MODULUS OF CONTINUITY WITH RESPECT TO SEMIGROUPS
OF ANALYTIC FUNCTIONS AND APPLICATIONS

O.BLASCO

ABSTRACT. Given a complex Banach space E, a semigroup of analytic
functions (¢;) and an analytic function F' : D — E we introduce the
modulus we(F,t) = sup, < [|[F'(¢e(2)) — F(z)||. We show that if 0 <
a < 1 and F belongs to the vector-valued disc algebra A(D, E), the Lip-
schitz condition Me(F',r) = O((1 — r)'™*) as r — 1 is equivalent
to wy(F,t) = O(t%) as t — 0 for any semigroup of analytic functions
(p1), with ¢¢(0) = 0 and infinitesimal generator G, satisfying that ¢}
and G belong to H*°(D), and in particular is equivalent to the condition
|F—Frl|lam,g) = O((1—7)*) asr — 1. We apply this result to particular
semigroups () and particular spaces of analytic functions E, such as
Hardy or Bergman spaces, to recover several known results about Lips-
chitz type functions.

1. INTRODUCTION

Let H(ID) be the Fréchet space of all analytic functions in the unit disk
endowed with the topology of uniform convergence on compact subsets of
D. A Banach space (X, || - ||) such that X C H(ID) with continuous inclusion
will be called a Banach space of analytic functions. We shall say that X is
an homogeneous Banach space of analytic functions (see [2, 9]) if it satisfies the
following properties

(1) AD) C X C H(D)
with continuous inclusions,

@) feX = fee Xand | fe|l = ||f] forany |¢| = 1,
and there exists C' > 0 such that

(3) feX= f,eXand|f| <C|f| forany 0 <r <1,

where f.(w) = f(zw) for z € D and A(D) = C(D) N H* stands for the
disc algebra, that is the closed subspace of bounded analytic functions with
continuous extension to the boundary.
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Particular examples are, for 1 < p < oo, the Hardy spaces H” with the
norm

[fllze = sup My(f,7)
O<r<1

where M, (f,r) = (J;" [£(re)P§2)'/7 (or Moo (f,7) = supgy |£(r€)]) and
the Bergman spaces AP with the norm

1f1lar = (/D |f (w)[PdA(w)) /P

where dA(w) stands for the normalized Lebesgue measure in D.
If (X,] -|) is an homogeneous Banach space of analytic functions and
f € X we shall denote

wX(fat) = sup erw - fH and MX(f: T) = Ssup ||f§||
o1<t 0<o<r

We keep the classical notations wy,(f,t) = wg»(f,t) and M, (f,r) = Mu»(f,7)
for f € HP. It is easy to see (due to the density of analytic polynomials in
the spaces A(D), H? and AP) that w,(f,t) — 0 and war(f,t) — 0ast — 0T
for any f in the corresponding space. It is also well known (see for instance
[5,6,13]) that || f — fr|lg» — Oand ||f — fr|la» = Oasr — 1forl <p < occ.
It goes back to the work of Hardy and Littlewood and further extensions
(see for instance [5, 8, 12]) that foreach1 < p < 00,0 < o« < land f € HP
the following conditions are equivalent:

(@) wp(f,t) =0(t*), t—0.

O f = frllmr = O((L = 1)), 7= 1.

(0) Mp(flvr) = O((l - T)a71)7 r— L

In a recent paper Galanopoulos, Siskakis and Stylogiannis (see [7, The-
orem 4.1]) have shown the analogue of this result for Bergman spaces,
namely for 1 < p < 00,0 < a < 1 and f € AP the following are equiv-
alent

() war(f,1) = O(t%), t—0F

(i) |f = frllar = O((L = 1)), 7 =1

(iii) Ap(f',r) = O((L = 7)*71), v — Lwhere Ay(f,7) = | fr] .

