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ABSTRACT: We describe the boundedness of a linear operator from

e 1/p
By(p) = {f : D — C analytic : </D p((11_7||z|’)>|f(z)\pdA(z)> < oo},

for 0 < p <1 under some conditions on the weight function p, into a general Banach space
X by means of the growth conditions at the boundary of certain fractional derivatives of a
single X-valued analytic function. This, in particular, allows us to characterize the dual of
By(p) for 0 < p < 1 and to give a formulation of generalized Carleson measures in terms
of the inclusion B (p) C LY(D, ). We then apply the result to the study of multipliers,

Hankel operators and composition operators acting on B, (p) spaces.
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OPERATORS ON WEIGHTED BERGMAN SPACES
(0<p<1) AND APPLICATIONS

Oscar Blasco*

INTRODUCTION

During the last decade a big effort has been made to understand operators acting
on Bergman and weighted Bergman spaces (see [A], [Z]). Different techniques have been
developed for the study of different types of operators (see [AFP], [J2] for Hankel operators,

[MS] for composition operators, [W] for multipliers, ...).

The aim of this paper is to deal with operators acting on weighted Bergman spaces
in the case 0 < p < 1 and for rather general weight functions. We shall show that in this
case the boundedness of an operator into a general Banach space depends only upon the
behaviour of a single vector valued analytic function. This will allow us to study Hankel
operators, composition operators and multipliers acting on weighted Bergman spaces when

0 < p <1 from a unified and simple technique.

The vector valued function which represents a bounded operator is obtained by the ac-
tion of the operator on the reproducing kernel. This has been previously used by N. Kalton
(see [K1], [K2]) to characterize operators acting on HP (0 < p < 1) and related spaces into
general g-Banach spaces and by the author (see [B]) to represent general operators acting

on certain spaces of vector valued analytic functions.

We shall be concerned with weighted Bergman classes defined by weight functions of
the type introduced by S. Janson (see [J1]) which will allow us to include the known cases
and to cover new ones under the same scope.

Let p be a nondecreasing function on (0,1) with p(0*) = 0 and such that @ €
L'((0,1)). p is said to be a Dini-weight if [ @dt < Cp(s). For 0 < ¢ < 00, p is said to

be a by-weight, p € by, if fsl tpq(—j)ldt < C%-

* Partially supported by the grant C.A.I.C.Y.T. PB89-0106

2



We say that an analytic function f on the unit disc belongs to B,(p) , 0 < p <1, if

— |z 1/p
1o = ([ 2= ey paace)) < e

For certain weights the spaces B, (p) have been extensively studied in the literature.
They can be regarded as extensions of the classical Bergman spaces (p(t) = t). Although
the condition appearing in the case p = 1 and p(t) = t'/a=1 for ¢ < 1 goes back to the
work of Hardy and Littlewood (see [HL] Theorem 3.1.), the corresponding space was first
studied as a Banach space by P. Duren, B.W. Romberg and A.L. Shield in [DRS] (denoted
by B,). Later, J. Shapiro [S] considered weighted Bergman spaces corresponding to the
cases p(t) = t(>*1) denoted by A2, and also, T.M. Flett (see [F1], [F2]) studied similar
cases even having mixed norms in their definition. Let us finally mention the paper by

A.L. Shields and D.L. Williams [SW] where the case p = 1 and general pairs of weights

were considered.

Let (X,]| ||) be a Banach space, P denote the vector space of all polynomials and

un(z) = 2". For any linear map T : P — X and [ > 0 we define

Fﬁ(z) = Z %xnz” , Tp =T (un)

n=0

With this notation we are ready to state our main result.

Theorem 2.1. Let 0 <p <1, 0<g<ooand = q;%l — 1. Let p be a Dini-weight

such that p € b,;. The following are equivalent
(i) T : B,(p) — X is continuous

(ii) FB is a X-valued analytic functions satisfying

s — o Pl
I = O —he) (=1

This theorem will allow us to obtain several known results that were proved by different

methods, and also to produce lots of applications when considering particular operators
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acting on weighted Bergman spaces, whenever 0 < p < 1. It can also be used to obtain
applications to operators acting on H,, spaces for 0 < p < 1. This is due to the fact (see

[DRS]) that B;(p) for p(t) = t'/P~1 is the “Banach envelope” of HP.

The paper is divided into seven sections. Section 1 is devoted to the definitions and
first properties of the spaces and weights that will be used in the following sections. The
proof of the main result (Theorem 2.1) will be provided in Section 2. In Section 3 we
apply the result to obtain the dual space of certain weighted Bergman spaces. In Section
4 we relate Theorem 2.1. to the notion of Carleson measures, proving a characterization
of generalized Carleson measures in terms of the inclusion of Bi(p) into L'(D,u). We
deal with multipliers from weighted Bergman spaces in Section 5, using Theorem 2.1. to
describe convolution, pointwise and sequence multipliers from B, (p) into different spaces.
In Section 6 we consider Hankel operators, finding the condition on the symbol for the
operator to map Bi(p) into H'. Section 7 is devoted to composition operators. We
characterize the analytic funtions ¢ for which the operator Cy maps B,(D) into By (D)
and Bi(p) into H'.

