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ABSTRACT: We describe the boundedness of a linear operator from

Bp(ρ) = {f : D → C analytic :
(∫

D

ρ(1 − |z|)
(1 − |z|) |f(z)|pdA(z)

)1/p

< ∞} ,

for 0 < p ≤ 1 under some conditions on the weight function ρ, into a general Banach space

X by means of the growth conditions at the boundary of certain fractional derivatives of a

single X-valued analytic function. This, in particular, allows us to characterize the dual of

Bp(ρ) for 0 < p < 1 and to give a formulation of generalized Carleson measures in terms

of the inclusion B1(ρ) ⊂ L1(D,µ). We then apply the result to the study of multipliers,

Hankel operators and composition operators acting on Bp(ρ) spaces.
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OPERATORS ON WEIGHTED BERGMAN SPACES

(0<p≤1) AND APPLICATIONS

Oscar Blasco*

INTRODUCTION

During the last decade a big effort has been made to understand operators acting

on Bergman and weighted Bergman spaces (see [A], [Z]). Different techniques have been

developed for the study of different types of operators (see [AFP], [J2] for Hankel operators,

[MS] for composition operators, [W] for multipliers, ...).

The aim of this paper is to deal with operators acting on weighted Bergman spaces

in the case 0 < p ≤ 1 and for rather general weight functions. We shall show that in this

case the boundedness of an operator into a general Banach space depends only upon the

behaviour of a single vector valued analytic function. This will allow us to study Hankel

operators, composition operators and multipliers acting on weighted Bergman spaces when

0 < p ≤ 1 from a unified and simple technique.

The vector valued function which represents a bounded operator is obtained by the ac-

tion of the operator on the reproducing kernel. This has been previously used by N. Kalton

(see [K1], [K2]) to characterize operators acting on Hp (0 < p < 1) and related spaces into

general q-Banach spaces and by the author (see [B]) to represent general operators acting

on certain spaces of vector valued analytic functions.

We shall be concerned with weighted Bergman classes defined by weight functions of

the type introduced by S. Janson (see [J1]) which will allow us to include the known cases

and to cover new ones under the same scope.

Let ρ be a nondecreasing function on (0, 1) with ρ(0+) = 0 and such that ρ(t)
t ∈

L1((0, 1)). ρ is said to be a Dini-weight if
∫ s
0
ρ(t)
t dt ≤ Cρ(s). For 0 < q < ∞, ρ is said to

be a bq-weight, ρ ∈ bq, if
∫ 1

s
ρ(t)
tq+1 dt ≤ C ρ(s)

sq .

* Partially supported by the grant C.A.I.C.Y.T. PB89-0106

2



We say that an analytic function f on the unit disc belongs to Bp(ρ) , 0 < p ≤ 1, if

‖f‖p,ρ =
(∫

D

ρ(1 − |z|)
(1 − |z|) |f(z)|pdA(z)

)1/p

< ∞.

For certain weights the spaces Bp(ρ) have been extensively studied in the literature.

They can be regarded as extensions of the classical Bergman spaces (ρ(t) = t). Although

the condition appearing in the case p = 1 and ρ(t) = t1/q−1 for q < 1 goes back to the

work of Hardy and Littlewood (see [HL] Theorem 3.1.), the corresponding space was first

studied as a Banach space by P. Duren, B.W. Romberg and A.L. Shield in [DRS] (denoted

by Bq). Later, J. Shapiro [S] considered weighted Bergman spaces corresponding to the

cases ρ(t) = t(α+1), denoted by Apα, and also, T.M. Flett (see [F1], [F2]) studied similar

cases even having mixed norms in their definition. Let us finally mention the paper by

A.L. Shields and D.L. Williams [SW] where the case p = 1 and general pairs of weights

were considered.

Let (X, ‖ ‖) be a Banach space, P denote the vector space of all polynomials and

un(z) = zn. For any linear map T : P → X and β > 0 we define

F β(z) =
∞∑
n=0

Γ(β + n + 1)
Γ(β)n!

xnz
n , xn = T (un)

With this notation we are ready to state our main result.

Theorem 2.1. Let 0 < p ≤ 1, 0 < q < ∞ and β = q+1
p − 1. Let ρ be a Dini-weight

such that ρ ∈ bq. The following are equivalent

(i) T : Bp(ρ) → X is continuous

(ii) F β is a X-valued analytic functions satisfying

‖F β(z)‖p = O(
ρ(1 − |z|)
(1 − |z|)q ) (|z| → 1)

This theorem will allow us to obtain several known results that were proved by different

methods, and also to produce lots of applications when considering particular operators
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acting on weighted Bergman spaces, whenever 0 < p ≤ 1. It can also be used to obtain

applications to operators acting on Hp spaces for 0 < p < 1. This is due to the fact (see

[DRS]) that B1(ρ) for ρ(t) = t1/p−1 is the “Banach envelope” of Hp.

The paper is divided into seven sections. Section 1 is devoted to the definitions and

first properties of the spaces and weights that will be used in the following sections. The

proof of the main result (Theorem 2.1) will be provided in Section 2. In Section 3 we

apply the result to obtain the dual space of certain weighted Bergman spaces. In Section

4 we relate Theorem 2.1. to the notion of Carleson measures, proving a characterization

of generalized Carleson measures in terms of the inclusion of B1(ρ) into L1(D,µ). We

deal with multipliers from weighted Bergman spaces in Section 5, using Theorem 2.1. to

describe convolution, pointwise and sequence multipliers from Bp(ρ) into different spaces.

In Section 6 we consider Hankel operators, finding the condition on the symbol for the

operator to map B1(ρ) into H1. Section 7 is devoted to composition operators. We

characterize the analytic funtions φ for which the operator Cφ maps Bp(D) into B1(D)

and B1(ρ) into H1.

Throughout the paper (X, ‖.‖) will be a Banach space,and Hs and Bs(D) denote

the classical Hardy and Bergman spaces on the unit disc. A weight function ρ means

a nondecreasing function on (0, 1) with ρ(0+) = 0 such that ρ(t)
t ∈ L1((0, 1)), Mp(f, r)

stands for
(

1
2π

∫ π
−π |f(reiθ)|pdθ

)1/p

and C will be a numerical constant not necessarily the

same in each instance.

PRELIMINAIRES

Definition 1.1.- Let 0 < p ≤ 1 and ρ a weight function. An analytic function f on

the unit disc is said to belong to Bp(ρ) if

‖f‖p,ρ =
(∫

D

ρ(1 − |z|)
(1 − |z|) |f(z)|pdA(z)

)1/p

< ∞ (1.1)

where dA(z) stands for the area measure on D.
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Let us first collect some properties of these spaces.