There are three goals in the paper: First to exhibit that the equivalences
between (a), (b) and (c) and between (i),(ii) and (iii) for Hardy spaces H”
and Bergman spaces AP in the case 1 < p < oo actually follow from the case
p = oo with the use of vector-valued functions in the disc algebra, second
to show that they hold true not only for Hardy and Bergman spaces but
also for any homogeneous Banach space of analytic functions and third to
add other equivalent formulations in terms of

wy(F,t) = b 1F(e(2)) = F(2)]]

for a class of semigroups of analytic functions including the translation and

dilation semigroups 7¢(z) = e’z and Dy(z) = e tz.
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The paper is organized as follows. In the first section we introduce
the modulus of continuity w,(F,t) of a vector-valued analytic function
F : D — E with respect a semigroup (¢;) and discuss on semigroups
of analytic functions which are strongly continuous on the vector-valued
disc algebra. In the second section we consider functions whose modulus
wy(F,t) behaves like t* and connect with the behaviour of the derivative
of F’ and the generator G. In particular we show that for semigroups (¢¢)
with ¢} € H*(D), ¢:(0) = 0 and G € H*™ we have that the condition
Moo(F',r) = O((1 = r)®*~1) for 0 < o < 1 is equivalent to w,(F, t) = O(t%).
Finally we apply this result to prove the equivalences mentioned above for
Hardy and Bergman spaces.

2. SEMIGROUPS ON THE VECTOR-VALUED DISC ALGEBRA

A (one-parameter) semigroup of analytic functions is any continuous ho-
momorphism & : ¢ — ®(t) = ¢, from the additive semigroup of nonnega-
tive real numbers into the composition semigroup of all analytic functions
which map D into D. In other words, ® = (¢;) consists of analytic functions
on D with ¢;(D) C D and for which the following three conditions hold:

® (p is the identity in D,
e i1 s = oy, forallt, s >0,
® ¢ — o, as t — 0, uniformly on compact subsets of D.

If (¢¢) is a semigroup, then each map ¢, is univalent. The infinitesimal
generator of (¢;) is the function

pi(2) —

G(z) = lim Z, z e D.

t—0t

This convergence holds uniformly on compact subsets of D so G € H(D).
Moreover G satisfies

@ ge) = 25— gaye), zem 10

Further G has a representation

) G(z) = (bz—1)(z = b)P(2), z€D

where b € D and P € H(D) with Re P(z) > 0 for all z € D. If G is not
identically null, the couple (b, P) is uniquely determined from () and the
point b is called the Denjoy-Wolff point of the semigroup. We refer to [1, 11]
for the basic facts and references on semigroups of analytic functions.

We shall be interested only in those such that ¢;(0) = 0. Some examples
to have in mind are the following:

(E1) 74(2) = e’z where 7{(2) = €' and G(z) = iz.

(E2) Dy(2) = e 'z where Dj(z) = e tand G(2) = —=.

—t

(E3) ¢1(2) = =—y57y where ¢}(2) = q=q=e=nzz and G(2) = —2(1-2).
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(E4) ¢y(2) = 1 — (1 — 2)¢ " where ¢)(2) = —<—— and with generator

(1—z)l—e
G(z) = —(1 — 2)log 1.

Each semigroup of analytic functions gives rise to a semigroup of opera-
tots (C;) consisting of composition operators on (D) defined by C(f) :=
f oy foreach f € H(D).

If X is a Banach space of analytic functions and (¢;) is a semigroup of
analytic functions we say that it generates a semigroup on X if (C;) defines a
strongly continuous semigroup of operators on X, that is to say

(6) |fow:—fll =0, t—0"VfeX.

In particular it was shown in [3] that if (¢;) is a semigroup with generator
G and X is a Banach space of analytic functions such that (C;) is strongly
continuous on X then the infinitesimal generator I' of (C;) is given by
T'(f)(z) = G(2)f'(z) withdomain D(T') = {f € X : Gf' € X}.