Throughout the paper (X, ||.||) will be a Banach space,and H® and B,(D) denote
the classical Hardy and Bergman spaces on the unit disc. A weight function p means

a nondecreasing function on (0,1) with p(0") = 0 such that @ € LY((0,1)), M,(f,r)

- , 1/p
stands for (% S |f (rele)]pd9> and C will be a numerical constant not necessarily the

same in each instance.

PRELIMINAIRES

Definition 1.1.- Let 0 < p < 1 and p a weight function. An analytic function f on

the unit disc is said to belong to B,(p) if

=/ Mu(znpdma)w <o (1)

11 1]z

where dA(z) stands for the area measure on D.
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Let us first collect some properties of these spaces.
Given a holomorphic function on D and any value 0 < p < 1, if we write o(s) =

7 2% gt then

fp(l -
1—7r p

(1 — [2)ME(f,|2]) < /

|2

This implies that for functions in B,(p) one has

M,y (f,r) < % (1.2)

Moreover
M,(f,r)=o0 (é) (r—1) (1.2")

On the other hand it is well known (see [D], page 36) that

My(/f,|2])

) < R

This together with (1.2") allows us to say that for f € B,(p) we have
[f()] = o((1 = |2)"VPa(1 = |2) /7).

From this estimate and standard techniques (see [DRS], Theorem 3 for a special case) one

can prove the following result.
Proposition 1.1.- Let 0 < p <1, p be a weight function.
(i) Bp(p) is a p-Banach space, i.e. |[f + g} , < [IfI5, + 9]} ,-

(ii) The polynomials are dense in By (p).

Definition 1.2.- p is said to be a Dini-weight if

t

/S PO gy < Cp(s) (1.3)
0



Given 0 < g < o0, p is said to be a b,-weight, p € b, if

/1M®MSC£L2 (1.4)

S
ta+1 s4

Remark 1.1.- Let us assume p € b,. Since p is nondecreasing then we always

C [ 2D g,

t

if s <tand p(s) = q(f; t7 dt) ()

sS4
In other words, if p € b, for some ¢ > 0, the Dini condition is equivalent to

t

lfﬁ@ﬁZOMﬁ) (s — 0) (1.3)
0

A very interesting example of a weight function is given in the following
Proposition 1.2.- Let a > 0, 8> 0 and p(t) = t*(log$)”.
Then p is a Dini-weight and p € b, for a < g.

Proof: Making the change of variable ¢t = su we get

s 1
1
/to‘l(logg)ﬁdt:so‘ / uo‘*l(logg—f—log Vo du
0 t 0 $

u
The Dini condition is easily obtained from (a + b)? < Cs( a” + b°) .

For o« < ¢ we have

/1 ta—q—l(log§>ﬁdt < (logg)g /1 to—a—1 g4 <C @ ///

S Sq

Let us now present some useful estimates on weights in the following lemma. I would
like to point out that (1.5) below was already shown in [BS] and we include its proof

(although quite elementary) for the sake of completeness.

Lemma 1.1.- Let p be a Dini weight such that p € b,. Then

bop(l=r) p(1—s)
/o (1—r)(1— rs)qdr - CW (1.5)

6



/01 ML= e — 0(p(2)) (01— 00) (1.6)

Proof:

o) (=) )
/0 (l—r)(l—rs)qd _/0 (1—T)(1—rs)‘1d +/S (1—T)(1—rs)qd
* p(l—r) 1 Yp(l—r)
A S e A e

S/l o)y 1 )q/lsﬂdtgcp(l_s)
1 0

_g tatt (1—s t (1—s)4

which gives (1.5)

Let us now prove (1.6). From Remark 1.1. we can write

Cp@%ﬁ—%”/j@dtg/j @(l—t)”dtg/olp(ll_r> s"dr

n n t

On the other hand

1 1—1 1
1- " p(1 - 1-
/ ,0((1 7;) SndT:/ p(L—1) Sndwr/ pPA—T) g
0 -r 0 1-1

3/11@ (1—t)ndt+/0n @dtﬁ/;@ (l—t)”dt-i-Cp(%)

t
t4q s4q

/% @ (1—t)"dt :/% % t97 (1 — t)"dt

It remains to show fi @ (1—¢)"dt < C p(). Using 2l) < ¢2) for s < ¢ we have

< C p(Lyns / 111 — t)ndt = C p(2)nTB(g,n +1) < C p(2)

n n n

where B(g,n + 1) = %5 = O(n™9), ///

Definition 1.3.- Let G be an X-valued function, analytic on D and continuous on
the unit circle and let p be a weight funtion. We say that G satisfies a generalized Lipschitz
condition, denoted by G € A,(X), if

supo<o<1||G(2T ) — G| = O(p(It])), (¢t —0) (1.7)
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We shall denote by A, (X) the case p(t) = t°.