Given a holomorphic function on D and any value 0 < p ≤ 1, if we write σ(s) =∫ s
0
ρ(t)
t dt, then

σ(1 − |z|)Mp
p (f, |z|) ≤

∫ 1

|z|

ρ(1 − r)
1 − r

Mp
p (f, r)dr

This implies that for functions in Bp(ρ) one has

Mp(f, r) ≤
‖f‖p,ρ

σ
1
p (1 − r)

(1.2)

Moreover

Mp(f, r) = o

(
1

σ
1
p (1 − r)

)
(r → 1) (1.2′)

On the other hand it is well known (see [D], page 36) that

|f(z)| ≤ C
Mp(f, |z|)
(1 − |z|)1/p

This together with (1.2′) allows us to say that for f ∈ Bp(ρ) we have

|f(z)| = o((1 − |z|)−1/pσ(1 − |z|)−1/p).

From this estimate and standard techniques (see [DRS], Theorem 3 for a special case) one

can prove the following result.

Proposition 1.1.- Let 0 < p ≤ 1, ρ be a weight function.

(i) Bp(ρ) is a p-Banach space, i.e. ‖f + g‖pp,ρ ≤ ‖f‖pp,ρ + ‖g‖pp,ρ.

(ii) The polynomials are dense in Bp(ρ).

Definition 1.2.- ρ is said to be a Dini-weight if

∫ s

0

ρ(t)
t

dt ≤ Cρ(s) (1.3)
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Given 0 < q < ∞, ρ is said to be a bq-weight, ρ ∈ bq, if

∫ 1

s

ρ(t)
tq+1

dt ≤ C
ρ(s)
sq

(1.4)

Remark 1.1.- Let us assume ρ ∈ bq. Since ρ is nondecreasing then we always

have ρ(s)
sq ≤ C

∫ 1

s
ρ(t)
tq+1 dt. Therefore ρ(t)

tq ≤ C ρ(s)
sq if s ≤ t and ρ(s) = q(

∫ s
0
tq−1dt)ρ(s)sq ≤

C
∫ s
0
ρ(t)
t dt.

In other words, if ρ ∈ bq for some q > 0, the Dini condition is equivalent to

∫ s

0

ρ(t)
t

dt = O(ρ(s)) (s → 0) (1.3′)

A very interesting example of a weight function is given in the following

Proposition 1.2.- Let α > 0, β ≥ 0 and ρ(t) = tα(log et )
β .

Then ρ is a Dini-weight and ρ ∈ bq for α < q.

Proof: Making the change of variable t = su we get

∫ s

0

tα−1(log
e

t
)βdt = sα

∫ 1

0

uα−1(log
e

s
+ log

1
u

)βdu

The Dini condition is easily obtained from (a + b)β ≤ Cβ( aβ + bβ) .

For α < q we have

∫ 1

s

tα−q−1(log
e

t
)βdt ≤ (log

e

s
)β

∫ 1

s

tα−q−1dt ≤ C
ρ(s)
sq

. ///

Let us now present some useful estimates on weights in the following lemma. I would

like to point out that (1.5) below was already shown in [BS] and we include its proof

(although quite elementary) for the sake of completeness.

Lemma 1.1.- Let ρ be a Dini weight such that ρ ∈ bq. Then

∫ 1

0

ρ(1 − r)
(1 − r)(1 − rs)q

dr ≤ C
ρ(1 − s)
(1 − s)q

(1.5)
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∫ 1

0

ρ(1 − r)
(1 − r)

sndr = O(ρ(
1
n

)) (n → ∞) (1.6)

Proof:

∫ 1

0

ρ(1 − r)
(1 − r)(1 − rs)q

dr =
∫ s

0

ρ(1 − r)
(1 − r)(1 − rs)q

dr +
∫ 1

s

ρ(1 − r)
(1 − r)(1 − rs)q

dr

≤
∫ s

0

ρ(1 − r)
(1 − r)q+1

dr +
1

(1 − s)q

∫ 1

s

ρ(1 − r)
(1 − r)

dr

≤
∫ 1

1−s

ρ(t)
tq+1

dt +
1

(1 − s)q

∫ 1−s

0

ρ(t)
t

dt ≤ C
ρ(1 − s)
(1 − s)q

which gives (1.5)

Let us now prove (1.6). From Remark 1.1. we can write

Cρ(
1
n

) ≤ (1 − 1
n

)n
∫ 1

n

0

ρ(t)
t

dt ≤
∫ 1

n

0

ρ(t)
t

(1 − t)ndt ≤
∫ 1

0

ρ(1 − r)
(1 − r)

sndr

On the other hand

∫ 1

0

ρ(1 − r)
(1 − r)

sndr =
∫ 1− 1

n

0

ρ(1 − r)
(1 − r)

sndr +
∫ 1

1− 1
n

ρ(1 − r)
(1 − r)

sndr

≤
∫ 1

1
n

ρ(t)
t

(1 − t)ndt +
∫ 1

n

0

ρ(t)
t

dt ≤
∫ 1

1
n

ρ(t)
t

(1 − t)ndt + C ρ(
1
n

)

It remains to show
∫ 1

1
n

ρ(t)
t (1 − t)ndt ≤ C ρ( 1

n ). Using ρ(t)
tq ≤ C ρ(s)

sq for s ≤ t we have

∫ 1

1
n

ρ(t)
t

(1 − t)ndt =
∫ 1

1
n

ρ(t)
tq

tq−1(1 − t)ndt

≤ C ρ(
1
n

)nq
∫ 1

0

tq−1(1 − t)ndt = C ρ(
1
n

)nqB(q, n + 1) ≤ C ρ(
1
n

)

where B(q, n + 1) = Γ(q)n!
Γ(n+q+1) = O(n−q). ///

Definition 1.3.- Let G be an X-valued function, analytic on D and continuous on

the unit circle and let ρ be a weight funtion. We say that G satisfies a generalized Lipschitz

condition, denoted by G ∈ Λρ(X), if

sup0<θ<1‖G(e2πi(θ+t)) −G(e2πiθ)‖ = O(ρ(|t|)), (t → 0) (1.7)
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We shall denote by Λα(X) the case ρ(t) = tα.

Similar ideas to those used by Hardy and Littlewood (see [D], page 74) allow us to

prove next result. We omit the details of this vector valued situation (see [BlS],[BS] for

particular cases).

