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e g(t) = (1 + 4t)g0 ; (immortal solution).t = −1/44 Cylinder g(t) = (1− 2t)gS2 ⊕ gR.t = 1/2Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The Poin
aré 
onje
ture.On M3 
ompa
t, 
onne
ted, orientable and simply 
onne
ted
hoose a "form" (metri
) and �ow it.

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The Poin
aré 
onje
ture.On M3 
ompa
t, 
onne
ted, orientable and simply 
onne
ted
hoose a "form" (metri
) and �ow it.Hope : the solution 
ontra
ts to a point  be
omes "rounder" ⇒ M
arries a 
onstant 
urvature metri
 ⇒ M di�
≃ S3.

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The Poin
aré 
onje
ture.On M3 
ompa
t, 
onne
ted, orientable and simply 
onne
ted
hoose a "form" (metri
) and �ow it.Hope : the solution 
ontra
ts to a point  be
omes "rounder" ⇒ M
arries a 
onstant 
urvature metri
 ⇒ M di�
≃ S3.Theorem (Hamilton, 1982) : True if g0 has positive Ri

i 
urvature.

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The Poin
aré 
onje
ture.On M3 
ompa
t, 
onne
ted, orientable and simply 
onne
ted
hoose a "form" (metri
) and �ow it.Hope : the solution 
ontra
ts to a point  be
omes "rounder" ⇒ M
arries a 
onstant 
urvature metri
 ⇒ M di�
≃ S3.Theorem (Hamilton, 1982) : True if g0 has positive Ri

i 
urvature.What if g0 is random ?

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The Poin
aré 
onje
ture.On M3 
ompa
t, 
onne
ted, orientable and simply 
onne
ted
hoose a "form" (metri
) and �ow it.Hope : the solution 
ontra
ts to a point  be
omes "rounder" ⇒ M
arries a 
onstant 
urvature metri
 ⇒ M di�
≃ S3.Theorem (Hamilton, 1982) : True if g0 has positive Ri

i 
urvature.What if g0 is random ?The �ow 
an be
ome singular on subsets of M .

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The Poin
aré 
onje
ture.On M3 
ompa
t, 
onne
ted, orientable and simply 
onne
ted
hoose a "form" (metri
) and �ow it.Hope : the solution 
ontra
ts to a point  be
omes "rounder" ⇒ M
arries a 
onstant 
urvature metri
 ⇒ M di�
≃ S3.Theorem (Hamilton, 1982) : True if g0 has positive Ri

i 
urvature.What if g0 is random ?The �ow 
an be
ome singular on subsets of M .Example : the ne
kpin
h

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



Ri

i �ow with surgery.or worse !

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



Ri

i �ow with surgery.or worse !
Cantor

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



Ri

i �ow with surgery.or worse !
CantorWhat 
an be done ?

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



Ri

i �ow with surgery.or worse !
CantorWhat 
an be done ?R. Hamilton's idea : do surgeries in ne
ks and restart the �ow up to thenext singularity.

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



Ri

i �ow with surgery.or worse !
CantorWhat 
an be done ?R. Hamilton's idea : do surgeries in ne
ks and restart the �ow up to thenext singularity.

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



Ri

i �ow with surgery.G. Perelman (Canoni
al neighborhood thm., PI 12.1)  des
ribes someneighborhood of the points of high 
urvature,

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



Ri

i �ow with surgery.G. Perelman (Canoni
al neighborhood thm., PI 12.1)  des
ribes someneighborhood of the points of high 
urvature,
∃ universal r0, s.t. if (s
alar) 
urvature ≥ r−20  
an. neighborhood.

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



Ri

i �ow with surgery.G. Perelman (Canoni
al neighborhood thm., PI 12.1)  des
ribes someneighborhood of the points of high 
urvature,
∃ universal r0, s.t. if (s
alar) 
urvature ≥ r−20  
an. neighborhood.The neighborhood is,

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



Ri

i �ow with surgery.G. Perelman (Canoni
al neighborhood thm., PI 12.1)  des
ribes someneighborhood of the points of high 
urvature,
∃ universal r0, s.t. if (s
alar) 
urvature ≥ r−20  
an. neighborhood.The neighborhood is,Ne
k

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



Ri

i �ow with surgery.G. Perelman (Canoni
al neighborhood thm., PI 12.1)  des
ribes someneighborhood of the points of high 
urvature,
∃ universal r0, s.t. if (s
alar) 
urvature ≥ r−20  
an. neighborhood.The neighborhood is,Ne
k Cap B3 ou P3(R) r B̄3

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



Ri

i �ow with surgery.G. Perelman (Canoni
al neighborhood thm., PI 12.1)  des
ribes someneighborhood of the points of high 
urvature,
∃ universal r0, s.t. if (s
alar) 
urvature ≥ r−20  
an. neighborhood.The neighborhood is,Ne
k Cap B3 ou P3(R) r B̄3or S3/Γ

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



Ri

i �ow with surgery.G. Perelman (Canoni
al neighborhood thm., PI 12.1)  des
ribes someneighborhood of the points of high 
urvature,
∃ universal r0, s.t. if (s
alar) 
urvature ≥ r−20  
an. neighborhood.The neighborhood is,Ne
k Cap B3 ou P3(R) r B̄3or S3/Γsingularities = spheres whi
h are pin
hed in ne
ks, or 
aps = some
urvature is +∞.