Similar ideas to those used by Hardy and Littlewood (see [D], page 74) allow us to
prove next result. We omit the details of this vector valued situation (see [BIS],[BS] for

particular cases).

Lemma 1.2.- Let p be a Dini weight such that p € b;. Let G be a vector valued

analytic function on D such that G € C(T, X). The following are equivalent
(i)  GeA)X)

i) G =0y (2] - ).

1—|z]

THE MAIN THEOREM

The proof of the theorem is based on several lemmas. The first one shows that for
0 <p <1, By(p) is continuosly included in Bj(p,) for certain weight functions p,,.
Lemma 2.1.- Let 0 < p < 1, p be a Dini weight such that p € b, for some ¢ > 0 and

f € By(p). Then

/p(1 —
p /Pl —1z|)
/D WV(Z)WA(Z) < C | fllpp (2.1)
Proof: We first recall the following well known inequality (see [D], page 84 )
My(f,r) < o2elhr) (2.2)
(1—r)e~
Hence
1 P(l — T) Mp dr < C p 93
o (1—m)p 1(fir)dr < Hpr,p (2.3)

Now using (1.3"), (1.2) and (2.2), one easily obtains

p /P (1 - 1)

Gt () <

(2.4)

1-p
D,p

Combining the inequalities (2.3) and (2.4) we get

PP vy [ PA=8) e PP
| B laAe) = [ S My e M (s d
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r)

1o
<y [ M <C Sl /1

If we denote by AP the space B,(p) for p(t) = t>T! we obviously have the following
corollary.

Corollary 2.1.- ([S], Theorem 3) Let 0 < p <1 and o > —1.

Then A2 C AL forazo‘T"fQ—Z

Remark 2.1.- Let me point out that Shapiro’s proof of the previous result was based

on fractional integration and non trivial results by [HL], while our proof covers more cases

and is much more elementary.

Let P denote the vector space of all analytic polynomials and set w,(z) = 2. Given

any linear map T : P — X, we can define the following formal power series with values in

X

F(z) = Zmnz” , Ty =T (uy)
n=0

For any value 3 > 0, let us consider the fractional derivative

F'g(z) = Z %xnz” , Tn = T(uy)

n=0

Clearly for § = m, m a positive integer, we have

1
F"(2) = oy (" F ()
where ¢(™) stands for the mth-derivative.
Let us consider
T(B+n+1) 1
KB — n,n _
= () nz:a; THn! 7 T (1= w)H

We shall look at this as a vector-valued function. The next lemma gives an estimate of its

norm in B, (p).



Lemma 2.2.-Let 0 < p <1, 0 < ¢g<ooand 3 = %f — 1. Let p be a Dini-weight
and p € by . Then

H@%FW%i%) (2.5)

Proof: The following estimate is easy and well know (see [D], page 65): For |a| < 1 and

qg>1
SV S o
LL=1H—aﬂq_OQ1_MWFJ (la] — 1)

This shows that
1

M, (Kzﬁ,’)“ =0 1
P ((1 - r|z|)ﬁ+1—;)
Therefore
HKWP—/ﬁﬁiihpmﬂMW<0/l p(1—7) "
2 Jo (=) TP ET T o (=) (1= rfz|)p8+D-1
Now we get (2.5) from (1.5) in Lemma 1.1. ///

Theorem 2.1.-Let 0 <p <1, 0<g<ooand = %} — 1. Let p be a Dini-weight

such that p € b, and X a Banach space. The following are equivalent
(i) T': Bp(p) — X is continuous

(ii) FP is a X-valued analytic functions satisfying

M%W:m%i%><m~n

Proof: Let us observe first that since B,(p) is a p-Banach space and LGEntl) — O(nf)

T@nl
then
v M
rB+n+1) , n
I3 =gl <€ 30 w7l
=N n=N

~I(B+n+1) ,
K= T
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Now the continuity of 7" implies that F*(z) = T(K?) and then lemma 2.2 gives (ii).

Let us now do the converse. From Proposition 1.1. we only have to prove that

|1T(¢)|| < C||]lp,p for all polynomials ¢ € P .

Let us take ¢(z) = Y, anz™. Since xy, = T(uy,) then T(¢) = D" apxy,. We shall

use the following equality

L(B)n! _ ! B—1.m 7. ! 2\8—1,.2n+1
—F(ﬁ+n+1)_/0(1_r) rdr-?/o (1 — r2)P=tp2ntlgy

Using this we can write

m
1)
— E o, xn:2/ f@ 1 g B+n+ T, xar? T dr
n=0

On the other hand

~L(B+nt1) o1 _ L (7T ey s i
ZO r(@mnl _27r/0 Pre™) 7 (re™)rdf.

Therefore

2m
@ <0 [ [0 ot e raras

ol Ur(1 — |z
<o [a-pns %é%%%wwﬂu>

Finally Lemma 2.1 implies [|T(¢)|| < C||¢

P /1]

For special cases this theorem gives a representation of the operators in terms of vector

valued Lipschitz functions. To see this let us mention the following elementary lemma.

