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Attractor for a Degenerate Nonlinear Diffusion
Problem with Nonlinear Boundary Condition
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In this paper we prove the existence of a compact attractor in L®(Q2) for a
degenerate nonlinear diffusion problem with nonlinear flux on the boundary. In
order to formulate the equation as a dynamical system, some existence and
uniqueness results for weak solutions are proved.
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1. INTRODUCTION

Attractors play an important role in the study of the asymptotic behavior
of the solutions of partial differential equations. The existence of a maximal
attractor, i., a compact set that attracts all solutions as time goes to
infinity, has been derived for a large class of PDEs (see for instance Babin
and Vishik, 1992; Teman, 1988; Haraux, 1991). In this paper we study the
following initial boundary value problem

u,= Ap(u) + f(u) in Q=0 x(0, )

_Op(u) _
o

u(x, 0) = uy(x) in 2,

g(u) on §=092 %x(0, «0) (I
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in a bounded smooth domain 2 c RY, N> 1, where ¢: R—> R is a con-
tinuous increasing function which includes the case of pure powers
o(r) = |r|" sign(r), mz1, and f, ge C(R) satisfy some growth conditions
which will be precised later.

The aim of this paper is to prove the existence of a maximal compact
attractor in L®(£2). The choice of the space L*(£2) is motivated by the fact
that the solutions of (I) are bounded for bounded initial data and the com-
pactness of the trajectories is given by classical resuits (DiBenedetto, 1983).
Remark that if m>1 the problem is not semilinear and the “natural”
spaces to consider the structure of the attractor for this type of quasilinear
equations are not necessary Hilbert spaces (see Feireisl ef al., 1995, Bénilan
and Labani, 1989).

Problems of this form arise in a number of areas of science, for
instance, in models for gas or fluid flow in porous media (Bear, 1972;
Aronson, 1986) and for the spread of certain biological populations (Gurtin
and MacCamy, 1977; Okubo, 1980). There is an extensive literature about
the large time behavior of solutions of problems of this type (see for
instance Aronson etz al, 1982; Langlais and Phillips, 1985; Bertsch ez al.,
1982; Alikakos and Rostamian, 1981; Andreu ef /., 1995; Filo and Mottoni,
1992; Eden ez al., 1991). In some of these papers, it is shown that the solutions
stabilize as time goes to infinity by converging to a function. In our case
the dynamic is more complicated due to the relative generality of f and g
and we are not able to have a so precise result. Note that the existence of
a global attractor for a similar problem with other growth conditions on
f and different boundary conditions has been considered in Eden er al,
1991.

In order to formulate the equation as a dynamical system, we establish
the existence and uniqueness of a global weak solution of problem (1) when
the initial datum u, e L°(£).

We consider the following assumptions on the data. We always
assume £ to be a bounded domain in RY with smooth boundary 9.
Respect to @, fand g, we will assume the following hypotheses, which we
shall refer to collectively as (H):

(H) ¢@eCYR), ¢(0)=0, ¢'(r)>0 for all r #0 and
(i) there exist ro>0, ay>0, a; >0, 0 <my<m <1 such that
ag [p(r)[™ < @' (ry <oy [@(r)|™ Virl=rg
(it} if ¢'(0) =0, there exists £ >0 such that

@' is increasing in ]0, ], @' is decreasing in [ —¢, O
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and
pley<o'(s) i [g +oof,
P'(—e)<@'(s) in J—ecel
(H,) feCYR) and there exist ¢, >0 and 0 <« <1 such that
flrysign(r) < ¢ [@(P)|* forall [r| =¥,

where sign is the function

| if r>0
sign(r) =<0 if r=0
—1 if r<0

(Hy) geC(R), geo 'e CYR\{0}), limsup,_,l(g ¢ ") (r)| <
and there exists ¢, >0 such that

g(r) sign(r) = ¢, |o(r)] forall |r|=r,

Remark. Hypothese {H,(i)) will be enough to prove the existence
and uniqueness results but we need {(H,(ii)) to apply the continuity result
of DiBenedetto, 1983,

Note that assumption (H,) is satisfied in the case ¢(r) = |r|” sign(r) is
m > 1, that is, for the porous medium equation, and in the semilinear case
o(r)=r. Remark also that (H,) is also satisfied by a Crandall and Pierre
condition (See M. Crandall and M. Pierre, 1982);

”

0<mo<%<ml<l

The plan of the paper is as follows. Some a priori estimates for smooth
solutions are obtained in Section 2. In the third section we establish the
existence and uniqueness of a global weak solution when the initial datum
is a function in L*®(£2). Finally, in Section 4 we prove that the semigroup
on L*(Q) defined by the global solution obtained in the previous section
has a compact global attractor.
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2. A PRIORI ESTIMATES FOR SMOOTH SOLUTIONS

In this section we shall establish a priori estimates for the smooth
solutions which will be fundamental for the rest of the paper. For T>0,
consider the problem

w=Adou)+flu) m Qr=0x(0,T)

P
_%u_)=g(u) on Sp=08Qx(0,T) )

Definition 1. By a smooth solution of problem (P) on Q, we mean
a function ue C>'(0,) such that Ve(u)e C*Y(Q), u,e C*(Q,) and
satisfies (P) in a classical sense. We shall say that u is a global smooth solu-
tion of problem (P) if # is a smooth solution on Q@ for all positive 7.

For a function u(x, t) we use the notation u(¢) to denote the function-
valued map - u(-, ¢).