Lemma 1.2.- Let ρ be a Dini weight such that ρ ∈ b1. Let G be a vector valued

analytic function on D such that G ∈ C(T, X). The following are equivalent

(i) G ∈ Λρ(X)

(ii) ‖G′(z)‖ = O(ρ(1−|z|)
1−|z| ) (|z| → 1).

THE MAIN THEOREM

The proof of the theorem is based on several lemmas. The first one shows that for

0 < p < 1, Bp(ρ) is continuosly included in B1(ρp) for certain weight functions ρp.

Lemma 2.1.- Let 0 < p < 1, ρ be a Dini weight such that ρ ∈ bq for some q > 0 and

f ∈ Bp(ρ). Then ∫
D

ρ1/p(1 − |z|)
(1 − |z|)2−1/p

|f(z)|dA(z) ≤ C ‖f‖p,ρ (2.1)

Proof: We first recall the following well known inequality (see [D], page 84 )

M1(f, r) ≤ C
Mp(f, r)

(1 − r)
1
p−1

(2.2)

Hence ∫ 1

0

ρ(1 − r)
(1 − r)p

Mp
1 (f, r)dr ≤ C ‖f‖pp,ρ (2.3)

Now using (1.3′), (1.2) and (2.2), one easily obtains

ρ1/p−1(1 − r)
(1 − r)2−p−1/p

M1−p
1 (f, r) ≤ ‖f‖1−p

p,ρ (2.4)

Combining the inequalities (2.3) and (2.4) we get

∫
D

ρ1/p(1 − |z|)
(1 − |z|)2−1/p

|f(z)|dA(z) =
∫ 1

0

ρ(1 − s)
(1 − s)p

Mp
1 (f, s)

ρ1/p−1(1 − s)
(1 − s)2−p−1/p

M1−p
1 (f, s)s ds
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≤ C ‖f‖1−p
p,ρ

∫ 1

0

ρ(1 − r)
(1 − r)p

Mp
1 (f, r)dr ≤ C ‖f‖p,ρ. ///

If we denote by Apα the space Bp(ρ) for ρ(t) = tα+1 we obviously have the following

corollary.

Corollary 2.1.- ([S], Theorem 3) Let 0 < p < 1 and α > −1.

Then Apα ⊂ A1
σ for σ = α+2

p − 2

Remark 2.1.- Let me point out that Shapiro’s proof of the previous result was based

on fractional integration and non trivial results by [HL], while our proof covers more cases

and is much more elementary.

Let P denote the vector space of all analytic polynomials and set un(z) = zn. Given

any linear map T : P → X, we can define the following formal power series with values in

X

F (z) =
∞∑
n=0

xnz
n , xn = T (un)

For any value β > 0, let us consider the fractional derivative

F β(z) =
∞∑
n=0

Γ(β + n + 1)
Γ(β)n!

xnz
n , xn = T (un)

Clearly for β = m, m a positive integer, we have

Fm(z) =
1

(m− 1)!
(zmF (z))(m)

where g(m) stands for the mth-derivative.

Let us consider

Kβ
z (w) =

∞∑
n=0

Γ(β + n + 1)
Γ(β)n!

wnzn =
1

(1 − zw)β+1

We shall look at this as a vector-valued function. The next lemma gives an estimate of its

norm in Bp(ρ).
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Lemma 2.2.- Let 0 < p ≤ 1, 0 < q < ∞ and β = q+1
p − 1. Let ρ be a Dini-weight

and ρ ∈ bq . Then

‖Kβ
z ‖pp,ρ = O(

ρ(1 − |z|)
(1 − |z|)q ) (2.5)

Proof: The following estimate is easy and well know (see [D], page 65): For |a| < 1 and

q > 1 ∫
|ξ|=1

dξ

|1 − aξ|q = O(
1

(1 − |a|)q−1
) (|a| → 1)

This shows that

Mp(Kβ
z , r) = O(

1

(1 − r|z|)β+1− 1
p

)

Therefore

‖Kβ
z ‖pp,ρ =

∫ 1

0

ρ(1 − r)
(1 − r)

Mp
p (Kβ

z , r)dr ≤ C

∫ 1

0

ρ(1 − r)
(1 − r)(1 − r|z|)p(β+1)−1

dr

Now we get (2.5) from (1.5) in Lemma 1.1. ///

Theorem 2.1.- Let 0 < p ≤ 1, 0 < q < ∞ and β = q+1
p − 1. Let ρ be a Dini-weight

such that ρ ∈ bq and X a Banach space. The following are equivalent

(i) T : Bp(ρ) → X is continuous

(ii) F β is a X-valued analytic functions satisfying

‖F β(z)‖p = O(
ρ(1 − |z|)
(1 − |z|)q ) (|z| → 1).

Proof: Let us observe first that since Bp(ρ) is a p-Banach space and Γ(β+n+1)
Γ(β)n! = O(nβ)

then

‖
M∑
n=N

Γ(β + n + 1)
Γ(β)n!

znun‖pp,ρ ≤ C

M∑
n=N

nβp|z|np‖un‖pp,ρ

Since ‖un‖p,ρ ≤ C then the following series converges in Bp(ρ) for |z| < 1

Kβ
z =

∞∑
n=0

Γ(β + n + 1)
Γ(β)n!

znun
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Now the continuity of T implies that F β(z) = T (Kβ
z ) and then lemma 2.2 gives (ii).

Let us now do the converse. From Proposition 1.1. we only have to prove that

‖T (φ)‖ ≤ C‖φ‖p,ρ for all polynomials φ ∈ P .

Let us take φ(z) =
∑m
n=0 αnz

n. Since xn = T (un) then T (φ) =
∑m
n=0 αnxn. We shall

use the following equality

Γ(β)n!
Γ(β + n + 1)

=
∫ 1

0

(1 − r)β−1rndr = 2
∫ 1

0

(1 − r2)β−1r2n+1dr

Using this we can write

T (φ) =
m∑
n=0

αn xn = 2
∫ 1

0

(1 − r2)β−1
m∑
n=0

Γ(β + n + 1)
Γ(β)n!

αn xnr
2n+1dr

On the other hand

m∑
n=0

Γ(β + n + 1)
Γ(β)n!

αn xnr
2n+1 =

1
2π

∫ 2π

0

φ(reiθ)F β(re−iθ)rdθ.