Lemma 2.3.- Let p € b1, and F bea vector valued analytic function. The following

are equivalent

(i) |[F(2)] = 022D

(ii) | F'(2)] = O(%5ER)
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Proof: Since F1(z) = zF'(z) + F(z), it suffices to show that both (i) and (ii) implies
|F(2)] = 0% =),

1—|z]

Note that for z = |2]€2™ we can recover F(z) from F! or from F’ as follows

|| , 1
F(z) = /0 F'(5e*™%)ds 4 F(0) or F(z) = /0 F'(rz)dr

Observe that p € by implies C' < pT). This gives in the first case

-, .
(2 y|<c/ d+HF( )l < C #dtJrC

1—|z]

p) 4y oPL=I2) _ pp(L—J2)
< < .
_(J/lllt2 at +C =12 <C 1=z

For the second situation

rol <o [ PA=sED oo T e, o pp 2D
IFEI<c [ A | s /11

1— ||
Let us denote by L(X,Y') the space of bounded linear operators. Combining Lemma 2.3,
Lemma 1.3 and Theorem 2.1 we obtain the following corollaries.

Corollary 2.2.- Let p be a Dini weight such that p € b;.
L(Bi(p), X) = Ayp(X).

Remark 2.2.- Since for 0 < p < 1 and p(t) = ¢}/P~1 it is known that (H,)* =
(B1(p))* (see [DRS]) we obviously have that for any Banach space X, L(H,, X) = L(B1(p), X).}}

From this observation one recovers the following result.

Corollary 2.3.-([K1] Theorem 5.1) Let 1/2<p <1, a= ; — 1.

L(H,, X) = Ay (X).

Remark 2.3.- Note that Corollary 2.3 can be also obtained as a consequence of the

duality (HP)* = A,, because F' € A,(X) is equivalent to {F € A, for all £ € X* (where
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EF(z) =< &, F(z) >). Nevertheless Kalton’s proof covers the case of quasi-Banach spaces

X, where this simple argument can not be applied.

DUALITY RESULTS

Note that putting X = C in Theorem 2.1 allows us to characterize the dual spaces
of B,(p) for 0 < p <1, but in fact by composing with functionals in X* one can also get

Theorem 2.1. from the knowledge of the dual.

The dual of By(p) was obtained for particular weight functions by different authors.
The case p(t) = t* (o > 0), denoted BY (¢ = a+r1)7 was first proved by P. Duren, B.W.
Romberg and A.L. Shields (see [DRS], Theorem 8) and later by T.M. Flett (see [F2],
Theorem 2.2), denoted there by HA(1,1,«). The limiting case a = 0 was considered by
J.M. Anderson, J. Clunie and C. Pommerenke (see [ACP], Theorem 2.3). We refer the
reader to [SW] for duality results for general pairs of weights, and to [BIS] and [BS] for

duality results in the case p=1 and weights of the type we are dealing with.

The case p < 1 and p(t) = t* can be obtained from Shapiro’s result on the Banach
envelope of A5 (see [S], Theorem 3). Very recently a direct proof has been provided by M.
Marzuq ([M]).

Using Theorem 2.1 (whose proof is inspired by ideas from the papers quoted above)
we can get a unified approach to the previous duality results together with new cases. We
would like to state the following new result, which covers all of the cases mentioned above.

Let us use the notation B, (a, 8) for the case p(t) = t*(log<)”.

+1
2

Theorem 3.1 Let 0 <p <1, 0 <a, 0 < and m = [¢=]. Then

1 B/p
logi—rzp

(Bp(a, 8))" = {f : D — C analytic : |f"(2)| = O 0 o

} (3.1)

Proof: We know from Proposition 1.2 that p(t) = t*(log(£))” satisfies the Dini condition

and that p € byye for any ¢ > 0. Let us take ¢ = ([O‘Tfl] + 1)p — (o + 1) and then
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B = m. It is not hard to see that we can replace the estimate on |f?(z)| by the same on
the mth-derivative | (™) (z)|. Hence we get (3.1) as a consequence of Theorem 2.1. under

the pairing duality given by

< f,p>= Z Qn Oty where f(z) = Z anz", ¢(z) = Z 2" ///
n=1 n=1 n=1

CARLESON MEASURES

We refer the reader to [G], [D] or [Z] for the definitions and properties of Carleson
measures and to [D2], [H] and Section 4 of [MS] for the extension of Carleson’s theorem to
the setting of Hardy and Bergman spaces. In this section we shall see that a similar theorem

can be obtained in this more general context and for generalized Carleson measures.

Let us fix some notation. Given 0y € [0,27) and 0 < h < 1 we define

S(0g,h) ={z € D: |z —e%| <2h}.

2 .
Let us also denote by P,(t) = Lr’ = 2l the Poisson kernel at z = re.

1472 —2rcos(0—t) — |eit—z|?

