hence, D(f) is also smooth. Conversely, if D(f) is smooth, then D?(f)

is also smooth and p; : D*(f) — D(f) is one-to-one. This implies that D?(f) = () and f
is stable.
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The second part follows from Proposition 2.3 by using similar arguments. U

To complete the setup, we define two more double point schemes. Assume that G is a
finite group which acts linearly on CV. This action induces an analytic structure on the
quotient CV /G so that the local ring at a point z € CV is given by

0. ={h € Oy.:gh=h\NgeG}.

Assume now that I C Oy, is a G-invariant ideal. Then G acts also on the germ of
analytic set X = V() C (C¥,2) and gives again an analytic structure on X/G with local
ring

0§ ={h € Ox : gh=h,Vg € G},
where Ox = Oy /I, in such a way that X/G embeds naturally in (CV/G,z). If I is

generated by G-invariant functions as, ..., a, € Oy ., then
0% = 06 /1€,
where 19 is the ideal in Of,,z generated by the same functions ay, ..., a,. Since OF is in

fact a subring of Oy, we have that if X is reduced, then X/G is also reduced.

In our case, if f is a holomorphic map or map germ from C" to CP, with n < p, then
the double point ideal Z?(f) is So-invariant, where we consider the action of the group S,
on C" x C" given by 7(x,2') = (2/,x). In this way, we can define the quotient complex
space or complex space germ D?(f)/Ss.

If f:U C C"— C>!is stable, then D?(f)/Ss is a smooth curve and the quotient
map 7 : D?(f) — D?*(f)/Sy is a 2-fold branched covering, where the branching points
correspond to the Whitney umbrellas of f and have order 2. For a finitely determined
map germ f : (C",0) — (C*"71,0), D?(f)/S, is the germ of a reduced curve and 7 :
D?*(f) — D?*(f)/Ss is a finite map germ, which is generically 2-1.

Finally, we also define f(D(f)) C C**~! by using Fitting ideals as we did with D(f). If
f:(C" 0) — (C*1,0) is a finite map, then the induced map f from D?(f)/S, to C2*~!
is also finite. We set

F(D(f)) = V(Fo([-Op2(s)/s,))
where Fo(f*ODz(f)/Sz) is the Oth Fitting ideal sheaf of the O¢2n-1-module f*OD2(f)/SQ-

If f:U cC C"— C*!is stable and n > 3, then f(D(f)) is a smooth curve and the
induced map f : D*(f)/S, — f(D(f)) is biholomorphic. For a finitely determined map
germ f : (C",0) — (C*"~1,0), f(D(f)) is the germ of a curve with isolated singularity
(possibly with embedded points) and f : D2(f)/Ss — f(D(f)) is 1-1.

We have the following commutative diagram

D*(f) —— D*(f)/5:

2 l l
D(f) — FD())

where the rows are 1-1. In the case that f : U — C?*~! is stable, then the four curves are
smooth and the rows are in fact biholomorphic.

Definition 2.5. Let f : (C",0) — (C*1,0) be a finitely determined map germ. A
1-parameter unfolding of f is a map germ F : (C x C",0) — (C x C?"~1,0) of the form
F(t,z) = (t, fi(x)) such that fo = f. We say that an unfolding F' is a stabilization of f if
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there is a representative F': D x U — D x C*~! where D, U are open neighbourhoods
of 0 in C, C" respectively such that f; : U — C?"! is stable for any ¢t € D \ {0}.

Since we are in the range of nice dimensions in the sense of Mather, it is well known
that a stabilization of a finitely determined map germ always exist.

Given an unfolding F' of f, we can also define the double point locus D?*(F) which
is considered in (C x C" x C",0) instead of (C"*' x C"*' 0) and the other complex
space germs D?*(F)/Sy in (C x C* x C"/S,,0), D(F) in (C x C*,0) and F(D(F)) in
(C x C*1)0).

Proposition 2.6. Let F' : (C x C",0) — (C x C*71,0) be an unfolding of a finitely
determined map germ f : (C",0) — (C*"~'1,0). Then © : D*(F) — (C,0) and 7 :
D*(F)/Sy — (C,0) are flat deformations of D*(f) and D*(f)/Ss respectively. Moreover,
if F'is a stabilization, then they are smoothings.

Proof. Note that the second part of the proposition follows from the first one, since for
each t # 0, in all the cases X; = 7~ !(t) is smooth if f; is stable.