Therefore

‖T (φ)‖ ≤ C

∫ 1

0

∫ 2π

0

(1 − r2)β−1|φ(reiθ|‖F β(re−iθ)‖rdrdθ

≤ C

∫
D

(1 − |z|)
q+1

p −2 ρ1/p(1 − |z|)
(1 − |z|)q/p |φ(z)|dA(z)

Finally Lemma 2.1 implies ‖T (φ)‖ ≤ C‖φ‖p,ρ. ///

For special cases this theorem gives a representation of the operators in terms of vector

valued Lipschitz functions. To see this let us mention the following elementary lemma.

Lemma 2.3.- Let ρ ∈ b1, and F bea vector valued analytic function. The following

are equivalent

(i) ‖F 1(z)‖ = O(ρ(1−|z|)
1−|z| )

(ii) ‖F ′(z)‖ = O(ρ(1−|z|)
1−|z| )
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Proof: Since F 1(z) = zF ′(z) + F (z), it suffices to show that both (i) and (ii) implies

‖F (z)‖ = O(ρ(1−|z|)
1−|z| ).

Note that for z = |z|e2πiθ we can recover F (z) from F 1 or from F ′ as follows

F (z) =
∫ |z|

0

F ′(se2πiθ)ds + F (0) or F (z) =
∫ 1

0

F 1(rz)dr

Observe that ρ ∈ b1 implies C ≤ ρ(t)
t . This gives in the first case

‖F (z)‖ ≤ C

∫ |z|

0

ρ(1 − s)
1 − s

ds + ‖F (0)‖ ≤ C

∫ 1

1−|z|

ρ(t)
t

dt + C

≤ C

∫ 1

1−|z|

ρ(t)
t2

dt + C
ρ(1 − |z|)
1 − |z| ≤ C

ρ(1 − |z|)
1 − |z| .

For the second situation

‖F (z)‖ ≤ C

∫ 1

0

ρ(1 − s|z|)
1 − s|z| ds = C

∫ 1

1−|z|

ρ(t)
t

dt ≤ C
ρ(1 − |z|)
1 − |z| . ///

Let us denote by L(X,Y ) the space of bounded linear operators. Combining Lemma 2.3,

Lemma 1.3 and Theorem 2.1 we obtain the following corollaries.

Corollary 2.2.- Let ρ be a Dini weight such that ρ ∈ b1.

L(B1(ρ), X) = Λρ(X).

Remark 2.2.- Since for 0 < p < 1 and ρ(t) = t1/p−1 it is known that (Hp)∗ =

(B1(ρ))∗ (see [DRS]) we obviously have that for any Banach space X, L(Hp, X) = L(B1(ρ), X).

From this observation one recovers the following result.

Corollary 2.3.-([K1] Theorem 5.1) Let 1/2 < p < 1, α = 1
p − 1.

L(Hp, X) = Λα(X).

Remark 2.3.- Note that Corollary 2.3 can be also obtained as a consequence of the

duality (Hp)∗ = Λα, because F ∈ Λα(X) is equivalent to ξF ∈ Λα for all ξ ∈ X∗ (where
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ξF (z) =< ξ, F (z) >). Nevertheless Kalton’s proof covers the case of quasi-Banach spaces

X, where this simple argument can not be applied.

DUALITY RESULTS

Note that putting X = C in Theorem 2.1 allows us to characterize the dual spaces

of Bp(ρ) for 0 < p ≤ 1, but in fact by composing with functionals in X∗ one can also get

Theorem 2.1. from the knowledge of the dual.

The dual of B1(ρ) was obtained for particular weight functions by different authors.

The case ρ(t) = tα (α > 0), denoted Bq (q = 1
α+1 ), was first proved by P. Duren, B.W.

Romberg and A.L. Shields (see [DRS], Theorem 8) and later by T.M. Flett (see [F2],

Theorem 2.2), denoted there by HΛ(1, 1, α). The limiting case α = 0 was considered by

J.M. Anderson, J. Clunie and C. Pommerenke (see [ACP], Theorem 2.3). We refer the

reader to [SW] for duality results for general pairs of weights, and to [BlS] and [BS] for

duality results in the case p=1 and weights of the type we are dealing with.

The case p < 1 and ρ(t) = tα can be obtained from Shapiro’s result on the Banach

envelope of Aαp (see [S], Theorem 3). Very recently a direct proof has been provided by M.

Marzuq ([M]).

Using Theorem 2.1 (whose proof is inspired by ideas from the papers quoted above)

we can get a unified approach to the previous duality results together with new cases. We

would like to state the following new result, which covers all of the cases mentioned above.

Let us use the notation Bp(α, β) for the case ρ(t) = tα(log et )
β .

Theorem 3.1 Let 0 < p ≤ 1, 0 < α, 0 ≤ β and m = [α+1
p ]. Then

(Bp(α, β))∗ = {f : D → C analytic : |f (m(z)| = O


 log 1

(1−|z|)
β/p

(1 − |z|)m+1−α+1
p


} (3.1)

Proof: We know from Proposition 1.2 that ρ(t) = tα(log( et ))
β satisfies the Dini condition

and that ρ ∈ bα+ε for any ε > 0. Let us take ε = ([α+1
p ] + 1)p − (α + 1) and then
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β = m. It is not hard to see that we can replace the estimate on |fβ(z)| by the same on

the mth-derivative |f (m)(z)|. Hence we get (3.1) as a consequence of Theorem 2.1. under

the pairing duality given by

< f, φ >=
m∑
n=1

anαn where f(z) =
∞∑
n=1

anz
n, φ(z) =

m∑
n=1

αnz
n ///

CARLESON MEASURES

We refer the reader to [G], [D] or [Z] for the definitions and properties of Carleson

measures and to [D2], [H] and Section 4 of [MS] for the extension of Carleson’s theorem to

the setting of Hardy and Bergman spaces. In this section we shall see that a similar theorem

can be obtained in this more general context and for generalized Carleson measures.

Let us fix some notation. Given θ0 ∈ [0, 2π) and 0 < h < 1 we define

S(θ0, h) = {z ∈ D : |z − eiθ0 | ≤ 2h}.

Let us also denote by Pz(t) = 1−r2
1+r2−2rcos(θ−t) = 1−|z|2

|eit−z|2 the Poisson kernel at z = reiθ.

Definition 4.1.- Let ρ be a weight function and µ a finite Borel measure on the disc.

µ is said to be a ρ-Carleson measure if

µ(S(θ, h)) = O(ρ(h)) (0 ≤ θ < 2π, 0 < h < 1).

The case ρ(t) = tα is called an α-Carleson measure. (We refer the reader to [MS] and

[H] for results on α-Carleson measures in the same spirit as our main application in this

section.)

We also define the “balayage” of µ to be the following harmonic function

P (µ)(z) =
∫
D

Pz(w)dµ(w).