Proposition 1. Assume (H) holds. Let u be a global smooth solution of
problem (P) with initial datum u(0) =uge L*(Q). For any 1 < p < co, there
exists C(, uo || Loy, p) with lim, _, o, C(z, llugll oy, p) = C(p) such that

lo(u(t)ll ry < Cl1, ol oy, ) forevery 2120 (2.1)

Proof. Multiplying the equation of (P) by ((¢(u)—¢(ue))*)? and
performing obvious manipulations it yields

d 4
g | e+ [ Ivio —ptry e e

+ [ gu(o(w) - (re))*)?
282

<[ Jw(ow) = glre)*)”
Q

where

2,(1) = [ (pls) = 9(r0)) )7 ds
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From here, having in mind the assumptions (H,) and (H,), if
d=min{1, c,}, we have

d 4pd

dr L, (1) +G‘+_1)2* {fg IV(((p(u)_¢(r0))+)(p+1)/2|2

+] ((¢<u>—<p(ro))+>f’+'}
o2

<o | (@ —gra) 7746t [ (o —g(r) ) (22)

Now, by the generalized Poincaré inequality (see Teman, 1988), we have
J, (o —glra)*)r+

<C| [ 1Mot = ptro) *+2 +[ ((pta—gro) )7

Then, by (2.2), using Holder and Young inequalities, we can find constants
p, >0 such that

d

dt L, ¢p(u)+pfg((cp(u)—w(ro))*)"“@ (2.3)

On the other hand, the hypotheses on ¢ yield
[ @ <cp) | (o) —plre) ) +1=m
Q 2

Consequently, from (2.3) we get the following differential inequality, with
constants depending on p,

d (p+ D/(p+1—mp)
" L} q),,(u)+5<j9 qbp(u)> <o

which implies, from Gronwall lemma if m;=0 or from a lemma of
Ghidaglia (Lemma 5.1 of Teman, 1988) if m, >0, that

f D (u(x, 1)) dx < A(T, ol pogeryr p) VO<TSE (2.4)

Q
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with

Az, |ugli Legys 2) = Cilllug |l Loy P) e+ Cyp) it my=0
and

A(T, fluo || Lo p)
1
(Callugll Loy, P) + Cs(p) )P+

=Cy(p)+ if my>0

with Cy(flug | Loocys P) > 0.
Now, the hypotheses on ¢ also yield

((@(r) = @(ro) )P ="M< e(p) @,(r)+d(p) @, (1) (2.5)

Hence, using (2.4) and (2.5) we get

| ((otutx, 1) = pre) )7 dx

o)
<e(p) A7, ugll Loy p+m1—1)
+d(p) Az, lluoll pogy> 2 — 1), V<Kt (2.6)

Now, since v = —u satisfies

o,=4¢(v)+ fv) in Q

— =g(v) on S

where @(r)= —o(—r), fr) = —f(—r) and &(r)= —g(—r), if we proceed
as in the previous step, we obtain the similar estimate for ». Finally, since
@ is bounded in [ —rg, ¥y ], from (2.6) and the previous remark we get (2.1)
and the proof concludes.

Our main goal now is to get uniform estimates for smooth solutions
independent on time. To do this we apply Moser type techniques. We make
essential use of the following result proved in Laurengot (1993).

Lemma 1. Let a>1, b20, ceR, Co=1, C;21 and p, be given
numbers such that

4
p0+—>0
a—1
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Consider the sequence of real numbers (p,) defined by
Pry1=apitc, keN
Assume that (y,) is a sequence of positive real numbers satisfying
Yo S CP
Vir1S< Copp 4y max{CPert, y}
Then, the sequence (y;/Px) is bounded. More concretely,

_ - k_ k
y’lc/pkg(ctl)/(a l)xb/(a l))(a l)/pkaékcll*(a 1Dy

where

and

b dt'—(k+Da+k
a(a—1)? Pr

5k:

Proposition 2. Assume that (H) holds. Let u be a global smooth solu-
tion of problem ( P) with initial datum u(0) =uq,e L*°(2). Then, there exists
a constant C, depending only on ||uy| p=a, Such that

full Loy < € (2.7)
Proof. Let 1< p< oo and ¥(r)=(@(r)—¢{re))*. Then, if
0,1 = [ wis) ds

working as in the first part of the proof of Proposition 1, taking p large
enough such that ((p+ 1)%/4p) ¢, = 1, we obtain

E L (p+1)y2)2 +1:|
G o0+ | [ v |

<[ fuypr (2.8)
Q
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Now, by the generalized Poincaré inequality and the Sobolev embeddings,
there are ¢ > 1 and a, > 0 such that

4p 122 et 4pa ot la
| [ o [yt > 2R (] o)

Hence, from (2.8), it follows that

dt L) + 4pa1 <J W(u q(p+1)> L)f(u)lp(u).p (2.9)

Now, by (H,), f(s) y(s)? <c(Y(s)*+ @(re)*) ¢(s)? for any seR. Then,
taking F(s)=c;(y(s)* + ¢(ry)*) and applying Holder inequality, we get for
r>1

)p(rl)/(p+1)r

[ w0 vt <ay 1F N w0
2 Q
For any s> 1, we can write the above inequality in the form

f S Y(u)? <ay |F(u) o <J @(u)p+ DUKF =D @)= 1/5)
a2 02

pr—1/(p+1)r
X (p(u)((pﬂ)r/(r—l)) (l/s)>

Now, if r > ¢/(qg — 1), we can choose s large enough in order to apply again
Holder inequality and obtain