Classical choices of X treated in the literature are the Hardy spaces H?,
the disk algebra A(ID), the Bergman spaces A?, the Dirichlet space D, BMOA,
Bloch as well as their “little oh” analogues. We just mention here that any
semigroup of analytic functions generates a semigroup of operators on X in
the case of Hardy spaces H” (1 < p < 00), Bergman spaces A” (1 < p < o),
the Dirichlet space, and on the spaces VMOA and little Bloch B,. However
there is no non-trivial semigroup which generates a semigroup of operators
in the space H* or in Bloch space B (see [3, Thm 3]). In the case X = A(D)
it was shown by Contreras and Diaz (see [4, Thm 1.2]) that ¢; generates a
semigroup on A(D) if and only if ¢; € A(D) for any ¢ > 0.

DEFINITION 2.1. Let E be a complex Banach space, let () be a semigroup of
analytic functions and let F' : D — E be analytic and bounded. For each t > 0 we
define

@) we(Fit) = o [1F(pi(2)) — F(2)]].

For 7(z) = ez we write w(F,t) = SUP)|;|<1 | F(efz)) — F(2)]|.

We shall be interested in the action of semigroups of analytic functions
on the disc algebra of vector-valued functions. Let E be a complex Banach
space and denote A(D, E) the space of holomorphic and bounded func-
tions F' : D — E with continuous extension to the boundary. We keep the
notation F for the function in C(D, E). Of course we have

1 F | a,z) = sup [[F(2)]| = sup [|[F(E)]|.
|z|<1 l€]=1

We use the notation F.(z) = F(rz) foreach 0 < r < 1 and M (F,r) =
| F |l a,r)- We also denote P(E) for the E-valued analytic polynomials,

thatis P(z) = fo:o z2* where 7, € E'and N € N.
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As above we say that a semigroup of analytic functions (¢;) generates a

semigroup on A(D, E) if CF : A(D, E) — A(D, E) given by
Cl(F)(2) = Fpu(2))

defines a strongly continuous semigroup of operators on A(D, E), that is to
say
(8) wy(F,t) =0, t—07,VF e AD,E).

Hence if F' € A(D, E) then w(F,t) = supj¢_1 [|[F(e"¢) — F(€)]| and, due
to its continuity on T, we have that 7; generates a semigroup on A(D, E).

We first remark the following elementary fact:

PROPOSITION 2.1. Let E be any complex Banach space and let (p¢) be semigroup
in H(DD). Then the following statements are equivalent:

(i) (¢+) generates a semigroup on A(D, E).

(ii) (1) generates a semigroup on A(DD).

(iii) pr € A(D) for any t > 0.
Proof. (i) = (ii). Let x € E and f € A(D) and denote f ® z(z) = f(2)r €
A(D, E). The result follows using that

U=y = CE(f @ 2)(2)

(i) = (i) Let F € A(D, E) and € > 0. Select P(2) = S, zx2* € P(E)

such that || F'(z) — P(z)|| < € for all z € D. Now

[Fopi(z) = F() < [[Pogi(z) = P(2)|| +2¢

N
1" @ (o) = %) |+ 2¢/3
k=0

IN

N
< k_ k( ) 2¢.
< OISI}%XN!(%(Z)) 2" kZonkH + 2

Since ||p o ¢t — p|loc — 0 as t — 0 for each analytic polynomial p we obtain
(.

(ii) < (iii) It is shown in [4, Theorem 1.2]. O
In particular all the examples (E1)-(E4) generate semigroups in A(D, E).

PROPOSITION 2.2. Let F' : D — E be a bounded analytic function. The following
statements are equivalent:

(i) F € A(D, E).

(ii) limy_,o+ wy,(F, t) = 0 for any a semigroup of analytic functions () such
that ¢, € A(D) for each t > 0.

(le) Iimr_)l ”Fr - F”A(]D),E) =0.

Proof. (i) = (ii) It follows from Proposition 2.1.
(if) = (iii) It follows using the dilation semigroup D;(z) = e~
the change of notation r = e™".