Let us show that m : D*(F) — (C,0) is a flat deformation of D?(f). Note that D?(F')
is reduced and has pure dimension 2 and D?(f) is also reduced and has pure dimension 1
(since both are Cohen-Macaulay). We only need to show that D?(f) = D*(F) N {t = 0}
as germs of complex spaces. This is obvious, since the defining ideal of D?(F) is

TXHF) = (fe X )" Ty + Rnlow),

which restricted to ¢t = 0 gives exactly Z%(f), the defining ideal of D?(f).
The proof for D?(F)/S, is analogous. Suppose that Z?(F) is generated by Sp-invariant

functions Hy,...,H, € Og,yq. Then hy,... h, € Oy, are also Sp-invariant, where
hi(x,2') = H;(0,2,2'), and generate Z%(f). Hence, Z*(F)% restricted to t = 0 is equal to
(f)%. 0

Remark 2.7. If F': (Cx C",0) — (C x C?*~1,0) is an unfolding of a finitely determined
map germ f : (C",0) — (C*~1 0), then 7 : D(F) — (C,0) and 7 : F(D(F)) — (C,0)
are deformations of D(f) and f(D(f)) respectively. However, it is not clear at all that the
deformations are flat. If they are flat, it is also obvious that in the case of a stabilization,
then they are smoothings.

We recall here the definition and main properties of the Milnor number of a space curve
germ with isolated singularity, which generalizes the notion of Milnor number of a plane
curve. For full details and proofs we refer to [3] in the reduced case, and [6] if the curve
has embedded components.

Definition 2.8. Let X be a space curve germ in (C™,0) with isolated singularity. If X
is reduced, we define the Milnor number as

p(X) = dime coker(cl o d),

where d : Ox — €1y is the differential operator, {2y is the module of holomorphic 1-forms
on X, cl: Qx — wyx is the class map and wy is the dualizing module of Grothendieck.

If X is not reduced, we can write X = X" U E, where X" is the reduced curve germ
given by the 1-dimensional part of X, and FE is the 0-dimensional part which contains the
embedded points of X. We define the Milnor number as

(X)) = p(X™) — 2e(X),
where £(X) = dim¢ N and N is the nilradical of Ox.
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In the case that X is smoothable (which will be always our case) the Milnor number
can be seen as the number which measures the vanishing cohomology of X. More exactly,
let m: X — D be a good representative of a smoothing of X. Then, for t € D \ {0},

w(X) =1—x(Xy),

where X; = 7 1(¢) and x(X}) is the Euler characteristic of X;.
If X is reduced, it follows that X; is connected, so that

w(X) = dime H*(X;; C) > 0,

for any t # 0. Moreover, p(X) = 0 if and only if X is smooth. In the non reduced case,
this is not true in general and we can have negative Milnor number.

Let f : (C",0) — (C*>71,0) be a finitely determined map germ. Then the double
point curves D?(f), D*(f)/Sa, D(f), f(D(f)) have isolated singularity and we can con-
sider their Milnor numbers, pu(D?(f)), u(D*(f)/S2), w(D(f)), u(f(D(f))), which in fact
give A-invariants of f. In next definition, we recall the construction of one more invariant
that we will need.

Definition 2.9. Let F : (C x C",0) — (C x C*1,0) be a stabilization of a finitely
determined map germ f : (C",0) — (C?>"~! 0). We consider a small enough representative
F:DxU — DxC? !, where D, U are open neighbourhoods of 0 in C, C" respectively
such that:

(1) For any t € D\ {0}, f;: U — C?*! is stable .
(2) Fort =0, f: U\ {0} — C?>"! is a stable immersion and f~1(0) = {0}.

Given t € D\ {0}, we define
C(f) = number of singularities of f; in U,

Since f; and f; are A-equivalent for ¢, s € D\ {0}, it is clear that C'(f) does not depend on
the parameter t. Moreover, it is well known it does not depend also on the stabilization
F. In fact, this number can be computed algebraically as

O
In(f)’

where J,(f) is the ideal generated by the n X n minors of the jacobian matrix of f (see
[17] for the case n = 2 or [20] for the general case).

Theorem 2.10. Let f : (C*,0) — (C*1,0) be a finitely determined map germ, with
n > 3. Then,

p(D*(f)) = 2u(D*(f)/S2) + C(f) — 1.

Proof. Let F : (C x C*,0) — (C x C*10) be a stabilization of f and consider a
small enough representative as in previous definition and so that 7 : X — D is a good
representative for X being any of the two double point spaces.