Lemma 4.1.- Let µ be a Borel measure on the disc D and let β > 0 and ρ ∈ bq for

some q > 0. The following are equivalent

14



(i)
∫
D

dµ(w)
|1−z̄w|β = O(ρ(1−|z|)

(1−|z|)q )

(ii) µ(S(θ, h)) = O(ρ(h)hβ−q) (0 < θ ≤ 2π, 0 < h < 1).

Proof: Let us assume (i) and fix 0 < θ0 ≤ 2π, 0 < h < 1. Let us take z0 = (1 − h)eiθ0 .

If w ∈ S(θ0, h) then clearly |1 − z̄0w| ≤ 3h therefore

µ(S(θ0, h)) =
∫
S0

dµ(w) ≤ Chβ
∫
D

dµ(w)
|1 − z̄0w|β ≤ C.ρ(h)hβ−q

Conversely let us take z0 = r0e
iθ0 with r0 > 3/4, and consider

E0 = S(θ0, (1 − |z0|))

En = S(θ0, 2n(1 − |z0|)) − S(θ0, 2n−1(1 − |z0|))

An elementary computation shows that for n ∈ N

|1 − z̄0w| ≥ 2n−1(1 − |z0|), w ∈ En

Using this estimate and taking M ∈ N such that 2M (1 − |z0|) ≥ 2 we have

∫
D

dµ(w)
|1 − z̄0w|β =

M∑
n=0

∫
En

dµ(w)
|1 − z̄0w|β

≤ µ(S(θ0, (1 − |z0|))
(1 − |z0|)β

+
M∑
n=1

µ(S(θ0, 2n−1(1 − |z0|))
2(n−1)β(1 − |z0|)β

≤ C
M∑
n=1

ρ(2n−1(1 − |z0|))
2(n−1)q(1 − |z0|)q

≤ C
M∑
n=1

∫ 2n(1−|z0|)

2n−1(1−|z0|)

ρ(t)
tq+1

dt ≤ C

∫ 1

1−|z0|

ρ(t)
tq+1

dt = O(
ρ(1 − |z0|)
(1 − |z0|)q

) ///

Theorem 4.1.- Let µ be a finite Borel measure on the disc and ρ a Dini weight such

that ρ ∈ b2. The following are equivalent

(i) µ is a ρ-Carleson measure

(ii) |P (µ)(z)| = O(ρ(1−|z|)
1−|z| )

(iii) B1(ρ) ⊂ L1(D,µ) with continuity.

Proof: Lemma 4.1 gives (i) if and only if (ii).
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The equivalence between (ii) and (iii) follows from Theorem 2.1. ///

Corollary 4.1.-([D2]) Let 1/3 < p < 1, µ be a finite Borel measure on D and

α = 1
p − 1. The following are equivalent

(i) Hp(D) ⊂ L1(D,µ) with continuity.

(ii) µ is α-Carleson measure.

Proof: Use Remark 2.2. and observe that ρ(t) = tα ∈ b2. ///

MULTIPLIERS

Throughout this section 0 < p ≤ 1 and 1 ≤ s ≤ ∞, λ = (λn) will denote a bounded

sequence and gλ(z) =
∑∞
n=0 λnz

n.

Definition 5.1.-

λ ∈ M(Bp(ρ), Hs) (convolution multiplier from Bp(ρ) into Hs) if

gλ ∗ f(z) =
∞∑
n=0

λnanz
n ∈ Hs for all f(z) =

∞∑
n=0

anz
n ∈ Bp(ρ) (5.1)

Theorem 5.1.- Let 0 < p ≤ 1 ≤ s ≤ ∞, 0 < q < ∞ and β = q+1
p − 1. Let ρ be a

Dini-weight such that ρ ∈ bq. The following are equivalent

(i) λ ∈ M(Bp(ρ), Hs)

(ii) Ms(g
β
λ , r) = O

(
ρ(1−r)1/p

(1−r)q/p

)
Proof: Consider the operator given by T (un) = λnun. The associated vector valued func-

tion is

F (z)(w) =
∞∑
n=0

Γ(β + n + 1)
Γ(β)n!

λn(zw)n = gβλ(zw)

Hence applying Theorem 2.1 we get the result. ///

Let us consider the Zygmund classes ([Zy])

Λs∗ = {g : D → C analytic : Ms(g′′, r) = O(
1

1 − r
)}
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Corollary 5.1.- Let 1 ≤ s ≤ ∞. Then λ ∈ M(B1(D), Hs) = Λs∗.

Corollary 5.2.-([DS1], Theorem 4) Let 0 < p < 1 ≤ s ≤ ∞ and let 1
n+1 ≤ p < 1

n .

Then λ ∈ M(Hp, Hs) if and only if Mq(g
(n+1
λ , r) = O

(
1

(1−r)n+2−1/p

)
.

Remark 5.1.- I would like to point out that this vector valued approach for the

characterization of multipliers has already been used by the author in [B], and that one

can use the argument above, this time using the representation given by N. Kalton (see

[K1] Theorem 5.1) of operators from Hp spaces into r-Banach spaces (for 0 < p < r ≤ 1),

to get the extension of the previous corollary to the case 0 < p < q ≤ ∞ that has been

recently proved by M. Mateljevic and M. Pavlovic (see [MP], Theorem 2).

Definition 5.2.-

λ ∈ PM(Bp(ρ), Bs(D)) (pointwise multiplier from Bp(ρ) into Bs(D)) if

f.gλ(z) =
∞∑
n=0

(
∑
j+l=n

λjal)zn ∈ Bs for all f(z) =
∞∑
n=0

anz
n ∈ Bp(ρ) (5.2)

We refer the reader to [S] and [KS] for results concerning pointwise multipliers on

Dirichlet type spaces and their connection with α-Carleson measures and ρ-Carleson mea-

sures.

Theorem 5.2.- Let 0 < p ≤ 1 ≤ s < ∞, 0 < q < ∞ and β = q+1
p − 1, let ρ be a

Dini-weight such that ρ ∈ bq and let ρp,s(t) = ts/pρs/p(t). The following are equivalent

(i) λ ∈ PM(Bp(ρ), Bs(D))

(ii) dµ(z) = |gλ(z)|sdA(z) is a ρp,s-Carleson measure.

Proof: Condition (i) means that Bp(ρ) ⊂ Ls(D, dµ) for dµ(z) = |gλ(z)|sdA(z).