Definition 4.1.- Let p be a weight function and u a finite Borel measure on the disc.

w is said to be a p-Carleson measure if
w(S(@,h)) =0(p(h)) 0<O<2m, 0<h<1).

The case p(t) = t* is called an a-Carleson measure. (We refer the reader to [MS]| and
[H] for results on a-Carleson measures in the same spirit as our main application in this

section.)

We also define the “balayage” of u to be the following harmonic function
P()(:) = [ P(w)dn(w)
D

Lemma 4.1.- Let p be a Borel measure on the disc D and let 8 > 0 and p € b, for

some g > 0. The following are equivalent
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. dp(w 1—|z
(i) Ip |1féwf5 - O(ﬁl(—lil)"’3>

(ii) w(S(,h)) =O(p(h)h?~7)  (0<Bh <27, 0<h<1).

Proof: Let us assume (i) and fix 0 < 6y < 27, 0 < h < 1. Let us take zop = (1 — h)e?%.

If w e S(0p,h) then clearly |1 — Zow| < 3h therefore

(60, ) = |

dutw) < cn® [ A< 0t
5 1

— Z()’LU|/6 -

Conversely let us take zy = roe’? with ro > 3 /4, and consider
Eo = S(00, (1 - |20l))
= 5(00,2"(1 — |20)) — S(00,2" "1 (1 — |20))

An elementary computation shows that for n € N
11— Zow| > 2" (1 — |20), we b,
Using this estimate and taking M € N such that 2 (1 — |2|) > 2 we have

/ |1—zow\5 Z/ |1—z0w|/3

M

1(S(6o, (1 — |20])) ZM S (60, 2" (1 — [20])) Z p(2" (1 — |20]))
q

- (1 —z20])? 200=1B(1 — |2|)? = 2074 (1 — [2])
M 27 (1-|z0)) !
p(t) / p(t) p(1 —|zo|)
<C / Pt <o P gt = oA 1201 /
;1 gn—1(1—|z|) 91 1 |zo] T (1- \zo!)q) //

Theorem 4.1.- Let u be a finite Borel measure on the disc and p a Dini weight such

that p € by. The following are equivalent

(i) p is a p-Carleson measure

(i) [P(1)(2)] = O(25EL)

(iii) B1(p) C L1(D, 1) with continuity.
Proof: Lemma 4.1 gives (i) if and only if (ii).
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The equivalence between (ii) and (iii) follows from Theorem 2.1. ///

Corollary 4.1.-([D2]) Let 1/3 < p < 1, u be a finite Borel measure on D and

o= 1—17 — 1. The following are equivalent
(i) Hy(D) C L1(D, p) with continuity.
(ii) p is a-Carleson measure.
Proof: Use Remark 2.2. and observe that p(t) = t* € bs. ///

MULTIPLIERS

Throughout this section 0 < p <1 and 1 < s < 0o, A = (\,) will denote a bounded
sequence and gx(z) = Yoo, A\ 2™
Definition 5.1.-

A € M(B,(p), H?) (convolution multiplier from By(p) into H®) if
gy f(z) = Z Anan2" € H® for all f(z) = Z anz" € By(p) (5.1)
n=0 n=0

Theorem5.1.-LetO<p§1§s§oo,O<q<ooandﬂ:%f—1. Let p be a

Dini-weight such that p € b,. The following are equivalent
(i) A € M(By(p), H?)
.. —_pr\l/p
(i) M, (9, m) = O (S50 )

Proof: Consider the operator given by T'(u,) = A,u,. The associated vector valued func-

tion is
—~L(B+n+1) n_ B
F(z)(w) = ; W/\n(zw) = g\ (2w)
Hence applying Theorem 2.1 we get the result. ///

Let us consider the Zygmund classes ([Zy])

1
1—17r

A ={g: D — C analytic : M(¢",r) = O( )}
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Corollary 5.1.- Let 1 < s < oo. Then A € M(B1(D),H?®) = A$

Corollary 5.2.-([DS1], Theorem 4) Let 0 <p <1 <s<ooandlet —5 <p < -

Then A € M(HP, H®) if and only if M (g (nH,r) =0 <+> .

(1—r)ynt2—1/p
Remark 5.1.- I would like to point out that this vector valued approach for the
characterization of multipliers has already been used by the author in [B], and that one
can use the argument above, this time using the representation given by N. Kalton (see
[K1] Theorem 5.1) of operators from HP spaces into r-Banach spaces (for 0 <p <r < 1),
to get the extension of the previous corollary to the case 0 < p < ¢ < oo that has been

recently proved by M. Mateljevic and M. Pavlovic (see [MP], Theorem 2).

Definition 5.2.-
A € PM(B,(p), Bs(D)) (pointwise multiplier from B, (p) into Bs(D)) if

foa(z Z > Na)meB forall f(z Zanz € Byl (5.2)

n=0 j+l=n

We refer the reader to [S] and [KS] for results concerning pointwise multipliers on
Dirichlet type spaces and their connection with a-Carleson measures and p-Carleson mea-

sures.