We see that f: D?(f,) — D?(f;)/Ss is a 2-fold branched covering, where the branching
points correspond to the Whitney umbrellas of f; and have order 2. Thus, the Riemann-
Hurwitz formula gives

X(D*(f1)) = 2x(D*(f1)/S2) + C(f),
and the result follows from x(X;) =1 — p(X). O
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Remark 2.11. When n = 2, the set of triple points of a stable map f : U c C?* — C3
has dimension 0 and for a finitely determined map germ f : (C?,0) — (C3,0) we have
that D3(f) = {0}. This gives another invariant, namely, the number T'( f) of triple points
that appear in a stabilization of f. The above formulas have to be adapted in this case
taking into account this number (see [17] or [19] for details).

Remark 2.12. If f has a stabilization with the property that D(F') and F(D(F)) are
flat deformations of D(f) and f(D(f)) respectively, then we also have that

u(D*(f)) = w(D(f)), w(D*(f)/S2) = u(f(D(f)))-

For t # 0, we consider the commutative diagram (1), where the four curves D?(f;),
D*(f;)/S2, D(f:) and f;(D(f;)) are smooth and the rows are biholomorphic. Hence,

X(Dz(ft)) = x(D(f:)) and X(DQ(ft)/Sz) = X(fi(D(ft)))-

3. u~-CONSTANT UNFOLDINGS

In this and next sections, we will assume that all the unfoldings F' : (C x C*,0) —
(C x C*~10) are origin preserving, which means that f;(0) = 0 for any ¢ and thus, we
have a 1-parameter family of map germs f; : (C",0) — (C**~1,0).

Definition 3.1. Let F' : (C x C",0) — (C x C*»!0) be an unfolding of a finitely
determined map germ f : (C",0) — (C*~10). We will say that F is p-constant if
w(D?(f)) is constant.

Note that the three invariants u(D?*(f)), u(D?*(f;)/S2) and C(f;) are upper semi-
continuous (this is true for the Milnor number of a family of reduced curves [3] and
for C(f) it is showed in [8]). As a consequence of this fact, together with the formula in
Theorem 2.10, it follows that for n > 3, they are equivalent:

(1) u(D?*(f;)) is constant,
(2) both u(D?*(f;)/Ss) and C(f;) are constant.

Definition 3.2. Let F' : (C x C",0) — (C x C*»!,0) be an unfolding of a finitely
determined map germ f : (C",0) — (C?"~1,0). We say that F is topologically trivial if
there are homeomorphism map germs:

P : (CxC"(0,0) — (CxC"(0,0)), D(t,x) = (t, pe(x)),
U (Cx C™7(0,0)) — (Cx €7, (0,0)), U(t,y) = (1, ¢u(y)),
such that F' = W o G o ¢, where G(t,z) = (t, f(z)) is the trivial unfolding of f.

Since double points are preserved under homeomorphism, it follows that if F' is topo-
logically trivial, then 7 : D*(F') — (C,0) is a topologically trivial deformation of D?(f),
and hence, the Milnor number p(D?(f;)) is constant (see [3]). In particular, C(f) is also
a topological invariant of the family. This gives the following immediate consequence.

Corollary 3.3. Let F' : (C x C",0) — (C x C* 1 0) be an unfolding of a finitely
determined map germ f : (C",0) — (C**=10). If F is topologically trivial, then it is
p-constant.

We recall now from [8] the definitions of good and excellent unfoldings, where they
are introduced, in general, for map germs f : (C",0) — (CP,0). The importance of this
definition is that they are necessary in order to have Whitney equisingularity.
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Definition 3.4. Let ' : (C x C",0) — (C x C*»!0) be an unfolding of a finitely
determined map germ f : (C* 0) — (C*1 0). We say that F is good if there is a small
enough representative F': D x U — D x C?**~! where D, U are open neighbourhoods of
0 in C, C respectively, such that f,(0) = {0} and f, : U\ {0} — C?"~! is stable for any
teD.

We say that F'is excellent if it is good and C(f;) is constant. This condition guarantees
there is no coalescing of cross-caps in the family f;. With the notation of the above
paragraph, this means that F' is excellent if and only if there is a representative F' :
D x U — D x C*! such that f;*(0) = {0} and f; : U \ {0} — C?~! is an immersion
with only transverse double points, for any t € D.

Theorem 3.5. Let ' : (C x C",0) — (C x C*"71,0) be an unfolding of a finitely deter-
mined map germ f: (C",0) — (C*1,0) withn > 3. If F is u-constant and has no triple
points, then it is excellent.