(s—1) p/gs(p+1)
ff(u)lb(u)l’sa2 |F(u)||L,(Q)<f ¢(u)q<p+n> i
@ Q
><<J l/j(u)(ll-%l)rq/[(r—I)Sq_,r(s_l)]>ac
2

_ 2a;s ( +l)>1/4}(s—l)p/s(p+l)
[(p+1)(s—1><Jg‘”(”’”

p+1)s—1) (s—=1) p/s(p+1)
X
< 2sa, >

X ay | F(u) ”L,(Q)<L2‘p (P+1)rg/l(r—1)sq—r(s— 1)]) (2.10)
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where

(r=1)sg—r(s—1) p
rsq p+1

Applying Young inequality in (2.10), (2.9) yields the following

d 4[](11 + Va
E J;) (DP(M) +( T 1)2 <-[9 l/j(u)‘I(P l)>

2 (+1)> Y s+p
NTFIE <f VT ) s

(p+1)(s—1)\Pe-Ds+n (p+1) s/s+ p) (p+1)s/(s + p)
X<T (14+a)P 9T P F(u) | fa) 77

x<max {l’j l/,(u)(p+l)rq/[(r—l)sq—r(s—l)]

>[((r— 1 sg—r(s—1))/rq] - [p/(s+ p)]
Q }

Changing r, if necessary, we may suppose that [F(u)lpq)>1, conse-
quently

_d_ ¢( )<<_}_>s_l l)s—l 1 SHF K]
g lLows(s) T e 1wl

N (max {1, L w(u)(p+1)/ﬂs}>ﬂx

(r—1)sq—r(s—1)
rq

where

Bs=

Therefore, we can find a constant 5, >0 such that

d

ﬂs
7 L @, () <b(p+ 1 7 IF) e <max {1, L g,,(u)uwﬂs})

Integrating this inequality from 0 to ¢ and having in mind that

J D, Q) Nugll Loy WlIuoll Logy)? < B5H!
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with the constant b, > 1 depending only on |l ;«(q),, We obtain
t
J, @A) <BET B (p 1T [ I e

5,
X sup (max{l,J l//(u(T))(P+I)/ﬁf}> (2.11)
Q

te[0,¢]
Now, the hypotheses on ¢ yield

(@(r) = @lro)) )P~ T <by(p—my + 1) @y(r) + byl p—my+ 1) D, (7)
(2.12)

Hence using (2.11) and (2.12) we get

[ wtateyyr=—m+

2

Sby(p—my+1)bE¥Y 4+ by(p—my+ D) b5(p+ 1)1

t /93
XL 1F ()| gy dr sup <max{1,f w(u(f))<p+1>/ﬂs}>

re[0, 1] Q

+byp—my+ )DL by (p—my+ 1) bi(p—m; +1)° !

¢ By
xf [ F(u(t))|| oy dr sup (max {1, J lp(u(l’))(l’*m1+l)/ﬂ_v}>
0 Q

re[0, 1]

Now, applying Holder inequality, it is easy to see that

max {1, J w(u(r))(P—ml'i'l)/ﬂ:} < ¢ max {1’ J lp(u(r))(P+1)/ﬁf}
Q Q

Thus, we can write

J, =t <bg =t p—my 4 1)

b3(p—my 1 [ Py

X sup (max{l,[ zﬁ(u(r))‘ﬂl)/ﬁ,})ﬁx (2.13)
2

7€ [0, t]
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Take p, large enough and define inductively the sequence

Pk =Bspi—m,

Since r > ¢/(q — 1), we can choose s large enough such that f,> 1, and con-
sequently p, — +co as k = + .
If we define

Vi = sup max {1, J:Q l//(u(r))pk}

ze€[0, 7]

taking p=p, ., +m,— 1 in (2.13), as we can suppose that the right hand
side of the above inequality is greater than 1, it follows that

Yi+1 Sbg"*‘pi+1 +b§pi+l (J;) “F(u{r))”f"_’(s?) dT> y£S

Consequently,

!
Vie+1 S 2bg max {1, JO HF(u(r))lfU(m} Pras max{bgm, yff}

Then, we are in the situation of Lemma 1, with

al
Co = 2b% max {1, JO |IF(u(r))\|SLr(Q)}
b=s, C,=b,, a=f,, and c=—m,
Obviously, we can choose s large enough, such that

i

po—ﬂs_1>0

Moreover, by (2.1)

| ww(2)? < Clp. gl i), for all 70

Q

Hence, we can take &, large enough such that

Jo= sup max{l,j w(u(r)>ﬂo}<6f°
Q

re[0,1]
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Therefore, applying Lemma 1

1/py
(yk)”"k=< sup maX{l,f t//(u(r))”kD <M VkeN
2

Tel0, £]

where

P 1/s
M< { <2b§ max {1, J;) |]F(u(‘c))||er(g)}>

m Loy — po)/ P s/ po( B — 1) —mp) ]
(2(rr72))
ﬁs ~1

% ﬁ{S/ﬂs(ﬂg— D} AL Pr gy — /(B — DY I 2 By — 1) —m) 1~ [k + 1) B — k) pi B,— DT}
s

> h2Lpo+ my/(B = DIL(p = /By D)L po =i/ By = 1)]
Therefore, taking limit as & — oo, we get

[ (u) ||L°°(Q,)

P 1/s
<| {2y max {1 [ P00 )

X<2< + m, ) s/Lpp(Bs—1)—my]
Po ﬁx—l

% ﬂgs/ﬂ,(ﬂs— DY [1/(po( B, — 1)~m1)]b_2,[po+m1/(l3,— DI ey — my/(B;— 1)1

From where it follows, taking s — oo, that

()l ooy < [2pobs max{1, sup [F(u(0))ll gy} 17¥Plr= D=0 p2
velo.1] (2.14)

Now, by (H,) and (2.1) we have
”F(U(T))||L'(Q)<C(r, ”uOHL“O(.Q))a V=0 (2.15)

Proceeding as at the end of the proof of Proposition 1, we obtain the same
result for W(u) = (@(—ry) —@(u))*. Then, from (2.14) and (2.15) we obtain
2.7).
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In the next result we obtain the following energy estimates.