Theorem5.2.-LetO<p§1§s<oo,O<q<ooandﬁ:%f—1,letpbea

Dini-weight such that p € b, and let p, s(t) = t3/Pp*/P(t). The following are equivalent
(i) X € PM(B,(p), B.(D))
(ii) du(z) = |ga(2)|°dA(2) is a pp s-Carleson measure.

Proof: Condition (i) means that By,(p) C L*(D,dp) for du(z) = |ga(z)|°dA(z).

This, using Theorem 2.1, is equivalent to

(/, )" -0 (A550)
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Observe now that p € b, implies p*/P € bqs/p, which allows the use of Lemma 4.1 to

obtain

1(S(6,h)) = O(p*/P(h)h*/P) (0<f<2m0<h<1). ///

Definition 5.3.-

A€ SM(B,(p),1%) (sequence multiplier from B, (p) into [°) if

(Anan) €1° for all f(z Z anz™ € By (5.3)

Lemma 5.1. Let p be a Dini weight and p(t) € b, for some g > 0. Let (ay,) > 0 and

B > q— 1. The following are equivalent
() Colgenr < CHLS
. _3—N
(11) NP Zn:o ap < CP(N)

Proof: Assume (i) and consider r =1 — 1/N. Since (1 —1/N)* > (1 —1/N)¥ > C for all

k < N we have
N N 1 1
k
,,;:1 o, < Cnil an (1l — —N) < C’p(—N)N

For the converse implication, let us write

=St <0 Y a0

n=0 k=0

Now use (1.6) in Lemma 1.1 to get

o0 1_
Zp( i <CZ/ 1_; (s7)"ds
p(l—s) o p(l—s)
/0 1=s) n;n sr) ds<C’/ =) 1—rs)ﬁ+1d8

1 )
S0(1_7~)ﬁ+1—q/0 =) —re ™

Combining the previous estimates and using (1.5) in Lemma 1.1 we have

1 > 1—7r

18



Lemma 5.2.- Let p be a Dini weight such that p(t) € b, for some ¢ > 0. Let (a,,) > 0
. The following are equivalent
() Xa_infen < Cp(g)N
i) iy on < Cn(y)
ok+1

(iii) > ook @y < Cp(27F)

Proof: (i) = (ii). Let s, = > p_; k%, = O(p(1)n?).

M M M —
Z ZZ n = Sn—1)n" :Z —n+1)") +syM T —sy N1
n=N n=N n=N
Nl 1.1 1 1.1
<C —(g+1) M~ 1<(C C 4+ Cp(—)—

1
Observe that %p(%) < C’f%"’l @dt. Therefore

<
;Nan_cm +C/ dt+C(M)M

Taking limits as M — oo and using Dini condition we get Y oo v o, < Cp(+)

(i) = (). Let Ry = Y52, ap = O(p(2)).

N N
Z nlo, = Z R, — Ryy1)n? = Z R,(n?—(n—1)%) — N'Rn41
n=1 n=2

= 11 [T () 10 L\ v
<R +C> n ﬁp(ﬁ)SRl%—C’Z L et CHC | Tdt < Cp(5)N
n=2 n=2"7n N

(ii) = (iii). Obvious

(iii) = (ii).

ok+1
Zan— > Yo >
k=loga N n=2F k=loga N
0 1
Ck%N/ o B [T B < co) /11
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Theorem 5.3.- Let 0 <p <1 < s < oo. Let p be a Dini-weight such that p € b, for
some g > 0. The following are equivalent

i)  AeSM(By(p),I*)

gk+1

(i) (e Mal*)P/® = O(p(27F)27 0 =P)
Proof: From the closed graph theorem \,, € SM(B,(p),19) is equivalent to the bounded-
ness of the operator T, defined by Th(f) = (Anan) for f(2) =37, a,z".

n=1
Since Th(upn) = Anen (where e, stands for the canonic basis of I° ), we have that

FA(z) =3 )\n%z”en. Hence FP(2) = (¢, (B)A\n2")n where ¢, (3) = %’%1) =

O(nP). Therefore condition (ii) of Theorem 2.1. applied to our case can be rephrased as

follows ,
00 pb/s
1—1z))
)\n snﬁs »|ms -0 p( 7
(; 2 ) ()

or in other words, for any (f3,) in the unit ball of (1/P)*,

= 1—|z
Z‘)\n‘l/pnﬁ/pﬁn‘zln/p:O(p( | D)

— (1 —z])9
Hence from Lemma 5.1 we have
N 1
> Pal PPl = O(p(55)N)
n=1

Finally apply Lemma 5.2 with a,, = |\, |"/Pn®/P3,n7 to get

gk+1

N PalYP8n 0 = O (p(274)

n=2k
Taking the supremum over all (£,,) in the unit ball of (I°/?)* we get

ok+1 p/s

Y Papneir ] = 0(p(27%))

n=2%k
which, since 8s — ¢s/p = (% —1)s, gives (ii). ///
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Remark 5.2.- This result can be used to get multipliers from H, (0 < p < 1) and
from B,(D) (0 < p < 1) into I* . It is easy to see that a duality argument allows us to also
get multipliers from [° into B, where B stands for the class of Bloch functions (see [AS]).
We refer the reader to [DS1], [JP] for sequence multipliers on H? for 0 < p < 1 and to [W]

for results concerning multipliers on Bergman spaces.