Proof. We choose a small enough representative F' : D x U — D x C*~!, where D, U
are open neighbourhoods of 0 in C, C" respectively such that 7 : D*(F) — D is a good
representatives and F' has no triple points in D x U. We denote

,l]t — Z M(DQ(ft)v<x7x,))>

(z,2")ED?(fr)
and
Xt = X(D*(f1)).
Then it follows (see [3] and [6]) that

fo — fe =1 — Xq.
Since D?(f) is reduced, D?(f;) is connected and thus
fio — fie = 1 — X = dime H'(D*(f,); C) > 0.
Therefore,

WD), (0,0)) = fio > fu= > w(D*f), (x,2") = w(D*(f,), (0,0)),

(z,2")eD?(fr)

and the constancy of this number implies that D?(f;)\ {(0,0)} is smooth (since any other
singular point should have Milnor number > 1). Moreover, we also have D?(f;) = 0 and
hence, f; is stable in U \ {0} by

Note also that f;*(0) = {0} in U, for any t € D. In fact, let z € U be such that
fi(x) = 0. Then (z,0) is a singular point of D?(f;), and hence, x = 0. O

If the unfolding F of f has the property that that D(F) and F(D(F)) are flat deforma-
tions of D(f) and f(D(f)) respectively, then it is not difficult to show that the p-constant
condition implies that £’ has no triple points.

Another consequence of the theorem is that if F' is u-constant, then the deformations
D?(f;) and D?*(f;)/Sy are topologically trivial [3]. This should suggest the following
stronger result.

Conjecture 3.6. Let F' : (C x C",0) — (C x C*710) be an unfolding of a finitely
determined map germ f: (C",0) — (C*~1,0). If F is u-constant, then it is topologically
trivial.
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Remark 3.7. This conjecture has been proved recently by Bedregal, Houston and Ruas
[1], in the case of a map germ f : (C? 0) — (C? 0). There is also a proof by Damon
7] in the particular case that f has type X0 ie., f(x,y,2) = (z,9? yp(z,y?)), where
p: (C?,0) — (C,0) defines a curve with isolated singularity.

4. POLAR MULTIPLICITIES AND WHITNEY EQUISINGULARITY

In this section we recall from [8] the notion of Whitney equisingular unfolding F' :
(C x C"0) — (C x CP,0) and the theorem which characterizes it in terms of the polar
multiplicities of the strata defined by stable types.

Definition 4.1. Let f : C* — CP be a complex analytic map and let A C C", A’ C CP
be subsets such that f(A) C A'. A stratification of f : A — A’ is a pair (A, A’) of
stratifications of A, A’ respectively such that f maps strata submersively to strata.

The stratification (A, A’) is said to be regular if A, A" satisfy the Whitney regularity
conditions and if any stratum Y € A satisfies Thom’s condition A; over any other stratum

Xe A

Definition 4.2. Let F': (CxC",0) — (CxCP,0) be an unfolding of a finitely determined
map germ f : (C",0) — (CP,0). We say that I’ is Whitney equisingular if there is
a representative of F' which admits a regular stratification so that the parameter axes
S=Cx{0} cCxC"and T'=C x {0} C C x CP are strata.

By using an appropriate version of Thom’s second isotopy lemma for complex analytic
maps, it follows that any Whitney equisingular unfolding is topologically trivial (see [8]
for details).

If f:(C"0)— (CP,0) is a finitely determined germ of discrete stable type, then we
have a natural stratification of a representative of f by stable types. The same can be
done if F': (C x C",0) — (C x CP?,0) is a good unfolding of f. Moreover, the parameter
axes S and T are strata and the stratification is regular outside S, T". In order to control
the regularity of the strata with respect to S, T, Gaffney uses the polar multiplicities of
the strata, a notion introduced by Teissier [21] in the study of Whitney equisingularity of
hypersurfaces.

Definition 4.3. Let 7 : (X, z) — (C,0) be a flat deformation with a section o such that
the fibres are of pure dimension d > 1 and reduced except perhaps at o(t), t € C. We
take an embedding X C C x CV of a representative of (X, z) so that 7 is the restriction
of the projection onto the first factor. For each £ with 0 < k < d — 1, we choose a generic
linear projection p: C¥ — C? %1, We define the relative polar variety P(X,7) as the
closure in X of the critical locus of the restriction (7, p)|xo of (m,p) to the nonsingular
part XY of X. This is an analytic subset of X of pure codimension k or empty.

The relative polar multiplicity, denoted by my (X, 7), is the multiplicity at x of Py (X, 7).
It follows that my (X, 7) is an invariant of 7 : (X, z) — (C,0) which is independent of the
choice of the generic linear projection p and of the embedding.

Finally, let (X, z) be a complex space germ which is of pure dimension and reduced
except perhaps at . Then we define the (absolute) polar varieties and polar multiplicities,
denoted by P(X) and my(X) respectively, by taking the trivial deformation 7 : (C x
X, (0,2)) — (C,0). In this case, Px(X) is defined as 3(p|xo) so that it is a subset of X
instead of C x X.
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Remark 4.4. (1) The original statement by Teissier [21] assumes that the fibres of 7
are of pure dimension and reduced everywhere, but the construction can be done
also in our case (see [8]).