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



Ri

i �ow with surgery.G. Perelman (Canoni
al neighborhood thm., PI 12.1)  des
ribes someneighborhood of the points of high 
urvature,
∃ universal r0, s.t. if (s
alar) 
urvature ≥ r−20  
an. neighborhood.The neighborhood is,Ne
k Cap B3 ou P3(R) r B̄3or S3/Γsingularities = spheres whi
h are pin
hed in ne
ks, or 
aps = some
urvature is +∞.1 M3 
ompa
t (simply 
onne
ted, �nite fundamental group orrandom) .Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



Ri

i �ow with surgery.G. Perelman (Canoni
al neighborhood thm., PI 12.1)  des
ribes someneighborhood of the points of high 
urvature,
∃ universal r0, s.t. if (s
alar) 
urvature ≥ r−20  
an. neighborhood.The neighborhood is,Ne
k Cap B3 ou P3(R) r B̄3or S3/Γsingularities = spheres whi
h are pin
hed in ne
ks, or 
aps = some
urvature is +∞.1 M3 
ompa
t (simply 
onne
ted, �nite fundamental group orrandom) .2 g0 arbitrary metri
 �ow it up to �rst singular time :Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The �rst singular timea) the manifold disappears, i.e the 
urvature is big everywhere  themanifold is 
overed by 
anoni
al neighb. (lo
ally 
anoni
al),
.

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The �rst singular timea) the manifold disappears, i.e the 
urvature is big everywhere  themanifold is 
overed by 
anoni
al neighb. (lo
ally 
anoni
al),Theorem (Perelman PII) : If the manifold is lo
ally 
anoni
althen it is,i) S3/Γ, (Γ ⊂ SO(4)),ii) S1 × S2 or (S1 × S2)/Z2 = P3(R)#P3(R). .
Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The �rst singular timea) the manifold disappears, i.e the 
urvature is big everywhere  themanifold is 
overed by 
anoni
al neighb. (lo
ally 
anoni
al),Theorem (Perelman PII) : If the manifold is lo
ally 
anoni
althen it is,i) S3/Γ, (Γ ⊂ SO(4)),ii) S1 × S2 or (S1 × S2)/Z2 = P3(R)#P3(R).b) The manifold does not 
ompletely disappear  simpli�ed surgery byBessières, B., Boileau, Maillot and Porti. .
Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The �rst singular timea) the manifold disappears, i.e the 
urvature is big everywhere  themanifold is 
overed by 
anoni
al neighb. (lo
ally 
anoni
al),Theorem (Perelman PII) : If the manifold is lo
ally 
anoni
althen it is,i) S3/Γ, (Γ ⊂ SO(4)),ii) S1 × S2 or (S1 × S2)/Z2 = P3(R)#P3(R).b) The manifold does not 
ompletely disappear  simpli�ed surgery byBessières, B., Boileau, Maillot and Porti.Assumption : M is irredu
ible, i.e. every 2-sphere bounds a 3-ball.
Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The �rst singular timea) the manifold disappears, i.e the 
urvature is big everywhere  themanifold is 
overed by 
anoni
al neighb. (lo
ally 
anoni
al),Theorem (Perelman PII) : If the manifold is lo
ally 
anoni
althen it is,i) S3/Γ, (Γ ⊂ SO(4)),ii) S1 × S2 or (S1 × S2)/Z2 = P3(R)#P3(R).b) The manifold does not 
ompletely disappear  simpli�ed surgery byBessières, B., Boileau, Maillot and Porti.Assumption : M is irredu
ible, i.e. every 2-sphere bounds a 3-ball.There are points with high 
urvature and points with "normal"
urvature between there is a long ne
k.Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



surgery time
ne
kthi
k part

balls
Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The surgeryWe 
hange the metri
 in the balls