Let us recall the notion of Kothe dual for spaces of sequences. Given a sequence

Banach space, A say, we define the Kothe dual as the space

AK =\, : \a, €1 for all a, € A}

Identifying the spaces B, (p) with the sequence spaces given by the Taylor coefficients,
Theorem 5.3. can be applied to get the Koéthe dual of those spaces. As far as we know

only the case p=1 (see [AS], [DS2]) in the next corollary was known.

2n+l

1/q
Let us use the notation I(p,q) = {\, : (ZZOZO(Z,{:Z“ |)\k|p)q/p> < oo} (with the

obvious modifications when either p or g are equal co).

Corollary 5.3.- Let 0 < p < 1. Then
(By(D) = { A\, : 0?71\, € 1(1,00)}.

HANKEL OPERATORS

Hankel operators have traditionally been considered in the context of Hilbert space
theory (see [P]), more specifically considering their action on the Hardy space H?, but
in the last decade a big effort has been made to understand their action on the Bergman
class Bo(D) and the weighted Bergman classes AS (see [Z], [AFP] and [J2]). Also the
action of Hankel operators on other spaces of analytic functions, not necessarily in the
Hilbert context, has been considered by different authors (see [JPS], [BM] and [CS]). Our

applications are addressed to this last situation.

21



Definition 6.1.- Let b € H*(D). If P denotes the projection from L?(T) onto
H?(T), we define the Hankel operator with symbol b by
Hy(f) = POf)  f e HA(T).

In other words, if b € H*°(D) and f is an analytic polynomial

RO de
Hy(f) (w) = /m_l Gorat

Let us consider the funtion K, (§) = " u,(§)z" (1€l =1)

An elementary computation shows

b(§) — b(2)

Hy(K)(€) = 75—,

(6.1)

Lemma 6.1.- Let p be a Dini weight such that p € b;. Let g be an analytic function

in D with continuous extension at the boundary. The following are equivalent

i) lg@I=0 L) (] - 1)

() figoy LA = 01555 (= ).

Proof: (ii) = (i) Obvious from the Cauchy formula ¢'(z) = f\&l L g((f) gg)(j)&zdf

2710 276,

For the converse, take £ = e and z = |z|e . Let us first estimate

9(8) = 9(2)] < 19(&) — g(|2[e*™)] + [g(|21e*™") — ()]

On the one hand, using the Dini condition, we have

‘ 1 ‘ 1 )1_s
9(6) (4 < [ 1 ias <0 [ AL b < Opl1 el

On the other hand we use Lemma 1.2. with X = C and G(e2>™) = g(|z|e?>™*) to get
l9(|21e*™@=FD) — g(2)| < Cp(Jt]).

Therefore

9(§) — 9(2)] B dg b lg(Jz[e?m 0=t — g(z))]
/|€| 1—d§<6’p(1 |z|)/ = -I—/ . dt

11— &2)? ej=1 |1 —&2[? —1 |e2mit — |22
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p(1 —|z|) /1 p(t)
<A =D
¢ 1—|z| +C o (1— ]z|)2+2\z]sin2(7rt)dt

Let us finally use the facts that p is nondecreasing and belongs to b; to estimate
1 1
t t
/ pt) gt < C / p(t) it
o (L —1z|)2 + 2|z|sin?(xt o (1—1z])%2+ Ct?

1 ol p(t) L)
<o A gy c/ 0
T (1—z))? /0 1+ ((1_t|z|))2 1—|z| t2

co L [1AUED ol kD

- (1-1z]) 14 82 1—|z|
— |z ! — |z
<[ sy < oD /1]

Theorem 6.1.- Let p be a Dini weight such that p € b;. Let b € H*(D). The

following are equivalent

(i) Hy : Bi(p) — H' is bounded

@ WEI=0 (=) (-

1—]z]

Proof: Denote F(z) = Hy(K.), and use (6.1) to write

P = G - O (62

Let us assume (i). Applying Corollary 2.2 we have

17l =0 (=) (63

Now Hy(f)(0) = f\ﬁlzl b(f)f(f)%, so the boundedness of Hj, implies

_ d
y b<5>f<s>§|s||ﬂb<f>\|ﬂlscufuBl(p)

£l=1

This implies b € (B1(p))*, which coincides with A, according to Corollary 2.2.

Hence we can apply Lemma 6.1 to obtain

16(8) = b 4 _ P = 12) Ao
/|£|—1 1o =005 (=1 (6.4)
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From (6.2) we have

, e - B(€) — b(2)
¥(2) gswwmm+LH———r—@

ej=1 |1 —&2| 11— &2|?