Proposition 3. Assume that (H) holds. Let u be a global smooth solu-
tion of problem (P) with initial datum u(0) =uye L®(Q). Then, given 1>0,
there exist constants depending only on |uq| =q) and t, such that

IVo(u())l 12 gy < C(7, |uoll L)) Vizr (2.16)

], w00 < KG5 ol o) (217)
Proof. Multiplying the equation of (P) by ¢(u), we get
0< f U, p(u),
2

=—[ Vot - Vipw),— | gtulg@)+| fupw), (218)
o a2 2
If we set
Fn=[  f) psrds. G =] gls) ¢'(s) do

from (2.18) it follows that

d /1
2}(5 | vowrr+| G| F(u))so (2.19)

Now, by the above Proposition, there are constants M;, M, > 0 such that

~Mi<[ GwsM,  -M<[ Fu<,

and consequently
j G(u) + M, 0, —f F(u)+ M,>0
02 el

Moreover, from (2.19), we can write

d /1
E(iLz |V(p(u)|2+LDG(u)+M1-—L}F(M)+Mz><0
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On the other hand, multiplying the equation of (P) by ¢(u), integrating
over ]t t+ h[ x £2 and using Proposition 2, it is easy to see that

JHh(%f [V(p(u)[2+f G(u)—j F(u))SC(h, letoll Logy) for t=z1
14 Q fele] 2

Then, by the uniform Gronwall’s Lemma (Teman, 1988), we obtain (2.16).
Finally, integrating (2.18) over |z, T, we get

[7] woton + 3 (9o = Vot

T Y8

+ [ (G(T) = Gu(e)) + | (Flu()— Fu(T)) =0
[7/e] Q2

Hence, by (2.16), (2.17) holds.
We finish this section with the following result.

Lemma 2. Let F,FelLYQ,, G ,GeL'(S;) and vy, 0,eL®(R).
Suppose v and 0 are smooth solutions of the problem
v,=dep(v)+F in Qr=0x(0,T)

_ 99(v)
on

v{x, 0) = vy(x) in £

—_

=G on Sr=00Qx(0,T)

and

b,=dp(®)+F in Qr=02x(0,T)

Op(t)
- (’;;7 -G on Sp=0Qx(0,T)
#(x,0)=G in Q

respectively. Let e C*(2), =1 on Q such that

0
.6% = Ly on 080 (2.20)
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where L >0 is a given constani. Then
[ o—s)y y+L] [ (@) —p@)* ¥
2 0 Yo
<[ (v—t0)" ¥
22
! A .
+[ [ o) =o6)* 14yl +(F—F)sign*(v—5) y]
0’0
t A
—f f (G—C)sign*(v—15) ¢
0 YR
Jfor every 0 <t < T.
Proof. Multiplying the difference of the two equations by
sign*(v—0) y and integrating over Q, we get
[ (w—0),sign*(v-0)y
Q

0
=—[ Vig)=p@)* - Vi+[ = (o(v)—p(8) sign*(v—0)y
2 a2 Oy

+J (F—F)signt(v—10) ¥
«Q

o

o 1 {o(v) — (D))

J =0 u<] (o) g0 * 4y~ |
—J (G—C)sign*(v—b)y + | (F—F)sign*(v—0) y
282 Q

Integrating the above inequality from 0 to r and using (2.20) the proof
concludes.

3. EXISTENCE AND UNIQUENESS OF GLOBAL
WEAK SOLUTIONS

In this section we prove the existence and uniqueness of a global weak
solution of problem (I} when the initial datum is in L®(£2).
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Definition 2. Given uye L®(L), by a weak solution of problem (I)
on O, we mean a function u e C([0, TT; LY(2)) n L®(Q ) such that ¢p(u)e
L*(0, T; H'(82)) and satisfies the identity

J, (Vo -Vé—ub—fu) $)+ [ a)9=] ux) §(x,0) dx

or Sr

for any function ¢ € L2(0, T; H'(2))~ W10, T: LY(Q)) with §(T) =
We shall say that u is a global weak solution of problem (I) if u is a
weak solution on Q for all positive T.

Theorem 1. Under the assumptions (H), for every uge L®(Q) there
exists a unique global weak solution u of problem (I) satisfying

||u||L°°(Q)< ( “uOHL"“(.Q)) (3.1)
[Volu()) pay < Clz, lluoll ogay)s Viz1>0 (3.2)
[ K. ol s V>0 (33)

We are going to divide the proof into several steps.