This, using Theorem 2.1, is equivalent to

(∫
D

|gλ(w)|sdA(w)
|1 − zw|(β+1)s

)p/s
= O

(
ρ(1 − |z|)
(1 − |z|)q

)

17



Observe now that ρ ∈ bq implies ρs/p ∈ bqs/p, which allows the use of Lemma 4.1 to

obtain

µ(S(θ, h)) = O(ρs/p(h)hs/p) (0 < θ ≤ 2π, 0 < h < 1). ///

Definition 5.3.-

λ ∈ SM(Bp(ρ), ls) (sequence multiplier from Bp(ρ) into ls) if

(λnan) ∈ ls for all f(z) =
∞∑
n=0

anz
n ∈ Bp(ρ) (5.3)

Lemma 5.1. Let ρ be a Dini weight and ρ(t) ∈ bq for some q > 0. Let (αn) ≥ 0 and

β ≥ q − 1. The following are equivalent

(i)
∑∞
n=0 αnr

n ≤ C ρ(1−r)
(1−r)β

(ii) N−β ∑N
n=0 αn ≤ Cρ( 1

N )

Proof: Assume (i) and consider r = 1 − 1/N . Since (1 − 1/N)k ≥ (1 − 1/N)N ≥ C for all

k ≤ N we have
N∑
n=1

αn ≤ C
N∑
n=1

αn(1 − 1
N

)k ≤ Cρ(
1
N

)Nβ

For the converse implication, let us write

1
(1 − r)

(
∞∑
n=0

αnr
n) =

∞∑
n=0

(
n∑
k=0

αk)rn ≤ C
∞∑
n=0

ρ(
1
n

)nβrn

Now use (1.6) in Lemma 1.1 to get
∞∑
n=0

ρ(
1
n

)nβrn ≤ C
∞∑
n=0

∫ 1

0

ρ(1 − s)
(1 − s)

nβ(sr)nds

= C

∫ 1

0

ρ(1 − s)
(1 − s)

∞∑
n=0

nβ(sr)nds ≤ C

∫ 1

0

ρ(1 − s)
(1 − s)(1 − rs)β+1

ds

≤ C
1

(1 − r)β+1−q

∫ 1

0

ρ(1 − s)
(1 − s)(1 − rs)q

ds

Combining the previous estimates and using (1.5) in Lemma 1.1 we have

1
(1 − r)

(
∞∑
n=0

αnr
n) ≤ C

ρ(1 − r)
(1 − r)β+1

///
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Lemma 5.2.- Let ρ be a Dini weight such that ρ(t) ∈ bq for some q > 0. Let (αn) ≥ 0

. The following are equivalent

(i)
∑N
n=1 n

qαn ≤ Cρ( 1
N )Nq

(ii)
∑∞
n=N αn ≤ Cρ( 1

N )

(iii)
∑2k+1

n=2k αn ≤ Cρ(2−k)

Proof: (i) ⇒ (ii). Let sn =
∑n
k=1 k

qαk = O(ρ( 1
n )nq).

M∑
n=N

αn =
M∑
n=N

(sn − sn−1)n−q =
M−1∑
n=N

sn(n−q − (n + 1)−q) + sMM−q − sN−1N
−q

≤ C
M−1∑
n=N

snn
−(q+1) + sMM−q ≤ Cρ(

1
N

)
1
N

+ C

∞∑
n=N+1

ρ(
1
n

)
1
n

+ Cρ(
1
M

)
1
M

Observe that 1
nρ(

1
n ) ≤ C

∫ 1
n−1
1
n

ρ(t)
t dt. Therefore

M∑
n=N

αn ≤ Cρ(
1
N

) + C

∫ 1/N

0

ρ(t)
t

dt + Cρ(
1
M

)
1
M

Taking limits as M → ∞ and using Dini condition we get
∑∞
n=N αn ≤ Cρ( 1

N )

(ii) ⇒ (i). Let Rn =
∑∞
k=n αk = O(ρ( 1

n )).

N∑
n=1

nqαn =
N∑
n=1

(Rn −Rn+1)nq =
N∑
n=2

Rn(nq − (n− 1)q) −NqRN+1

≤ R1 + C
N∑
n=2

nq
1
n
ρ(

1
n

) ≤ R1 + C
N∑
n=2

∫ 1
n−1

1
n

ρ(t)
tq+1

dt ≤ C + C

∫ 1

1
N

ρ(t)
tq+1

dt ≤ Cρ(
1
N

)Nq

(ii) ⇒ (iii). Obvious

(iii) ⇒ (ii).
∞∑
n=N

αn =
∞∑

k=log2N

2k+1∑
n=2k

αn ≤ C
∞∑

k=log2N

ρ(2−k)

≤ C
∞∑

k=log2N

∫ 2−k

2−(k+1)

ρ(t)
t

dt =
∫ 1

n

0

ρ(t)
t

dt ≤ Cρ(
1
N

) ///
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Theorem 5.3.- Let 0 < p ≤ 1 ≤ s < ∞. Let ρ be a Dini-weight such that ρ ∈ bq for

some q > 0. The following are equivalent

(i) λ ∈ SM(Bp(ρ), ls)

(ii) (
∑2k+1

n=2k |λn|s)p/s = O(ρ(2−k)2−k(1−p))

Proof: From the closed graph theorem λn ∈ SM(Bp(ρ), lq) is equivalent to the bounded-

ness of the operator Tλ, defined by Tλ(f) = (λnan) for f(z) =
∑∞
n=1 anz

n.

Since Tλ(un) = λnen (where en stands for the canonic basis of ls ), we have that

F β(z) =
∑∞
n=0 λn

Γ(β+n+1)
Γ(β)n! znen. Hence F β(z) = (cn(β)λnzn)n where cn(β) = Γ(β+n+1)

Γ(β)n! =

O(nβ). Therefore condition (ii) of Theorem 2.1. applied to our case can be rephrased as

follows ( ∞∑
n=1

|λn|snβs|z|ns
)p/s

= O(
ρ(1 − |z|)
(1 − |z|)q ) ,

or in other words, for any (βn) in the unit ball of (ls/p)∗,

∞∑
n=1

|λn|1/pnβ/pβn|z|n/p = O(
ρ(1 − |z|)
(1 − |z|)q ).