Using f&l | e $Z| = O(log(lfd)), (6.3) and (6.4) we get (ii).

Let us now assume (ii). From Theorem 2.1 we have to show (6.3). Using (6.2) again

we have
dg [6(§) — b(2)]
17l <16 R
' =1 11 =82 Jjg=1 11— &2
Now the estimate (6.3) follows easily by using (ii) and Lemma 6.1. ///

Corollary 7.1.- ([BM], Theorem 4),([CS], Theorem 3) Let 1/2 < p < 1 and let
be H*>. Then

Hy : H? — H' if and only if 1b'(2)| = O( L ).

(1_|z|)1/p72l09 1_1‘z|

COMPOSITION OPERATORS

The reader is referred to Chapter 10 in [Z] for definitions and results on composition

operators acting on Hardy and Bergman spaces.

Definition 7.1.- Let ¢ : D — D be an analytic function. If H(D) denotes the space

of analytic functions on the open unit disc, we can define the following linear map on H(D)
Co(f)(2) = f((2))-
Cy is called the composition operator induced by ¢.

One of the main tools in dealing with composition operators is the Littlewood subor-
dination principle (see [D], [Z]): f 0 < p < o0, 0 <r <1, : D — D with ¢(0) = 0 and
f € H(D) then

[ 1sweeoyran< [ seemopa

From this one easily gets the boundedness of (4 on weighted Bergman spaces.
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Proposition 7.1.- Let p be a weight function. Let ¢ : D — D be analytic and

0 < p < oo, then

L+1¢O)] [ p(1—1z])
L=1¢O)] Jp 11—

/ PRIz by paa(z) < () PdA(2)

12|

Proof: Let a = ¢(0) and consider (2) = ¢4 (¢(z)) where ¢o(w) = *=%. Since ) : D — D,

¥(0) = 0 and ¢(z) = ¢4(¥(2)) we can use Littlewood subordination principle to get
1 ' 1 '
| 1remonpas < [ 15(@atrem ) pas
0 0

Making the change of variable re?™ = ¢, (re?™) one gets

1 2mit
271"1,0 p 2 |f<7‘6 )|p
/ |f(¢ )IPde < (1 — \al)/o 1l = arezmi2 dt

_ a,r€27mt |2

Therefore

27ru9 1+|¢0| 271
[ 1ty < THAN [ jperpa

Hence multiplying by % and integrating one gets
Pl < (FHEON /i
¢ Bp(p) = 1— |¢(0)| By (p)

Remark 7.1.- We have included the proof, although it is very elementary, because

the change of variable at the right moment can improve the estimate of the norm (see [Z,

L+16(0)]y2/p)

Theorem 10.3.2] where ||Cy| z(B,,B,) is estimated by (1_‘(25(0)|

We are mainly concerned with analyzing when Hankel operators improve the condition

of integrability. To this purpose we need the following notion (see [MS]).

Given ¢ : D — D analytic, let us consider the following image measure Ay on D
defined by
Ay(B) = / dA(z) for any Borel set B C D (7.1)
1(B)
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Theorem 7.1.- Let 0 < p <1 and ¢ : D — D analytic. The following are equivalent
(i)  Cs:Bp(D) — Bi(D)
(ii) Ay is a 2-Carleson measure.

P

Proof: Since p(t) =t € by4. for any € > 0, we can apply Theorem 2.1. to this case and

get that (i) means

dA(w) B 1
/D 11— g(w)z| > O((l - |Z|)E/”)

which, in terms of the image measure Ay, says

dA¢(w) . 1
| e = Ol (72)

|1 —wz| >

A look at Lemma 4.1 shows that (7.2) is equivalent to the fact that Ay is a 2/p-Carleson
measure. ///
Remark 7.1.- Observe that (7.2) for ¢ = 2 and p = 1 gives the following interesting
characterization for the norm of Cy as operator on By (D)
(Colls oy = st [ 16 ) Pas(w) (7.3
z|<

where ¢.(w) = {%==.

As before our results can also be used to describe composition operators acting on H,,
spaces for 0 < p < 1. Given ¢ : D — D analytic, write ¢* for the “function” (defined a.e.)
consisting of its boundary limits. Let us consider the following image measure mg on D
defined by

mg(B) = m((¢*)"(B)) for any Borel set B C D (7.4)
(m stands for the normalized Lebesgue measure on the unit circle.)
Arguing as in the previous theorem it is easy to get the next result.
Theorem 7.2.- Let p be a Dini weight such that p € by, and ¢ : D — D analytic.

Cy : B1(p) — H' if and only if m,, is a tp(t)-Carleson measure.
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Remark 7.2.- We refer the reader to [HJ] for results about composition operators

which improve integrability. As it was pointed out there Cp : HP — H' is equivalent to

Cy :

H' — H'Y?_ Hence Theorem 7.2. applied to p(t) = t'/P~! together with the previous

observation allows us to recover some results by Hunziker and Jarchow (see [HJ] Theorem

3.1.).
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