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The surgeryWe 
hange the metri
 in the balls
id = 
ontra
ting mapne
k ball


ylinder hemispherestandard 
ap
Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The resultThe new metri
 is

aps

thi
k part

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The resultThe new metri
 is

aps

thi
k part
Con
lusion : no topologi
al surgery, just a dis
ontinuity in the metri
.
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The proof of the Poin
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tureClaim (Perelman PII, 5) : Ri

i-�ow-with-surgery exists. There is noa

umulation of surgeries  �nite number of surgeries in ea
h �niteinterval.Claim (Perelman PIII, Colding-Mini
ozzi) : If M is simply 
onne
ted(�nite fundamental group) and irredu
ible, the solution disappears in�nite time. It be
omes lo
ally 
anoni
al.idea : a positive fun
tion of the metri
 (the waist) de
reases at a �xedspeed.Re
onstru
ting M irredu
ible ?M = S3/Γ.If M is simply 
onne
ted, then M ≃ S3.Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman
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The proof of the Geometrization 
onje
ture
What if the starting manifold has in�nite fundamental group ?The solution g(t) 
ould go on for all time t.Example : hyperboli
 manifolds.Claim (Perelman PII, 7,8) : For large t, M de
omposes into thi
k andthin pie
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In
ompressible tori Thin pie
e

Hyperboli
 pie
es
(graph manifold)
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Thi
k-thin de
ompositionProperties :1 The res
aled metri
 1t g(t) is 
lose to 
onstant se
tional 
urvature
− 14 on Mthi
k .2 Mthin is a graph manifold.3 The gluing is done along in
ompressible tori(i.e. π1(T 2) −→ π1(M) is 1-1).This would prove the Geometrization 
onje
ture.Previous result obtained by R. Hamilton in 1999 when there are nosingularities and t supM |K (g(t))| is bounded.
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Graph manifoldsWhat is a graph manifold ?A bun
h of Seifert manifolds glued along tori.A Seifert manifold is a 
ir
le bundle with some singular �bers.Important issues :1 show that the thin part is �bered.2 show that the tori are in
ompressible.It has se
tional 
urvature bounded below and inje
tivity radius going tozero  Shioya-Yamagu
hi, Perelman ?For both issue  di�erent approa
h by B3MPGérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



The te
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The te
hnique : zoomFa
t : The singularities appear when the 
urvatures blow up.Solution exists on [0,T ) (T < ∞), maximal interval,limt→T−

supM |Riem(g(t))| = +∞ ,where |Riem| = largest se
tional 
urvature at a point (in absolute value).Des
ribe the metri
 at a blow-up : the zoom
(xi , ti ) , Qi = |Riem(xi , ti )| −→i→∞

+∞Zooming to be 
loser and slower,gi (t) = Qig(ti + t/Qi )this is a paraboli
 dilation.Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman
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e of solutions (M , gi (t)) , de�ned on a ba
kward interval gettinglarger ,+ 
ompa
tness theorem =⇒ 
onvergen
e of a subsequen
e towards

(N∞, g∞(t)).It is a �ow de�ned on (−∞, 0].It is an an
ient solution in�nitesimal models for singularities.Gérard Besson The Poin
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tures after R. Hamilton and G. Perelman



An
ient solutionsRe
all : s
alar 
urvature = tra
eg (Ri

i)= R.It is a fon
tion.

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



An
ient solutionsRe
all : s
alar 
urvature = tra
eg (Ri

i)= R.It is a fon
tion.Properties : maximum prin
iple, if g0 is normalized,R + 2φ(R) ≥ K ≥ −φ(R)where φ is the inverse of x ln x − x .
Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



An
ient solutionsRe
all : s
alar 
urvature = tra
eg (Ri

i)= R.It is a fon
tion.Properties : maximum prin
iple, if g0 is normalized,R + 2φ(R) ≥ K ≥ −φ(R)where φ is the inverse of x ln x − x .In parti
ular φ(y)/y −→y→∞

0.For gi  Ki (P) =
K (P)Qi ≥ −

φ(Ri )Qi −→i→∞

0 .

Gérard Besson The Poin
aré and Geometrization Conje
tures after R. Hamilton and G. Perelman



An
ient solutionsRe
all : s
alar 
urvature = tra
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i)= R.It is a fon
tion.Properties : maximum prin
iple, if g0 is normalized,R + 2φ(R) ≥ K ≥ −φ(R)where φ is the inverse of x ln x − x .In parti
ular φ(y)/y −→y→∞

0.For gi  Ki (P) =
K (P)Qi ≥ −

φ(Ri )Qi −→i→∞

0 .For the an
ient solutions,Curvature operator ≥ 0.Bounded se
tional 
urvatures.+ other properties ⇒ 
lassi�
ation.Gérard Besson The Poin
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tures after R. Hamilton and G. Perelman
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Classi�
ation of the an
ient solutionsIn dimension 3.Complete solution, bounded and nonnegative se
tional 
urvature, non�at and,for r small enough,
∃κ > 0 , ∀x ∈ M∞ , vol(B(x , r)) ≥ κr3 ;S3/Γ where S3 is the round sphere,di�eomorphi
 to S3 or P3(R),R× S2 or (R× S2)/Z2 = P3(R) r B3, 
anoni
alB3 and 
urvature > 0.
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