Existence of Solution

To prove the existence of solution we will consider a sequence of
approximated nondegenerate problems which can be solved in a classical
sense. To do that we consider sequences of functions (¢,), (f,) and (g,)
satisfying:

(ﬂnECOO(R), go;,zmax{(p’, 1/”}’ (ﬂn(O):Oa
@,(r) constant for |r| = n,

2o @RI < @) <ay o)™ Y Ir| 2, (G
Q= @, ¢, — @' uniformly on compact subsets of R.
f,eCP(R),  f,(r)constant for |r| =n,

SUPro, a1 |/ | < SUPpo, ary 1S forall M>0, G
Sr)sign(r) ey o (r)]* forall |r|>ro, (G2)

L= f unlformly on compact subsets of R.
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g2, C®(R), g,(r) constant for |r| = n,

ga(r)sign(r) = c; (@ (r)]  forall fr(>ro,

for any R > 0, there exists ¢4(R) > 0 such that (G3)
(8u(r) — 8a(F)) sign*(r — F) 2 — cs(R)(@n(r) — @, (F) Vr,fe[ —R R],
g, — g uniformly on compact subsets of R.

Using the same technique as in the proof of Proposition 3 of Filo and
de Mottoni (1992), we can find functions u, e CQ2), |lug, nll Loy <
luoll Loy + 1, satisfying the compatibility condition

_90d0n) _ by on o2
on g
and
1o, » — soll L@y — 0 as n— .

Consider the approximated problems

(), = Ad@,(u,) + foluy)  in Qr=02x(0,T)

“a(péiyu")ﬁn(u,,) on Sp=0R2x(0,T) (Py)
1,(x, 0) =g, ,(X) in Q

By a classical result (Theorem 7.4 of Ladyzenskaja et al, 1968), for any
T>0, (P,) has a unique smooth solution u, in Q. Moreover, as a conse-
quence of Propositions 2 and 3, the following estimates hold:

”un”Lw(QT) SDl(”uo“Lw(m) (34)

V@ () 2@y S Do1, ol zmiay)s  YO<T<t<T  (3.5)

T
. I ) @au) <Dslx. Molmay),  VO<T<T (36)

In the next step we are going to see, by compactness arguments, that
it is possible to pass to the limit in (P,) in order to get a weak solution of
problem (I).

From (3.4) we can suppose (up to extraction of a subsequence, if
necessary) that

u, —u weakly in L2(Qr) (3.7)

n
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On the other hand, (3.6) and (3.4) yields

T
| ] (@) <Dz, gl o) (3.8)

T VR
Multiplying the equation of (P,) by ¢,(u,) and integrating over £2, we have

d

Gl ) =] (), o,u)

= = V)2 = [ gau,) ool + | () g,
(2] o202 [e]
where

t
Valr) = ils) ds
0
Then, integrating over [0, 7] and using (3.4) we get

| Veuw)ir<c  wnen (39)
Qr

Now, fixed 0 <7< T, by (34), (3.8) and (3.9), we have that
{@,(u,): neN} is a relatively compact subset of L* (7, T[ x2) (3.10)

Since ¢, — ¢ uniformly on compact subsets of R, by (3.4), (3.7) and (3.10),
it is easy to see that

u,—»u in L}, T[xR2) forany O0<t<T
Consequently, up to extraction of a subsequence, we can obtain

U, — U ae. in Qr (3.11)

Next, we get by (3.9)
Vo, (u,) > ¥  weaklyin L*(Q,)
New, by (3.11) and the Dominate Convergence Theorem, we get

(pn(un)_’ (p(un) LZ(QT) (312)

As a consequence of (3.9) and (3.12), we obtain ¥ = Ve(u).
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From (3.9), (3.12) and Theorem 3.4.5 of Morrey (1966), it is easy to
see that

gnlu,) = glu)  in LX0, T: LX(0Q2))

We now prove that ue C([0, T]; L}(Q)). Given 0 <7< T, by (3.8) we
can suppose that

(@uun)), = (@(u)),  weakly in L¥(z, T; L¥Q))

From where it follows that ¢(u)e C(]0, T]; L'(£2)) and consequently
ue C(]0, T}; LY()). To get the continuity of u at 0 we need the following
result.

Lemma 3. Given ugy, dge L=(Q), let u and &t be limit of the smooth
solutions of the approximated problem

(u,); =A@, lu,) + flu,) in Qr=0x(0,T)
dp,(u,)

S =gt on Sy=0Qx(0,T) (P,)
(X, 0) = g, ,(X) in Q

and

(Ap) =4 (d,) + fuld,)  in Qr=0x(0,T)

. (Pgiyun)::gn(an) on ST: 080 x (0, T) (pn)
uAn(x) 0)=ﬁ0,n(x) in Q

respectively, where ¢, f, and g, satisfy (G\), (G,) and Gs, uy ,—u,,

fy, , = o in L'(Q2) bounded in L*(Q) independently on n and verify the

corresponding compatibility conditions. Then, there exists C>0 such that
() = () " || L1z <eT (ug—1do)* Ly VO<r<T

In particular we also have

el ) — @t Loy <eT g — ol g Yo<i<T
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Proof. Applying Lemma 2 we have that
[ =av+L] [ @am)=ona)* v

<[ Gn =t ) v+ [ [ [0alt) = puli)) " 149]
F (folttn) = £,(8,)) sign ™, ~ 4, ]
~ [T () = ) sign* (u, ) ¥
0 o8
By (G,), (G,) and (3.4) we get

“(p;t(un)”L“’(QT) <G, ()l Lo S Cc

Now, by (3.4) there exists Ry >0 such that ||u,[|z«q) < R, [8,] Loq) < Ro.
Then, taking L =c4(R,) we get for any te [0, T]

J, =)+ <My [ (oy=it0,) " + M5 [ [ (5=, * ds

where M;=M,(R,), i=1, 2. Hence, applying Gronwall Lemma and pass-
ing to the limit when » — o0 we obtain the desired conclusion with C=
C(Ry) forall 0 << T.