(2) Note that when k =0, Py(X) = X and mg(X) is the usual multiplicity. However,
when k = d, the polar multiplicity has no sense, since Py (X) is 0-dimensional. In
the relative case, Py(X,7) is 1-dimensional and we can define the dth polar multi-
plicity, mq(X, ), as the local degree at = of the restriction 7|p,(x ) : Po(X,7) —
C.

(3) In order to define polar varieties and multiplicities, it is possible to choose a generic
family of linear forms £y,..., 0441 : CV — C, such that if p, = (¢1,...,0g_ks1),
then P, (X) = X(px|x0) and my(X) is the local degree at x of pri1|p,(x) : Pe(X) —
Cn*.

We apply now this polar varieties and multiplicities to the strata of the stratification
defined by stable types in a finitely determined map germ of discrete stable type f :
(C",0) — (CP,0). We refer to [8] for full details.

Definition 4.5. Let f : (C",0) — (C?,0) be a finitely determined map germ of discrete
stable type and let X be one of the strata induced by stable types either in the source C”
or the target CP. The closure X has an analytic structure in such a way that it is reduced
and of pure dimension except perhaps at 0, and it is well behaved under deformation.
Thus, if X has dimension d > 1, we can consider the polar multiplicities my(X), for
k=0,...,d—1.

Moreover, we take a stabilization F': (C x C",0) — (C x CP,0) of f and denote by Y
the corresponding stratum in F' defined by the same stable type. The restriction of the
projection onto the first factor 7 : (Y, 0) — (C,0) gives a flat deformation of X. Then we
define the dth stable multiplicity as my(X) = mq(Y, 7). It follows that mg(X) is also an
invariant of f, which does not depend on the stabilization F'.

We are able now to state the main theorem of [8], which characterizes Whitney eq-
uisingularity in terms of the constancy of all the polar multiplicities (including the dth
stable multiplicity) of all the strata defined by stable types. For the definitions of good
and excellent unfolding in the general case see [8].

Theorem 4.6. Suppose that F': (CxC",0) — (CxCP,0) is a good unfolding of a finitely
determined map germ f : (C",0) — (CP,0) with (n,p) in the range of nice dimensions.
Then F 1s Whitney equisingular if and only if it is excellent and the polar and stable
multiplicities of all the strata of the stratification given by stable types are constant.

Let us return now to our case p = 2n — 1, with n > 3. Given a finitely determined
map germ f : (C",0) — (C*~1,0), we take a representative f : U — C**~! such that
f710) = {0} and f: U\ {0} — C?"! is a stable immersion. The stratification induced
by stable types has the following strata: In the source, we have U\ D(f), D(f)\ {0} and
{0}. Tn the target, we have C 1\ £(U), f(U)\ f(D(f)), F(D(f))\ {0} and {0}.

Thus, in order to apply the above theorem, we have to control n + 6 invariants:
mo(D(f)), mi(D(f)), mo(f(D(f))), mi(f(D(f))), C(f) and m;(f(C")), with 0 <7 < n,
Moreover, we need that the unfolding is good, which will be controlled by the p-constant
condition. In the remainder of this section, we will see that some of these invariants are
related, so that it is possible to reduce the number of invariants. In fact, we will obtain
the corresponding formulas to the ones that appear in [8] for the case n = 2 and p = 3.
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We will use the following formula due to Lé and Greuel [5, 13] which gives the Milnor
number of an ICIS. Let us introduce some notation. Let f : (C",0) — (CP,0) be a
complex analytic map germ, then I(f) is the ideal in O,, generated by the components of
f. We also denote by J(f) the ideal in O,, generated by the p x p minors of the jacobian
matrix of f, if p <n, or {0} otherwise.

Theorem 4.7. Let fi,..., fr € O, and assume that X1 = V(f1,..., fr_1) and X =
V(fi,..., fx) are ICIS. Then,
O,

(fi, s fee) + T 1y fr)
Remark 4.8. In the case that X = V(fi,..., f,) is a O-dimensional ICIS, we have

Oy,
(fi,oos fu)
Theorem 4.9. Let f: (C",0) — (C*~1,0) be a finitely determined map germ. Then

(X)) + p(Xq) = dime

(=1)'mi(f(C") = 1.