(iii) = (i) It follows trivially since F;. € A(D, E) forall 0 < r < 1. O

t» with
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3. LIPSCHITZ TYPE FUNCTIONS WITH RESPECT TO SEMIGROUPS

Let us first introduce the Lipschitz type and Bloch type spaces to be used
in this section.

DEFINITION 3.1. Let E, (p;) and W : [0,1] — R be a complex Banach space,
an analytic semigroup and a continuous function with W(0) = 0 respectively. We
define A(,,) w (D, E) the set of bounded analytic functions F : D — E such that

we(F,t) = O(W(t)), t— 0.

In the case W (t) = t* for some 0 < a < 1 we simply write A(,,) o(D, E) and
Ao (D, E) whenever W (t) = t* and ¢y(2) = e'z.

DEFINITION 3.2. Let F' : D — F be an analytic function and let w : D — R be
a bounded continuous function. We say that F' € B,,(D, E) whenever

sup w(2)|| F'(2)| < oc.
|z|<1

As usual we denote B (D, E) the case w(z) = (1 — |2|)? for0 < B < 1.

We rephrase the Hardy and Littlewood theorem(see [5, Theorem 5.1]) as
Ay(D,C) = B1_o(D,C) for 0 < o < 1. Similarly Storozhenko’s result (see
[12]) which estates that M, (f',7) = O((1—r)*= 1) iff || fr— f |l r = O((1—7)%)
corresponds for p = 00 to A(p,) (D, C) = Bi_o(D,C) where Dy(z) = e~z
fort > 0and z € .

We would like to extend these results to more general semigroups. Let

us first estimate the modulus w, (F, t) in terms of GF'.

LEMMA 3.1. Let E be a complex Banach space, let () be a semigroup of analytic
functions such that ¢, € A(D) and ¢4(0) = 0forallt > 0. If F belong to A(D, E)
then there exists C' > 0 such that

t 1
) wolF.t) < | MalGF' Maclipser))ds +C [ MaclF', )Mo (1)

foreach0 <t <1/2<r<1.

Proof. Let 0 < r < 1. We use triangular inequality to estimate
we(Fyt) < P 1E(#t(€)) = Fpe(ro))
+  sup [|[F(g(rg)) — F(ré)

+ sup [[F(rE) — F(§)]-
1€]=1

On the one hand

F(pi(€) — Flon(ré)) = / F(0(p6)) (0 )Edp.
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Therefore, since |¢;(2)| < |z] and then M (¢, p) < p, we can estimate

1
10 IF@(O) - Flre)l < [ MuolF )Mol ).
On the other hand, we consider g(t) = F o ¢(r). Invoking (4) we obtain
0
5 (1) = Fleure)g(ei(re).

This together with the fundamental theorem of calculus gives

t
Fler€) = F€) = | Fleure)los(re))is.
Hence we have
(11) |1F(pi(r)) — F(ré)|| </0 Moo (GF', Moo (s, 7))ds.

Finally use that for p > r > 1/2 we have
minte[o,l/z} 1G(:(1/2))]

and F(r§)) — F(§) = — frl F'(p&)&dp to conclude
1
12 IF0) - FEI <O [ MalF )Mo )i
The result follows from (11), (10) and (12). O

COROLLARY 3.1. Let E be a complex Banach space and (y.) be a semigroup
of analytic functions such that ¢, € A(D) and ¢4(0) = 0 for all t > 0 and
G € H*®(D). If F belong to A(D, E) then there exist C' > 0 such that
1

13)  wu(Fit) <C | Muo(F',p)Moo(t, p)dp, 0 <t <1/2.