To finish the proof of the continuity of u at 0, firstly we assume
uge CY(Q). Then, in the construction of u,, we can suppose that
{IV@.(uo, »)|: ne N} is bounded in L*(R2). Multiplying the equation (P,) by
@,(u,),, We have

[ ) (@),
Q

:——-—f IV(Pn(un)Iz——f gn(u,,)( ff" )(¢n u,)), (3.13)
2 %2

Fn =] s ois)ds. Gyl = gs) gio) ds
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integrating (3.13) we obtain
[ ) @)+ 2] Vo
0YQ 2

~ 3] V@0 + | (Galtte, ) = Gl ) + [ (F(ut(1)) = Foftg, )
Q o «Q

From where it follows that {(¢,{(u,)),: ne N} is bounded in L Q). Then,
proceeding as in the proof of the continuity in ]0, T'], we conclude that
ue C([0, T]; L)) and u(0) = u,.

It remains to drop the condition u, smooth. If uye L*(£2), there exists
a sequence of smooth functions v, , such that v, ,—u, in L'(Q). The
corresponding v,, constructed as above, are continuous at 0, then as

(1) — wolly < llu(t) — v (Dlly + 08) =0, ull1 + Vg w—tolly  VI>0

by Lemma 3, we obtain the continuity of u at 0.
Finally, since u,, is a smooth solution of (P,), it clearly satisfies

‘[Q

(Vou(u0)- Vb= tnh = folt) $)+ [ g0 4

T T

= | to,u(x) 4(x, 0) dx
(2]

for any test function ¢. From here, passing to the limit when n — oo we
obtain that u is a weak solution of problem (I).

Uniqueness

Definition 3. Let Fe L*(Q7), Ge L®(S;) and v,e L*(2), we say
that » is a weak solution of problem

v,=de(v)+ F in Q,=02x(0,T)

S(¢, F, G, v,) —agg—f;’):c; on S,=02x(0,T)

v(x, 0) = vy(x) in



368 Andreu, Mazon, Simondon, and Toledo

if ve C([0, T], LN (2)) n L2(Q7), ¢(v)e L*0, T; H(R2)) and satisfies
[ Vo) Vo —vp—Fp)+ | Go=] velx) 4(x, 0) ax
Or Sy o]
for any function ¢ e L%(0, T; H{(Q)) n W10, T; LY(R2)) with §(T) =0.
In order to prove the uniqueness we need the following lemma.
Lemma 4. Let F,Fe L®(Qy), G, Ge L®(Sy), vy, Do L2(RQ) and ¢,

¢ satisfying (H,). If v and 0 are weak solutions of S(@, F, G, vy) and
S(¢, F, G, b,) respectively, then

| =)o) —a@)
Or

<[ P ] 01— o0

T

[ 6=6)[ (0w =po0+] (o=t | (0(0) i)

7

Proof. It is enough to take as test function

’?(Xa l) =

[T (@(o(x,5)— @(B(x,5)))ds, if 0<t<T
{O’ if =T

and the result follows.

Proof of Uniqueness. Suppose that » and 7 are two weak solutions of
problem (I) on Q, with the same initial datum u,e L®(Q). Let F,, £, G,,,
G, smooth functions, F,, £, bounded in L*(Q,) and G,, G, bounded in
L*(S;) uniformly in n, such that

F,-»fw), F,-f@&) in L%Q;) and
Gn—_)g(u)’ GAn_’g(ﬁ) in L2(ST)

Let ¢, satisfying (G;). Using again the same technique introduce in
Proposition 3 of Filo and de Mottoni (1992), we can find functions
Ug, n» o, o€ C*(2) bounded in L®(Q) uniformly in » satisfying the com-
patibility conditions
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o

_90llon) G 0)  on a0

on

oo (
(Pn(uo,n) - G"( , 0) on 00

on

and
Ug, n > U fo, n = g in LY{(Q)

By classical results {sce Theorem 7.4 of Ladyzenskaja et al, 1968), there
exist u, and 4, smooth solutions of the problem S(¢,, F,, G,, u, ,) and
S(@,, F,, G,, i, ,) respectively.

First, using the maximum principle, we prove that », are bounded in
L®(Qr) uniformly in #n Indeed, there exists C>0 such that
HFn||L°°(QT)<C’ ||Gn“L°°(sr)<C and  [l@,(ug o)l Loy < C. Consider
W e CHQ) satisfying

y>C in Q and —=Y on 092

Set &, =@, '(y +yt) where y is a positive constant. On the one hand, for
C large enough, we have by (G,)

Y S Y
(P’n((ﬂn—l(d/ + 1)) - ar([Wll Loy +yT)™

(én)t=

which implies
(un)t~A(pn(un)—Fn=0<(én)t—A¢n(én)_Fn in QT
for y large enough. On the other hand, we have

aqon(én)::a_l//> C a(pn(un)

>Cprninl Sr.
on oy on o

Consequently u, <&, < C(|Y| zoq), . T) on Q. Similarly a lower bound
for u, can be obtained.

Now, multiplying the equation by ¢,(u,) and integrating on Q. it is
easy to see that {|Vg,(u,)|: ne N} is bounded in LY Q7).