=0

Proof. Choose a generic family of linear forms ¢,...,¢,.; : C**! — C, such that if

pe = (b1, ... lo_py1), then P(f(C")) = X(prlremnsnry)) and my(f(C")) is the local
degree at 0 of

Prsa|p(pcny = Pe(f(C")) — C"F,
for k =0,...,n — 1. Moreover, let F': (C x C",0) — (C x CP,0) be a stabilization of f
and assume that P,(F(C"™), 1) = X((m, pu)|rcrr )\ r(p(F)))-
For each £k = 0,...,n — 1, we have that f(V(J(px o f))) C Pu(f(C")) and that the
restriction flvspeop) 1 V(J(pr o f)) = Pu(f(C")) is generically 1-1. In particular,

my(f(C")) = deg(prr1lp.(rcry)) = deg((Pr+1 0 F)lvrwror))-

But the local ring O,,/J(py o f) is Cohen-Macaulay of dimension n — k (in fact, it is a
determinantal ring), and the classes of {10 f,... ¢, o fin O,/J(pyo f) are a system of
parameters. Thus, the degree of (pr41 0 f)|v(J(pros) is computed as

O,
I(pegro f)+J (pro f)

On the other hand, let Xy = (pr o f)~'(0) for £ = 1,...,n. These sets are ICIS and
the Leé-Greuel formula gives

On
I(pgrro f)+J (pro f)
For k = 0, we have that J (p, o f) = {0} and

ma(F(C7) = dime 72—

1(Xy) + p(Xp11) = dime = my,(f(C")).

=1+ M(X1)7

since X is 0-dimensional.
For k = n, we use a similar argument. We have F'(V (J((r,pn)oF))) C P,(F(C"), 7))
and Flv (s pnor)) © V(I (7, py) 0 F)) — P,(F(C"*'), 7)) is generically 1-1. Hence,

my(f(C")) = deg(7|p, (rcnt1),m))) = deg((m © F)|v(i((rpn)or)))-
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Now the local ring O,41/J((7, p,) o F) is also Cohen-Macaulay of dimension 1, and the
class of t in O, 1/J((7,p,) o F) is regular. Then,

On+1 . On
=dimg ——— = u(X,).
B+ I oF) O Tegy M
Finally, we put the formulas altogether and obtain

D (D' m(f(C) = T4 u(Xy) = (X)) + p(Xo) — p(Xo) +--- = 1.

=0

my(f(C")) = dimg

UJ
Remark 4.10. Let f: (C",0) — (C*"~1,0) be a finitely determined map germ. Then

O,
Ty = <U1).00).
where p : C**~! — C" is a generic linear projection and e(I, R) denotes the multiplicity
of an ideal of definition I in a Noetherian local ring R. In the case that f has corank 1,
we can choose coordinates so that I(f) is generated by n elements in O,, and hence,

mo(f(C")) = dime

mo(f(C")) = dime I((Q;)

Note also that in this case, we have m;(f(C")) =0, i = 2,...,n and my(f(C")) — 1 =

ma(f(C")).
If f has corank 2, then m;(f(C™)) =0,i=3,...,n and ma(f(C")) +mo(f(C")) —1 =

my (f(C)).
In order to study the polar multiplicities of D(f) and f(D(f)), which are space curves,

we will use the notion of Milnor number of a function on a space curve, as defined by
Mond and van Straten [18].

Definition 4.11. Let X be a reduced space curve germ in (C™,0), and let f : X — C
be a function on X which is non-constant on each branch of X. Then Ox is a finite and
free O¢-module via f. The Milnor number of the function f is defined as

p(f) = dime coker(cl o df),

where df : Ox — x and cl : Qx — wx is the class map. The main properties of this
Milnor number are:

(1) It is preserved under simultaneous deformation of f and X.

(2) If X is smooth, it coincides with the usual Milnor number.
Note that if X is smoothable, then these two properties are enough in order to determine
the Milnor number of any function. In fact, we have the following formula.

Lemma 4.12. Let X be a reduced space curve germ in (C™,0), and let f: X — C be a
finite function germ on X. If X is smoothable,

p(f) = pu(X) + deg(f) — 1.

Proof. Let m : X — D be a good representative of a stabilization of X and denote by
X; =7"Yt) and f; : X; — C the corresponding deformation of f. For each t € D\ {0},
X, is smooth and the Riemann-Hurwitz formula gives

X(X0) = deg(fi)x(C) = Y (r(fuw) = 1),

rEXt
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where x denotes the Euler characteristic and r(f;, x) is the ramification index of f; at
x. It follows that r(f;, ) — 1 = pu(fi,z) and the sum > u(fi,r) = p(f), since p is
preserved under deformations. To conclude the formula, just note that x(X;) = 1 — u(X)

and deg(f,) = deg(f). 0

Remark 4.13. (1) Note that when X is smooth then we have the obvious relation
p(f) = deg(f) — 1.

