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3-manifoldsWhat about dimension 3 ?M3, ompat, onneted, orientable.Question : How an we distinguish the Sphere ?Conjeture (Poinaré, 1904) : if M3 is simply onneted then M ishomeomorphi (di�eo) to the 3-Sphere S3.(published in Rendionti di Palermo)Conjeture (Thurston, 1970) : M3 an be ut open into geometripiees.8 geometries : three of onstant urvature (−1, 0, +1)and �ve others (Nil, Sol, ...).Thurston puts Poinaré in a geometri setting.Gérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman



Di�erential GeometryIdea (R. Hamilton) : deform the "shape" to let the geometri pieesappear.
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Di�erential GeometryIdea (R. Hamilton) : deform the "shape" to let the geometri pieesappear.1 "shape"= Riemannian metri = Eulidean salar produt Tm(M),for all m ∈ M .2 Defet to being Eulidean = urvature,surfaes  Gauÿ urvature,P ⊂ Tm(M), 2-plane  K (P)= setional urvature.m P
K (P) = Gauÿ urvature at m of the sheet of geodesis.Gérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman
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∑u∈P K (P) =

∑ni=2 K (u, ei ) , (u, e2, e3) ONB at m.
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��m distane = ru
dvol = (1− r26 Riim(u, u) + o(r2))dvoleulBilinear form on Tm(M).
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The Rii �ow (R. Hamilton)
(M , g0) Riemannian manifold,dgdt = −2Riig(t) .
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The Rii �ow (R. Hamilton)
(M , g0) Riemannian manifold,dgdt = −2Riig(t) .Same type of objetsIn loal oordinates  non-linear heat equation,

∂

∂t = ∆ + Qwhere Q is quadrati.reation-di�usion equation,
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The Rii �ow (R. Hamilton)
Reall : the solutions of the heat equation onverge towards onstant orharmoni funtions.
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The Rii �ow (R. Hamilton)
Reall : the solutions of the heat equation onverge towards onstant orharmoni funtions.Hope : the metri evolves towards a "anonial" one.True in dimension 2  the di�usion wins !(Almost) uniformization of surfaes.

Gérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman



Examples1 Flat tori, g(t) = g0 ; (eternal solution).
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Examples1 Flat tori, g(t) = g0 ; (eternal solution).2 Round sphere g(t) = (1− 4t)g0 ; (anient solution).t = 1/43 Hyperboli spae g(t) = (1 + 4t)g0 ; (immortal solution).t = −1/44 Cylinder g(t) = (1− 2t)gS2 ⊕ gR.t = 1/2Gérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman



The Poinaré onjeture.On M3 ompat, onneted, orientable and simply onnetedhoose a "form" (metri) and �ow it.
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The Poinaré onjeture.On M3 ompat, onneted, orientable and simply onnetedhoose a "form" (metri) and �ow it.Hope : the solution ontrats to a point  beomes "rounder" ⇒ Marries a onstant urvature metri ⇒ M di�
≃ S3.Theorem (Hamilton, 1982) : True if g0 has positive Rii urvature.What if g0 is random ?The �ow an beome singular on subsets of M .Example : the nekpinh
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Rii �ow with surgery.G. Perelman (Canonial neighborhood thm., PI 12.1)  desribes someneighborhood of the points of high urvature,
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Rii �ow with surgery.G. Perelman (Canonial neighborhood thm., PI 12.1)  desribes someneighborhood of the points of high urvature,
∃ universal r0, s.t. if (salar) urvature ≥ r−20  an. neighborhood.The neighborhood is,Nek Cap B3 ou P3(R) r B̄3or S3/Γsingularities = spheres whih are pinhed in neks, or aps = someurvature is +∞.1 M3 ompat (simply onneted, �nite fundamental group orrandom) .2 g0 arbitrary metri �ow it up to �rst singular time :Gérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman



The �rst singular timea) the manifold disappears, i.e the urvature is big everywhere  themanifold is overed by anonial neighb. (loally anonial),
.
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The �rst singular timea) the manifold disappears, i.e the urvature is big everywhere  themanifold is overed by anonial neighb. (loally anonial),Theorem (Perelman PII) : If the manifold is loally anonialthen it is,i) S3/Γ, (Γ ⊂ SO(4)),ii) S1 × S2 or (S1 × S2)/Z2 = P3(R)#P3(R).b) The manifold does not ompletely disappear  simpli�ed surgery byBessières, B., Boileau, Maillot and Porti.Assumption : M is irreduible, i.e. every 2-sphere bounds a 3-ball.There are points with high urvature and points with "normal"urvature between there is a long nek.Gérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman
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The resultThe new metri is
aps

thik part
Conlusion : no topologial surgery, just a disontinuity in the metri.
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The proof of the Poinaré onjetureClaim (Perelman PII, 5) : Rii-�ow-with-surgery exists. There is noaumulation of surgeries  �nite number of surgeries in eah �niteinterval.
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The proof of the Poinaré onjetureClaim (Perelman PII, 5) : Rii-�ow-with-surgery exists. There is noaumulation of surgeries  �nite number of surgeries in eah �niteinterval.Claim (Perelman PIII, Colding-Miniozzi) : If M is simply onneted(�nite fundamental group) and irreduible, the solution disappears in�nite time. It beomes loally anonial.idea : a positive funtion of the metri (the waist) dereases at a �xedspeed.Reonstruting M irreduible ?M = S3/Γ.If M is simply onneted, then M ≃ S3.Gérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman



The proof of the Geometrization onjeture
What if the starting manifold has in�nite fundamental group ?
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The proof of the Geometrization onjeture
What if the starting manifold has in�nite fundamental group ?The solution g(t) ould go on for all time t.
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The proof of the Geometrization onjeture
What if the starting manifold has in�nite fundamental group ?The solution g(t) ould go on for all time t.Example : hyperboli manifolds.
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The proof of the Geometrization onjeture
What if the starting manifold has in�nite fundamental group ?The solution g(t) ould go on for all time t.Example : hyperboli manifolds.Claim (Perelman PII, 7,8) : For large t, M deomposes into thik andthin piees (possibly empty) :

Gérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman



Thik-thin deomposition
Inompressible tori Thin piee

Hyperboli piees
(graph manifold)
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Thik-thin deompositionProperties :

Gérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman



Thik-thin deompositionProperties :1 The resaled metri 1t g(t) is lose to onstant setional urvature
− 14 on Mthik .

Gérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman



Thik-thin deompositionProperties :1 The resaled metri 1t g(t) is lose to onstant setional urvature
− 14 on Mthik .2 Mthin is a graph manifold.
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Thik-thin deompositionProperties :1 The resaled metri 1t g(t) is lose to onstant setional urvature
− 14 on Mthik .2 Mthin is a graph manifold.3 The gluing is done along inompressible tori(i.e. π1(T 2) −→ π1(M) is 1-1).
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Thik-thin deompositionProperties :1 The resaled metri 1t g(t) is lose to onstant setional urvature
− 14 on Mthik .2 Mthin is a graph manifold.3 The gluing is done along inompressible tori(i.e. π1(T 2) −→ π1(M) is 1-1).This would prove the Geometrization onjeture.
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Thik-thin deompositionProperties :1 The resaled metri 1t g(t) is lose to onstant setional urvature
− 14 on Mthik .2 Mthin is a graph manifold.3 The gluing is done along inompressible tori(i.e. π1(T 2) −→ π1(M) is 1-1).This would prove the Geometrization onjeture.Previous result obtained by R. Hamilton in 1999 when there are nosingularities and t supM |K (g(t))| is bounded.
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Graph manifoldsWhat is a graph manifold ?
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Graph manifoldsWhat is a graph manifold ?A bunh of Seifert manifolds glued along tori.
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Graph manifoldsWhat is a graph manifold ?A bunh of Seifert manifolds glued along tori.A Seifert manifold is a irle bundle with some singular �bers.
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Graph manifoldsWhat is a graph manifold ?A bunh of Seifert manifolds glued along tori.A Seifert manifold is a irle bundle with some singular �bers.Important issues :1 show that the thin part is �bered.
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Graph manifoldsWhat is a graph manifold ?A bunh of Seifert manifolds glued along tori.A Seifert manifold is a irle bundle with some singular �bers.Important issues :1 show that the thin part is �bered.2 show that the tori are inompressible.It has setional urvature bounded below and injetivity radius going tozero  Shioya-Yamaguhi, Perelman ?
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Graph manifoldsWhat is a graph manifold ?A bunh of Seifert manifolds glued along tori.A Seifert manifold is a irle bundle with some singular �bers.Important issues :1 show that the thin part is �bered.2 show that the tori are inompressible.It has setional urvature bounded below and injetivity radius going tozero  Shioya-Yamaguhi, Perelman ?For both issue  di�erent approah by B3MPGérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman



The tehnique : zoomFat : The singularities appear when the urvatures blow up.
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The tehnique : zoomFat : The singularities appear when the urvatures blow up.Solution exists on [0,T ) (T < ∞), maximal interval,
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The tehnique : zoomFat : The singularities appear when the urvatures blow up.Solution exists on [0,T ) (T < ∞), maximal interval,limt→T−

supM |Riem(g(t))| = +∞ ,where |Riem| = largest setional urvature at a point (in absolute value).
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The tehnique : zoomFat : The singularities appear when the urvatures blow up.Solution exists on [0,T ) (T < ∞), maximal interval,limt→T−

supM |Riem(g(t))| = +∞ ,where |Riem| = largest setional urvature at a point (in absolute value).Desribe the metri at a blow-up : the zoom
(xi , ti ) , Qi = |Riem(xi , ti )| −→i→∞

+∞
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The tehnique : zoomFat : The singularities appear when the urvatures blow up.Solution exists on [0,T ) (T < ∞), maximal interval,limt→T−

supM |Riem(g(t))| = +∞ ,where |Riem| = largest setional urvature at a point (in absolute value).Desribe the metri at a blow-up : the zoom
(xi , ti ) , Qi = |Riem(xi , ti )| −→i→∞