1t
Proof. Choose r = 1 — t in (9) and note that My (ps,1 —¢) < 1 — ¢ and
therefore

t
/MOO(F’Q,MOO(gos,l—t))ds < tMo(F'G,1—1t)
0

tG o Moo (F',1 = 1)
1

C 1 tMoo(F”p)Moo(@Q,p)dp-

IN

IN

]

Let us now give the converse estimates, that is |G(z)F’(z)| in terms of
wy(F, ).
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THEOREM 3.1. Let (¢¢) a semigroup of analytic functions with infinitesimal gen-
erator G. If F € A(D,E)and 0 < t,r < 1 then

' wy(F,t)  Mxo(G,r) [*
(14) Moo(GF' 1) < ===+ )i /Ow@(F,s)ds.

Proof. Using the formula (4) we observe that

G (Fop.)(z) = L2z,

Hence
F(pi(2)) — F(z) = Q(Z)/O (Fops — F)(2)ds +tG(2)F'(z).

Now using Cauchy formula we have
t
GEF() = Plal) = FE) +0() [ (F=Fop) (s

= Pl - o) [ ([ I,

2 Jo(F = F opy)(e)ds df
0 (1 — e—i02)2 27

= F(pi(z)) = F(2) +G(2)
Therefore

IG()F' (=) <
+ )217T/0 /IIF( s(e)) = (Ze)”)ds)| (ewsz

¢ welh)
1 g(z)\ /27f do
e (F, .
RV / 2 dS 1 — e i0z|2
o(Ft (g \Zl) /
< wy,(F, s)ds.
. PO ER o o
This gives the result. U

COROLLARY 3.2. Let (y;) a semigroup of analytic functions, with infinitesimal
generator G € H®, 0 < a < 1 and set wa(z) = |G(2)|(1 — |2])}~°. Then

Ag)a(D, E) C By, (D, E).
Proof. Let F' € A(y,) (D, E). Choosing ¢ = 1 — r in (14) one gets

1
R 153 1900 sup wy(F,s) < C(1 — r)e Lt
-r s<1—r

MOO(QF’,T) <

This gives sup|.|«1 wa(2)|F'(2)] < co. O
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COROLLARY 3.3. Let E be a complex Banach space and 0 < oy, < 1 with
ay + ag < 1. If (¢4) be a semigroup of analytic functions such that p; € Ba, (D)
and ¢4(0) = 0 for all t > 0 and

(15) sup (1 — p)*2 Moo (i}, p) < 00
0<t,p<1

then
Ba1 (D, E) N Bwa (]D), E) C A(cpt),a(Da E)

where oo = 1 — (o1 + ag) and wa(2) = [G(2)|(1 — |2]) 7.

Proof. Let F' € By, (D, E) N By, (D, E). From (9) for r = 1 — t and (15) we
have

1

t
/ Moo (F'G, Moo(ps,1 = ))ds + C' | Moo(F', p)(1 = p)~*dp
0 1-t

wy(F, 1)

IN

1
tMo(F'G,1—1) +C | (1—p)~(t2)gp
1-t

Cit™ + Cgtl_(a1+a2) = Cst“.

IN

IN

(|

THEOREM 3.2. Let E be a complex Banach space, let F' € A(D, E) and 0 < a <
1. The following are equivalent:

(i) F € Ao(D, E).

(ii) Moo (F',7) = O(1 —r)*Lasr — 1.

(iii) wy(F,t) = O(t*) as t — 0 for any semigroup of analytic functions (py)
with ¢,(0) = 0 for each t > 0 and satisfying that G € H*>°(D) and ¢, € H>*(D)
with supg<;<y ||} loc < 00

(i) | F' = Frllam,p) = O((1 —7)%),as 7 — 1.

Proof. (i) <= (ii) It follows combining the scalar-valued case, due to Hardy-
Littlewood result (see [5]) and the facts

w(F,t) = sup w((F,2%),t), Mx(F',r)= sup My ((F',x*),r)
[[z*[=1 llz*[l=1

where (F,z*)(z) = (F(z),2*) € A(D) for any z* € E* and (F,z*)'(z) =
(F'(2),z").