(2) In the case that X is a 1-dimensional ICIS, the above formula can be obtained
easily as a consequence of the Lé-Greuel formula.

(3) In general, if X is a smoothable reduced space curve germ in (C™,0), then m; (X, 7)
does not depend on the smoothing 7 : X — C and we denote it by my(X). It
follows that

mi(X) = p(plx) = p(X) + mo(X) — 1,
where p : C™ — C is a generic linear projection. Moreover, we can rewrite the
above formula as

mo(X) —my(X) =1 — p(X) = x(X0),
for t # 0.
Now we apply Lemma 4.12 in order to compute my(D(f)) and mq(f(D(f))).

Theorem 4.14. Let f: (C*,0) — (C*~10) be a finitely determined map germ. Then,
(1) mi(D(f)) = mo(D(f)) + n(D*(f)) — 1,
(2) mi(f(D(f))) = mo(f(D(f))) + m(D*(f)/S2) - 1.

Proof. We see that my(D(f)) is the Milnor number of p o py|p2(s), where p : C* — C
is a generic linear projection. Hence, the first formula follows from Lemma 4.12 and
Theorem 2.10. In fact, let F' be a stabilization of f and choose p in such a way that
P (D(F),m) = X((m,p)|pry). We have that m,(D(f)) is just the number of critical
points of p|ps,) for ¢ # 0. But since p; : D*(f;) — D(f;) is biholomorphic, this is also
equal to the number of critical points of (p o p1)|pz(s,) for ¢ # 0, which is nothing but

1 o palpa(p)).
For the second formula, we use a similar argument, by showing that m;(f(D(f))) is

the Milnor number of p o f |p2(f)/855 Where p : C?~! — C is a generic linear projection
and f is the induced map from D?(f)/S, to f(D(f)). O

From the main theorem of Gaffney, we need the constancy of n + 6 invariants to guar-
antee the Whitney equisingularity of an unfolding F' of f. We reduce this number to
[n/2] + 3.

Theorem 4.15. Let f : (C",0) — (C**710) be a finitely determined map germ, with
n > 3 and let F' be a 1-parameter unfolding of f with no triple points. Then F is Whitney

equisingular if and only if u(D*(fe)), mo(D(f:)), mo(fi(D(f:))) and mai_1(f(C")), i =
1,2,... are constant.

Proof. By 4.9 and 4.14, the constancy of u(D?(f:)), mo(D(f:)), mo(f:(D(f;))) and the odd
polar multiplicities mg; 1 (f:(C™)) imply also the constancy of the remainder of invariants

C(ft>’ ml(ft<D(ft>>)’ m1<D(ft>>’ m2l(ft<cn))v

for + =0,1,... Moreover, the unfolding is excellent by 3.5 and F'is Whitney equisingular
by 4.6.
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Conversely, if F' is Whitney equisingular, then it is topologicaly trivial and it is p-
constant and hence excellent by 3.3 and 3.5. Thus, we can apply the convers of 4.6 and
therefore, all the invariants are constant. [

In the case of corank two, we only need 4 invariants respectively for Whitney equisin-
gularity.

Corollary 4.16. Suppose f : (C*,0) — (C*"71,0) is a finitely determined map germ
of corank < 2 and F is a 1-parameter unfolding of f with no triple points. Then F' is
Whitney equisingular if and only if mi(f:(C")), p(D?(f:)), mo(D(f:)) and mo(fi(D(ft)))

are constant.

Proof. This is a consequence of Theorem 4.15 and Remark 4.10. O

Note that the constancy of pu(D(f:)), mo(D(f;)) and mo(fi(D(f))) is equivalent to the
Whitney equisingularity of the families of curves D(f;) and f,(D(f;)). When n = 2, D(f;)
is a family of plane curves and the constancy of mg(D(f;)) follows from the constancy of
w(D(f:)). Therefore, this condition is not necessary (see [8]). However, for n > 3, the
constancy of u(D(f;)) does not imply the constancy of my(D(f;)), as we will see in the
example at the end of the paper.

Corollary 4.17. Suppose f: (C",0) — (C*"1,0) is a finitely determined map germ and
F is 1-parameter unfolding of f. If mo(D(f;)) is constant and © : F(C x C") — C is a
Whitney equisingular deformation of f(C™), then F is Whitney equisingular.

Proof. Since 7 : F(C x C") — C is a Whitney equisingular deformation, it follows that
T = C x {0} is the only 1-dimensional stratum. Then, there is no coalescing of cross-caps
in F' and hence, C(f;) must be constant ([8, Proposition 3.6]).