Hence from Lemma 5.1 we have

N∑
n=1

|λn|1/pnβ/pβn = O(ρ(
1
N

)Nq)

Finally apply Lemma 5.2 with αn = |λn|1/pnβ/pβnn−q to get

2k+1∑
n=2k

|λn|1/pβnn( β
p −q) = O

(
ρ(2−k)

)

Taking the supremum over all (βn) in the unit ball of (ls/p)∗ we get


 2k+1∑
n=2k

|λn|snβs−qs/p


p/s

= O(ρ(2−k))

which, since βs− qs/p = ( 1
p − 1)s, gives (ii). ///
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Remark 5.2.- This result can be used to get multipliers from Hp (0 < p < 1) and

from Bp(D) (0 < p ≤ 1) into ls . It is easy to see that a duality argument allows us to also

get multipliers from ls into B, where B stands for the class of Bloch functions (see [AS]).

We refer the reader to [DS1], [JP] for sequence multipliers on Hp for 0 < p < 1 and to [W]

for results concerning multipliers on Bergman spaces.

Let us recall the notion of Köthe dual for spaces of sequences. Given a sequence

Banach space, A say, we define the Köthe dual as the space

AK = {λn : λnan ∈ l1 for all an ∈ A}

Identifying the spaces Bp(ρ) with the sequence spaces given by the Taylor coefficients,

Theorem 5.3. can be applied to get the Köthe dual of those spaces. As far as we know

only the case p=1 (see [AS], [DS2]) in the next corollary was known.

Let us use the notation l(p, q) = {λn :
(∑∞

n=0(
∑2n+1

k=2n |λk|p)q/p
)1/q

< ∞} (with the

obvious modifications when either p or q are equal ∞).

Corollary 5.3.- Let 0 < p ≤ 1. Then

(Bp(D))K = {λn : n2/p−1λn ∈ l(1,∞)}.

HANKEL OPERATORS

Hankel operators have traditionally been considered in the context of Hilbert space

theory (see [P]), more specifically considering their action on the Hardy space H2, but

in the last decade a big effort has been made to understand their action on the Bergman

class B2(D) and the weighted Bergman classes Aα2 (see [Z], [AFP] and [J2]). Also the

action of Hankel operators on other spaces of analytic functions, not necessarily in the

Hilbert context, has been considered by different authors (see [JPS], [BM] and [CS]). Our

applications are addressed to this last situation.
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Definition 6.1.- Let b ∈ H∞(D). If P denotes the projection from L2(T) onto

H2(T), we define the Hankel operator with symbol b by

Hb(f) = P (b̄f) f ∈ H2(T).

In other words, if b ∈ H∞(D) and f is an analytic polynomial

Hb(f)(w) =
∫
|ξ|=1

f(ξ)b̄(ξ)
(1 − ξ̄w)

dξ

ξ

Let us consider the funtion Kz(ξ) =
∑∞
n=0 un(ξ)z

n (|ξ| = 1)

An elementary computation shows

Hb(Kz)(ξ) =
b̄(ξ) − b̄(z̄)

1 − ξz
(6.1)

Lemma 6.1.- Let ρ be a Dini weight such that ρ ∈ b1. Let g be an analytic function

in D with continuous extension at the boundary. The following are equivalent

(i) |g′(z)| = O(ρ(1−|z|)
1−|z| ) (|z| → 1)

(ii)
∫
|ξ|=1

|g(ξ)−g(z)|
|1−ξ̄z|2 dξ = O(ρ(1−|z|)

1−|z| ) (|z| → 1).

Proof: (ii) ⇒ (i) Obvious from the Cauchy formula g′(z) =
∫
|ξ|=1

g(ξ)−g(z)
(1−ξ̄z)2 ξ̄2dξ.

For the converse, take ξ = e2πiθ and z = |z|e2πiθz . Let us first estimate

|g(ξ) − g(z)| ≤ |g(ξ) − g(|z|e2πiθ)| + |g(|z|e2πiθ) − g(z)|

On the one hand, using the Dini condition, we have

|g(ξ) − g(|z|e2πiθ)| ≤
∫ 1

|z|
|g′(se2πiθ)|ds ≤ C

∫ 1

|z|

ρ(1 − s)
1 − s

ds ≤ Cρ(1 − |z|)

On the other hand we use Lemma 1.2. with X = C and G(e2πiθ) = g(|z|e2πiθ) to get

|g(|z|e2πi(θz+t)) − g(z)| ≤ Cρ(|t|).

Therefore

∫
|ξ|=1

|g(ξ) − g(z)|
|1 − ξ̄z|2 dξ ≤ Cρ(1 − |z|)

∫
|ξ|=1

dξ

|1 − ξ̄z|2 +
∫ 1

−1

|g(|z|e2πi(θz+t)) − g(z)|
|e2πit − |z||2 dt
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≤ C
ρ(1 − |z|)
1 − |z| + C

∫ 1

0

ρ(t)
(1 − |z|)2 + 2|z|sin2(πt)

dt

Let us finally use the facts that ρ is nondecreasing and belongs to b1 to estimate

∫ 1

0

ρ(t)
(1 − |z|)2 + 2|z|sin2(πt

dt ≤ C

∫ 1

0

ρ(t)
(1 − |z|)2 + Ct2

dt

≤ C
1

(1 − |z|)2
∫ 1−|z|

0

ρ(t)
1 + ( t

(1−|z|) )
2
dt + C

∫ 1

1−|z|

ρ(t)
t2

≤ C
1

(1 − |z|)

∫ 1

0

ρ((1 − |z|)s)
1 + s2

ds + C
ρ(1 − |z|)
1 − |z|

≤ C
ρ(1 − |z|)
1 − |z| (

∫ 1

0

1
1 + s2

ds + 1) ≤ C
ρ(1 − |z|)
1 − |z| . ///

Theorem 6.1.- Let ρ be a Dini weight such that ρ ∈ b1. Let b ∈ H∞(D). The

following are equivalent

(i) Hb : B1(ρ) → H1 is bounded

(ii) |b′(z)| = O

(
ρ(1−|z|)

(1−|z|)log 1
1−|z|

)
(|z| → 1)

Proof: Denote F (z) = Hb(Kz), and use (6.1) to write

F ′(z)(ξ) =
ξ(b̄(ξ) − b̄(z̄))

(1 − ξz)2
− b̄′(z̄)

1 − ξz
(6.2)

Let us assume (i). Applying Corollary 2.2 we have

‖F ′(z)‖H1 = O

(
ρ(1 − |z|)
(1 − |z|)

)
(6.3)

Now Hb(f)(0) =
∫
|ξ|=1

b̄(ξ)f(ξ)dξξ , so the boundedness of Hb implies

|
∫
|ξ|=1

b̄(ξ)f(ξ)
dξ

ξ
| ≤ ‖Hb(f)‖H1 ≤ C‖f‖B1(ρ)

This implies b ∈ (B1(ρ))∗, which coincides with Λρ according to Corollary 2.2.