Using Lemma 4 for u,, the solution of S(¢,, F,, G,, 4y ,), and for 4,
the weak solution of S(¢, f(u), g(u), uy), we have

[ =) @ut) @) <a,,  with lim a,=0
Q

T n—
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Then, as

J,, (= () = o)

T

= [ (= (00, = @nfu)) + [ (1= ), 1) — p(0))
Qr QT

and {u,:neN} is bounded in L*(Q), we obtain

| =) platz) = () > 0
Or
By the monotonicity of ¢ we conclude, up to extraction of a subsequence,
that u,, converges almost everywhere to u. Consequently, ¢,(#,) — @(u) in
L*(Qy). Moreover, {|Vo,(u,)|:neN} is bounded in L* Q). Hence, by
Theorem 3.4.5 of Morrey (1966), it is easy to see that

@) = olu)  in LY0, T: L*2Q))

Similarly, we obtain the same for #,. Then, applying Lemma 2 and
passing to the limit we obtain

[ —aen*v+L] [ (g —p@)ty
2 0 Y

2
<['T (ot —ot@n 1ol + [ [ (s - i) sign "(u—i)
00 e
~['[ (gtw)— gta) sign* (u—a) y
0 Yo%

Proceeding as in the proof of Lemma 3 we conclude ¥ < a.e. on Q. Inter-
changing the role of » and # the proof of uniqueness is finished.

As a consequence of Lemma 3 and the uniqueness of weak solutions
we have the following L!-Contraction Principle, which will be useful in the
next section.

Proposition 4. Suppose ug, g€ L*(Q) and let u, it be weak solutions
of problem (1) on Qr with initial date u,, 1y, respectively. Let Ry be an
upper bound of |ugll L=y, |doll L=y, then there exists a constant C=
C(Ry) >0, such that

I (u(2) —a() " Il ey e’ H(u()_ﬁ0)+“L‘(Q)7 Viel0, T]
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and

lu(e) —d(0)l Lyqy < e flug— doll gy Vie [0, T]

4. EXISTENCE OF THE GLOBAL ATTRACTOR

By Theorem 1, we can define a semigroup (S(¢)),5, on L®(2) by
S(t) uy=u(-, t), where u is the unique global weak solution of problem (I)
with initial datum u,. In this section we establish the existence of a global
compact attractor for {S{r)),50 in this space (see Teman, 1988, for the
definition of attractor and related concepts). We start proving that the
operators S(¢) are uniformly compact for ¢ large.

Lemma 5. Given a bounded subset B of L=(Q2) and t,> 0 the set

U S(t)B

T
is relatively compact in L*(Q).

Proof. By (3.1) of Theorem 1, we have that

J S(s)B

20

is bounded in L*(Q). Now, as a consequence of the corollary of
Theorem 6.2 of DiBenedetto (1983), which is also true for the non-
degenerate case (see also Ladyzenskaja et al., 1968), we obtain that for any
to >0 the set

U S()B

121
is equicontinuous. Then, from Ascoli’s Theorem we conclude the proof.

Next we are going to prove the existence of a bounded absorbing set.
For this we proceed in two steps. Firstly, we see that the set of stationary
solutions of (I) is bounded in L*(). Then, to conclude, we use the fact
that the problem is gradient-like (ie, if S(z,)v—w in L®(Q), where
t,— co and ve L®(L2), then w is a stationary solution of (I)).

Lemma 6. Let S={weL®(Q):. S(t)w=w,Vt>0} be the set of the
stationary solutions. Then, there exists py>0 such that S < B(0, p,), where
B(0, po) is the ball in L*(Q) centered at O of radius p,.
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Proof. Let weS. Take w,e C3(2) such that w,—»w in LYQ), w,
bounded in L*() uniformly in » and satisfies the compatibility condition.
Let u, be the smooth solution of problem

(un)t:A¢n(un)+fn(un) in QT:QX(()’ T)
~ ) g, on Sy=0@x(0,T) (S4)
u,(x, 0) =w,(x) in

Then, if

PN = (@) =) T, Bpy=[ Y5V ds and

Fn(un) = cl(l//n(un)a + (0;1(7'0)“)

proceeding as in the proof of Proposition 2, we get

Ll oo+ [ 25 ([ nrre)

z ﬂs
<[] B30 1 B ) g (max {1, [ il o+ )
0 Q

Letting #n — oo in the last inequality, it follows that

2 l/q
(piall)z (L) l//(w)(p+l)q>

<OIp+ DT IFW 2y <max {1, fg Y(w)e+ l>/ﬂx}>

By

where W(r) = ((r) — @(ry)) ™ and F(w) = c,(y(w)* + @(ry)*). Consequently,

B,
L) Yw)PEV b, b (p + 1) | F(w)) i) <max {], L lﬁ(w)(l’Jrl)/ﬂx}) (4.1)
Take po =1 and define inductively the sequence

Pr+1 =B Pr
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As in the proof of Proposition 2, p, — 20 as k — 0. Taking p=f,p,—1 in
(4.1), we obtain

max {I,J n//(w)PkH}
2
ﬂx
<b2b Pk O (max {1, | pwn |} a2

If we define

Y = max {1, L, |//(w)”k}

(4.2) can be rewritten as follows

£

Yie+1 < Dab Pry 1F (W) 0y e (4.3)

New, using the fact that lim,_ . C(z, |uol zxqy, P) = C(p) in Proposi-
tion 1, there exists C;>1 (independent of ||w|l 1«) such that yo < C{.
Consequently, (4.3) yields

Vier1 S 0207 “F(W)“ir(g) Prst max{C{k”, Y@}
Therefore, applying Lemma 1
PP Clby, by |F(W) | iays Cis 8, B)

Now, by (H,) and Proposition 2.1, | F(w)] 1) < C(r). Then, taking £ — o
and proceeding as in the proof of Proposition 1, we conclude.