Now we have that (F(C x C")°, T') satisfy the Whitney conditions and then m;(F(C x
C"), ), for i = 0,...,n — 1, are constant [21]. Moreover, by [8, Theorem 5.6, m;(F(C x
), ) = mifl©), i = 0, oo — 1.

Finally, note that 7 : F(D(F)) — C is also a Whitney equisingular deformation of the
curve f(D(f)). This is equivalent to the constancy of u(fi(D(f:))) and mo(fi(D(f)))
(see [3]). By adding the condition that mo(D(f;)) is constant we get that F' is Whitney
equisingular by Theorem 4.15. 0J

In [8], Gaffney introduces a new invariant ep(f) for a map germ f : (C?,0) — (C?,0)
which has the property that ep(f) is constant in the family if and only if mo(f(D(f)))
and p(D?(f)) are constant. Then, it is possible to rewrite Theorem 4.15 and Corollary
4.20 in terms of this invariant. This can be done also in our case.

Definition 4.18. Let f: (C",0) — (C*"1,0) be a finitely determined map germ and let
p: C*~! — C be a generic linear projection so that the degree of p|cny is mo(f(D(f))).
We define

ep(f) = ppo fopilpzy),
where p; : C" x C" is the projection onto the first factor. It will become clear from next
proposition that ep(f) is an invariant of f which is independent of the chosen generic
projection p.

Proposition 4.19. Let f: (C",0) — (C*~1,0) be a finitely determined map germ, with
n > 3. Then,

en(f) = 2mo(f(D(f))) + (D*(f)) — 1 =2m(f(D(f))) + C(f).
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Proof. If the degree of p|¢(p(y)y is mo(f(D(f))), then po fop|p2(y) has degree 2mq(f(D(f)))
and the first formula is a consequence of Lemma 4.12 and Theorem 2.10. The second
equality follows also from 2.10 and 4.14. O

Corollary 4.20. Suppose f : (C",0) — (C?**710) is a finitely determined map germ
of corank < 2 and F is a 1-parameter unfolding of f with no triple points. Then F' is
Whitney equisingular if and only if my(f,(C™)), ep(fi) and mo(D(f;)) are constant.

We now apply our results for a finitely determined map germ f : (C",0) — (C*~1 0)
of type ¥1°. The assumption on the Boardman symbol implies that we can choose
coordinates such that

fly) = (9% yg(z, %)),

where z € C" !, y € C and g : (C",0) — (C"1,0). The computations of the numerical
invariants in this case are very simple, since

D(f) ={(z,y) : g(z,y*) =0}, f(D(f)) ={(X,Y,2): Z=0, g(X,Y) =0},

where X € C*1, Y € C and Z € C"!. It follows that f is finitely determined if
and only if D(f) (and hence f(D(f))) is a 1-dimensional ICIS. Thus, it is possible to
compute p(D(f)) by using Lé-Greuel formula (see 4.7). By Remark 4.10, we also have
mo(f(C?)) =2, my(f(C?) =1 and m;(f(C?)) =0, fori=2,...,n

We finish with the following example, which shows that, in general, a u-constant un-
folding is not Whitney equisingular. This example is inspired in one of the examples given
n [3] of a family of space curves in (C?,0) with constant Milnor number and non constant
multiplicity.

Example 4.21. Let f : (C?0) — (C°0) be the map germ given by f(z,y,z) =
(z,y, 2%, z(zy), 2(2" + 2'° + 4'9)) and consider the 1-parameter unfolding F = (¢, f;),
where

filz,y,2) = (z,y, 2%, z(xy — t2%), (2" + 21 + ¢'?)).
We have that the double point curves of f; are
D(f,) = V(zy — t2%, 2% + 21 4+ ¢'%)
and
f(D(f) =V(XY —tZ,2° + X"+ Y, U, V).

We compute the Milnor number and multiplicities of these curves and obtain: u(D(f:)) =
276 for all t, mo(D(fo)) = 22 and mo(D(f;)) = 20 for t # 0. Moreover, u(fi(D(f;))) = 126
for all ¢, mo(fo(D(fo))) = 12 and mo(fi(D(fr))) = 10 for ¢ # 0.

Thus, F'is u constant but it is not Whitney equisingular. We have also that C'(f;) = 25
for all ¢, which also shows that the constancy of the zero-stable invariants does not imply
Whitney equisingularity. Note also that f is weighted homogeneous and that the unfolding
F only adds terms of same degree. This implies that F is topologically trivial by [7].
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