Hence we can apply Lemma 6.1 to obtain

∫
|ξ|=1

|b(ξ) − b(z)|
|1 − ξ̄z|2 dξ = O(

ρ(1 − |z|)
1 − |z| ), (|z| → 1) (6.4)
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From (6.2) we have

|b′(z)|
∫
|ξ|=1

dξ

|1 − ξz̄| ≤ ‖F ′(z̄)‖H1 +
∫
|ξ|=1

|b(ξ) − b(z)|
|1 − ξ̄z|2 dξ

Using
∫
|ξ|=1

dξ
|1−ξz̄| = O(log( 1

1−|z| )), (6.3) and (6.4) we get (ii).

Let us now assume (ii). From Theorem 2.1 we have to show (6.3). Using (6.2) again

we have

‖F ′(z)‖H1 ≤ |b′(z̄)|
∫
|ξ|=1

dξ

|1 − ξz̄| +
∫
|ξ|=1

|b(ξ) − b(z)|
|1 − ξ̄z|2 dξ

Now the estimate (6.3) follows easily by using (ii) and Lemma 6.1. ///

Corollary 7.1.- ([BM], Theorem 4),([CS], Theorem 3) Let 1/2 < p < 1 and let

b ∈ H∞. Then

Hb : Hp → H1 if and only if |b′(z)| = O( 1
(1−|z|)1/p−2log 1

1−|z|
).

COMPOSITION OPERATORS

The reader is referred to Chapter 10 in [Z] for definitions and results on composition

operators acting on Hardy and Bergman spaces.

Definition 7.1.- Let φ : D → D be an analytic function. If H(D) denotes the space

of analytic functions on the open unit disc, we can define the following linear map on H(D)

Cφ(f)(z) = f(φ(z)).

Cφ is called the composition operator induced by φ.

One of the main tools in dealing with composition operators is the Littlewood subor-

dination principle (see [D], [Z]): If 0 < p < ∞, 0 < r < 1, ψ : D → D with ψ(0) = 0 and

f ∈ H(D) then ∫ 1

0

|f(ψ(re2πiθ))|pdθ ≤
∫ 1

0

|f(re2πiθ)|pdθ

From this one easily gets the boundedness of Cφ on weighted Bergman spaces.
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Proposition 7.1.- Let ρ be a weight function. Let φ : D → D be analytic and

0 < p < ∞, then

∫
D

ρ(1 − |z|)
1 − |z| |f(φ(z))|pdA(z) ≤ 1 + |φ(0)|

1 − |φ(0)|

∫
D

ρ(1 − |z|)
1 − |z| |f(z)|pdA(z)

Proof: Let a = φ(0) and consider ψ(z) = φa(φ(z)) where φa(w) = w−a
1−āw . Since ψ : D → D,

ψ(0) = 0 and φ(z) = φa(ψ(z)) we can use Littlewood subordination principle to get

∫ 1

0

|f(φ(re2πiθ))|pdθ ≤
∫ 1

0

|f(φa(re2πiθ))|pdθ

Making the change of variable re2πit = φa(re2πiθ) one gets

∫ 1

0

|f(φ(re2πiθ))|pdθ ≤ (1 − |a|2)
∫ 1

0

|f(re2πit)|p
|1 − āre2πit|2 dt

Therefore ∫ 1

0

|f(φ(re2πiθ))|p ≤ 1 + |φ(0)|
1 − |φ(0)|

∫ 1

0

|f(re2πit)|pdt

Hence multiplying by ρ(1−r)
1−r and integrating one gets

‖Cφ(f)‖Bp(ρ) ≤
(

1 + |φ(0)|
1 − |φ(0)|

)1/p

‖f‖Bp(ρ) ///

Remark 7.1.- We have included the proof, although it is very elementary, because

the change of variable at the right moment can improve the estimate of the norm (see [Z,

Theorem 10.3.2] where ‖Cφ‖L(Bp,Bp) is estimated by ( 1+|φ(0)|
1−|φ(0)| )

2/p) .

We are mainly concerned with analyzing when Hankel operators improve the condition

of integrability. To this purpose we need the following notion (see [MS]).

Given φ : D → D analytic, let us consider the following image measure Aφ on D

defined by

Aφ(B) =
∫
φ−1(B)

dA(z) for any Borel set B ⊂ D (7.1)
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Theorem 7.1.- Let 0 < p ≤ 1 and φ : D → D analytic. The following are equivalent

(i) Cφ : Bp(D) → B1(D)

(ii) Aφ is a 2
p -Carleson measure.

Proof: Since ρ(t) = t ∈ b1+ε for any ε > 0, we can apply Theorem 2.1. to this case and

get that (i) means ∫
D

dA(w)

|1 − φ(w)z|
2+ε

p

= O(
1

(1 − |z|)ε/p )

which, in terms of the image measure Aφ, says

∫
D

dAφ(w)

|1 − wz|
2+ε

p

= O(
1

(1 − |z|)ε/p ) (7.2)

A look at Lemma 4.1 shows that (7.2) is equivalent to the fact that Aφ is a 2/p-Carleson

measure. ///

Remark 7.1.- Observe that (7.2) for ε = 2 and p = 1 gives the following interesting

characterization for the norm of Cφ as operator on B1(D)

‖Cφ‖L(B1,B1) ≈ sup
|z|<1

∫
D

|φ′
z(w)|2dAφ(w) (7.3)

where φz(w) = w−z
1−z̄w .

As before our results can also be used to describe composition operators acting on Hp

spaces for 0 < p < 1. Given φ : D → D analytic, write φ∗ for the “function” (defined a.e.)

consisting of its boundary limits. Let us consider the following image measure mφ on D̄

defined by

mφ(B) = m((φ∗)−1(B)) for any Borel set B ⊂ D̄ (7.4)

(m stands for the normalized Lebesgue measure on the unit circle.)

Arguing as in the previous theorem it is easy to get the next result.

Theorem 7.2.- Let ρ be a Dini weight such that ρ ∈ b1, and φ : D → D analytic.

Cφ : B1(ρ) → H1 if and only if mφ is a tρ(t)-Carleson measure.
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Remark 7.2.- We refer the reader to [HJ] for results about composition operators

which improve integrability. As it was pointed out there Cφ : Hp → H1 is equivalent to

Cφ : H1 → H1/p. Hence Theorem 7.2. applied to ρ(t) = t1/p−1 together with the previous

observation allows us to recover some results by Hunziker and Jarchow (see [HJ] Theorem

3.1.).
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