Lemma 7. The ball B(0,2p,) is an absorbing set in L=(2) for the
semigroup (S());so0-

Proof. Let first see that the problem is gradient-like. Given w & w(v},
ve L™(82), there exists 1, — co such that S(¢,) v—w in L®(Q). Fix 1>0.
Then

lo(S(1) w)— @(wW)ll 20y < l@(S(1) w) — @(S(1 +1,) v) ]| 120
+@(S(+t,) v) — @(S(2,) V)l 20
+@(S(2,) v) — (W)l 2y (4.4)
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By (3.3), there exists g(n), lim,, _, ., &(n) =0 such that

J, 100U+ 1) 0) = p(S(1,) V) < teln) (45)

Now

lp(S(1,) v) — @(W)| 122y = 0 (4.6)
On the other hand, since @ € C'(R) and by Proposition 4

lo(S(8) w) — @(S(1+1,) V)]l 20y < CUIS(8) w— S(£+ 1,) vl} ) 2
< C'([lw—S(t,) UHLI(.Q))I/2 (4.7)

From (44), (4.5), (4.6) and (4.7), @(S(t)w)=¢(w) and consequently
S(t)yw=w.

Suppose now that B(0, 2p,) is not an absorbing set. Then, there exists
a bounded subset B, of L*(£2), ¢, — oo and u, ,€ B, satisfying

S(t,) uo ntt B(0, 2p0),  W¥neN (4.8)

By Lemma 5, we can supposc (up to extraction of a subsequence, if
necessary) that

S(t,) o n—w  in LO(R) (4.9)

Now, there exists a constant k>0 such that —k<u,,<k ae in Q.
By Proposition 4, S(z,)(—k)<S(¢,)(up,,) <S(t,)(k) ae. in Q. Then, by
the previous step we can suppose (up to extraction of a subsequence,
if necessary) that S(¢,)(—k)—w; and S(¢,)k)—w,, where w;, w,€ 8.
Consequently w e B(0, p,), which is a contradiction with (4.8) and (4.9).

With all these ingredients, if we could define a dynamical system (see
Haraux, 1991) in L*(Q), the existence of a compact global attractor is well
known (see Teman, 1988). But since we only have the continuity of
u— S(t)u in L'-norm and the continuity at 0 of t — S(¢) u in the L'-norm,
this is not possible. Anyway, we can prove the existence of the attractor in
L*() as a consequence of the following lemma.

Lemma 8. Let Q be a bounded subset of RY and S(t): L®(R2)~—
L™(2) a semigroup satisfying S(t)e C([0, T], LY(R)), for all T>0 and

[15(2) ug— S(2) doll 1) <e’ o — doll L1y

VOSI<T,  uy, flge L¥(Q) (4.10)
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with C= C(R,) where Ry is an upper bound of |uell L=y, ol z=q). Assume
there exists an absorbing set B, in L®(82) for the semigroup (S(t)),s, and
>0 such that S(t): L*(Q2)— L®(Q2) is a compact operator. Then, there
exists a compact attractor o in L=(Q) for (S(1)),s 0.

Proof. We set
A =S(7) ByL®
Then, " is a compact absorbing set in L*(£2). Let
o =w(AH)={ve L?(R): 3t,— co and Ju, € A such that S(¢,) u, — v}

Let us see that o/ is attractive in L®(£2). Let B be a bounded subset of
L*(Q). Since A" is absorbing, there exists ¢(B) > 0 such that

S(t)yveX forall ¢=#B) and veB
Suppose that

sup dist(S(z) v, &) »0 as t—

veB
Then, there exist ¢, — oo, v, € B and ¢ >0 such that
dist(S(z,) v,, /) =¢e, VneN (4.11)

Since we can take ¢, > t(B), S(¢,)v,e A for all neN. Consequently, we
can assume that

Sit)v,—>w in L®(Q)

Therefore w e &/ which is a contradiction with (4.11).

Finally, let us see that </ is an invariant set, i.e., S(¢) &/ =&/ for all
t=20. If weS(1) o, there exists ve o/ such that w=S(¢)v. Since ve s,
there exist 7,— co and v,e " such that S(¢,)v,—v in L®(Q), conse-
quently S(z,) v, - v in L}(Q). Hence, by (4.10)

S(O(S(t,) v,) = S(Hyv=w in LY{()
Now, for n large enough, S{¢+1¢,)v,e X" So, we also have
S(t+t,)v,—ow in L*(Q)

Therefore, we /.
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Reciprocally, given we ./, there exist ¢, — oo and v, € 4 such that
Sit)v,-»w in  L*(Q)

Since & is a compact absorbing set, we can suppose that S(¢,—f) v, e A
and

S(t,—tv,—mved in L*(Q2)
for some v. From where it follows that
S(O(S(t,— ) v,) = S(1) v in LY(Q)

and we conclude that w=S(r) v and we S(¢) «/.
Finally, as a consequence of Proposition 4, Lemmas 5, 7 and 8, we can
state the main result of this section.

Theorem 2. The semigroup (S(1)),sq admits a compact global attractor
in L™(Q).
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