(ii) = (iii) It follows from Corollary 3.1 because

1
wy(F,t) <C Moo (F',s)ds < Ct®.
1—t

(iii) = (iv) Select ¢ (2) = Dy(z) = e~z and notice that F,.(z) = F(p(z))

wherer = e tand 1 — e~ ! ~ tast — 0. Hence that

IF = Frllam,p) = we(F, 1) = O(t%) = O((1 —7)%).
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(iv) = (ii) It follows from Corollary 3.2 applied to ¢; = D;. Note that
the assumption means that w, (F,t) = O(t*) and then

My (F' 1) = Ly (GF',r) < filigr R <O —r)>t
e T 1—r - '
O
4. APPLICATIONS
Let (X, - ||) be a homogeneous Banach space of analytic functions. For

each f € X, say f(w) = >.,7 ja,w", we define the X-valued function
given by

oo
Fi(z) = f. = Dsfoi0 = Z anunz"”, z=e %",
n=0

where u,(w) = w™ for eachn € NU {0}.

PROPOSITION 4.1. Let (X, ||-||) be a homogeneous Banach space of analytic func-
tion such that the translation and dilation semigroups 7(z) = ez and Ds(z) =
e~ °z generate semigroups on X.

Then the mapping f — Fy is an isometric inclusion from X into A(D, X).

Proof. We first observe that (1) implies that there exists a constant C' > 0
such that |u,|| < C for each n. Therefore the series > 7 anu,2™ con-
verges absolutely in X for each z € D. Moreover, due to (2) and (3), if
f € X then Ff(z) = f. € X for each z € D. Hence Fy € H*(D, X)
with sup, <1 [|[F¢(2)[| < C/f[|l. Let us show first that Fy € A(D, X). Let

z=-e%¢" and 2/ = e=%'¢!?’. Therefore
||fz—fz’H ”Dsz_DS’fG’H
< HDSfQ_Ds’fGH+HDS’<f9_f0’)H
< CDs—gfo = foll + Cllmo—of — 1.
Since 2’ — z in particular gives that |s — /| — 0 and |¢' — ] — 0, the

continuity of 7 f and D, f gives that Fy € A(ID, X). Finally observe that
from (2) we get

1E |l am,x) = sup 1E7 () = o I fell = [1£1l

]

Making use of this proposition and the results for vector-valued analytic
functions in the disc algebra we can recover the equivalences mentioned in
the introduction.

COROLLARY 4.1. Let 1 < p < ooand 0 < « < 1. Let XP denote either the
Hardy space HP or the Bergman space AP and let f € XP. The following are
equivalent

(i) supjgi<¢ || feio = fllx» = O(%),¢ = 0.
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(i) | f = frllxr = O((L = 7)%),r = L.
(i) || fill xp = O((L —7r)*7h),r — L.

Proof. Notice that both H? and A? for 1 < p < oo satisfy the assumption
in Proposition 4.1. Hence the function Fy € A(D, X?) and || Fy|| gp,x») =
| f||x». In particular, since Fiy—(F), = Fy_y, wehave || Fy—(Ff)|| g, x») =
\|f — frllx». On the other hand

w(Fy,t) = sup [|[Fp(e"€) — F(&)llxe = sup || foo — flxr.
|€]=1 |0]<t

Hence (i) and (ii) in this corollary correspond to conditions (i) and (iv)

in Theorem 3.2 and turn out to be equivalent to Mo (F},7) = O((1 —

r)*~1),r — 1. Finally observe that for z € D we have
(Ft)'(2) = Z nanunz" "t = S((f,)Z)
n=0

where S(f)(w) = wf(w). Therefore for X? = H? we have M ((Fy)',r) =
My(f',r) = || f||m» and for XP = AP we have

16)  Muo((Fy)',r) = Sup(/DIw!plf'(wZ)lpdA(W))l/p =7 f7llar-

|2|=r

In both cases we recover (iii).
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