+∞Zooming to be loser and slower,
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The tehnique : zoomFat : The singularities appear when the urvatures blow up.Solution exists on [0,T ) (T < ∞), maximal interval,limt→T−

supM |Riem(g(t))| = +∞ ,where |Riem| = largest setional urvature at a point (in absolute value).Desribe the metri at a blow-up : the zoom
(xi , ti ) , Qi = |Riem(xi , ti )| −→i→∞

+∞Zooming to be loser and slower,gi (t) = Qig(ti + t/Qi )
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The tehnique : zoomFat : The singularities appear when the urvatures blow up.Solution exists on [0,T ) (T < ∞), maximal interval,limt→T−

supM |Riem(g(t))| = +∞ ,where |Riem| = largest setional urvature at a point (in absolute value).Desribe the metri at a blow-up : the zoom
(xi , ti ) , Qi = |Riem(xi , ti )| −→i→∞

+∞Zooming to be loser and slower,gi (t) = Qig(ti + t/Qi )this is a paraboli dilation.Gérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman



The anient solutions
Zoom
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The anient solutions
ZoomSequene of solutions (M , gi (t)) , de�ned on a bakward interval gettinglarger ,
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The anient solutions
ZoomSequene of solutions (M , gi (t)) , de�ned on a bakward interval gettinglarger ,+ ompatness theorem =⇒ onvergene of a subsequene towards

(N∞, g∞(t)).
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The anient solutions
ZoomSequene of solutions (M , gi (t)) , de�ned on a bakward interval gettinglarger ,+ ompatness theorem =⇒ onvergene of a subsequene towards

(N∞, g∞(t)).It is a �ow de�ned on (−∞, 0].
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The anient solutions
ZoomSequene of solutions (M , gi (t)) , de�ned on a bakward interval gettinglarger ,+ ompatness theorem =⇒ onvergene of a subsequene towards

(N∞, g∞(t)).It is a �ow de�ned on (−∞, 0].It is an anient solution in�nitesimal models for singularities.Gérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman



Anient solutionsReall : salar urvature = traeg (Rii)= R.It is a fontion.

Gérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman



Anient solutionsReall : salar urvature = traeg (Rii)= R.It is a fontion.Properties : maximum priniple, if g0 is normalized,R + 2φ(R) ≥ K ≥ −φ(R)where φ is the inverse of x ln x − x .
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Anient solutionsReall : salar urvature = traeg (Rii)= R.It is a fontion.Properties : maximum priniple, if g0 is normalized,R + 2φ(R) ≥ K ≥ −φ(R)where φ is the inverse of x ln x − x .In partiular φ(y)/y −→y→∞

0.For gi  Ki (P) =
K (P)Qi ≥ −

φ(Ri )Qi −→i→∞

0 .
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Anient solutionsReall : salar urvature = traeg (Rii)= R.It is a fontion.Properties : maximum priniple, if g0 is normalized,R + 2φ(R) ≥ K ≥ −φ(R)where φ is the inverse of x ln x − x .In partiular φ(y)/y −→y→∞

0.For gi  Ki (P) =
K (P)Qi ≥ −

φ(Ri )Qi −→i→∞

0 .For the anient solutions,Curvature operator ≥ 0.Bounded setional urvatures.+ other properties ⇒ lassi�ation.Gérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman



Classi�ation of the anient solutionsIn dimension 3.

Gérard Besson The Poinaré and Geometrization Conjetures after R. Hamilton and G. Perelman



Classi�ation of the anient solutionsIn dimension 3.Complete solution, bounded and nonnegative setional urvature, non�at and,
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Classi�ation of the anient solutionsIn dimension 3.Complete solution, bounded and nonnegative setional urvature, non�at and,for r small enough,
∃κ > 0 , ∀x ∈ M∞ , vol(B(x , r)) ≥ κr3 ;
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∃κ > 0 , ∀x ∈ M∞ , vol(B(x , r)) ≥ κr3 ;S3/Γ where S3 is the round sphere,
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∃κ > 0 , ∀x ∈ M∞ , vol(B(x , r)) ≥ κr3 ;S3/Γ where S3 is the round sphere,di�eomorphi to S3 or P3(R),
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Classi�ation of the anient solutionsIn dimension 3.Complete solution, bounded and nonnegative setional urvature, non�at and,for r small enough,
∃κ > 0 , ∀x ∈ M∞ , vol(B(x , r)) ≥ κr3 ;S3/Γ where S3 is the round sphere,di�eomorphi to S3 or P3(R),R× S2 or (R× S2)/Z2 = P3(R) r B3, anonial
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Classi�ation of the anient solutionsIn dimension 3.Complete solution, bounded and nonnegative setional urvature, non�at and,for r small enough,
∃κ > 0 , ∀x ∈ M∞ , vol(B(x , r)) ≥ κr3 ;S3/Γ where S3 is the round sphere,di�eomorphi to S3 or P3(R),R× S2 or (R× S2)/Z2 = P3(R) r B3, anonialB3 and urvature > 0.
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