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We prove existence and uniqueness of weak solutions for a general degenerate elliptic-parabolic
problem with nonlinear dynamical boundary conditions. Particular instances of this problem appear
in various phenomena with changes of phase like the multiphase Stefan problem and in the weak
formulation of the mathematical model of the so called Hele—Shaw problem. Also, the problem with
nonhomogeneous Neumann boundary conditions is included.
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1. Introduction

The purpose of this paper is to establish the existence and uniqueness of a weak solution for a
degenerate elliptic-parabolic problem with nonlinear dynamical boundary condition of the form

7z —divalx, Du) = f, zey), inQr:=]0,T[xS,
P, s(f, g, z0, wo) w; +a(x, Du) -n=g, wepP), onSr:=]0,T[xd80,
720 =z0 In2, wO =wy inds,

whereT > 0, 2 is a bounded domain " with smooth boundarg2, zo € LY(£2), wo €
LY582), f € LY, T; LY (2)), g € L1(0, T; L1(8£2)) andy is the unit outward normal ofs2.
Herea: 2 xRN — RV is a Caratkodory function satisfying the classical Leray—Lions conditions.
The nonlinearitiey andg are maximal monotone graphst? (see, e.g.[121]) such that®y (0),
Dom(y) = R, and O 8(0). In particular,y andg may be multivalued. This allows one to include
the homogeneous Dirichlet boundary condition (takihtp be the monotone gragh= {0} x R),

in which case we consider, in fact, the following problem with static boundary conditions:

zr —diva(x, Du) = f, ze€y), inQr,
DP,(f,zo) u=0 onSy,
z(0) =z0 in$2;
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and the nonhomogeneous Neumann boundary condition (tgkitigybe the monotone grapl
defined byN(r) = 0 for all » € R), in which case we consider the problem

7z —diva(x, Du) = f, ze€y(u), inQr,
NPy (f, g, z0) a(x,Du)-n=g onSr,
z(0) =z ing2;

as well as many other nonlinear fluxes on the boundary that occur in mechanics and physics (see,
e.g., [28] or[20]). Note also that, singemay be multivalued, problems of ty@®, s(f, g, zo, wo)

appear in various phenomena with changes of phase like the multiphase Stefan prioblem ([26]) and
in the weak formulation of the mathematical model of the so called Hele—Shaw problern (see [27]
and [29]). Moreover, ify = N, we consider the following elliptic problem with nonlinear dynamical
boundary conditions:

—diva(x, Du) = f inQr,
BPg(f,g.wo) { wi+alx,Du)-n=g, wepwu), onSr,
w(0) =wp inads2.

The dynamical boundary conditions, although not too widely considered in the mathematical
literature, are very natural in many mathematical models including heat transfer in a solid in contact
with a moving fluid, thermoelasticity, diffusion phenomena, problems in fluid dynamics, etc. (see
[Q], [24], [30], [48] and the references therein). These dynamical boundary conditions also appear
in the study of the Stefan problem when the boundary material has large thermal conductivity
and sufficiently small thickness. Hence, the boundary material is regarded as the boundary of the
domain. For instance, this is the case if one considers an iron ball in which water and ice coexist.
For more details about these physical considerations one can see for instance [1]. They also appear
in the study of the Hele—Shaw problem. Recall that id [27] the authors give the weak formulation
of the problem in the form of a nonlinear degenerate parabolic problem, governed by the Laplace
operator and the multivalued Heaviside function, with static boundary conditions. From the physical
point of view they assume that the prescribed value of the flux on the boundary is known. But, in
some practical situations, it may not be possible to prescribe or to control the exact value of the
flux on the boundary. In_[47] (see also [49]), the authors consider the case of nonlocal dynamical
boundary conditions and use variational methods to solve the problem.

In the present paper, we cover the case of general nonlinear diffusion and local dynamical
boundary conditions. Notice that general nonlinear diffusion operators of Leray—Lions type,
different from the Laplacian, appear when one deals with non-Newtonian fluids (seé.le.n..[8], [42],
[43] and the references therein for the case of the Hele—Shaw problem with non-Newtonian fluids).
Another interesting application we have in mind concerns the filtration equation with dynamical
boundary conditions (see, e.d., [50]), which appears for example in the study of rainfall infiltration
through soil, when accumulation of water on the ground surfaces caused by saturation of the surface
layer is taken into account. Observe tigainay be such that R&g) is different fromR, so that we
cover the case where the boundary conditions are either dynamical or static with respect to the
values ofw in the problem under consideration. This is the situation where the saturation happens
only for values ofw in a subinterval oRR.

In contrast to the case of Dirichlet boundary conditions (probleR), ( £, zo)), which is well
known (seel[2],[4],[[16],[[18],[[22],139] and the references therein), to our knowledge there is little
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literature on problem#, s(f, g, zo, wo), and the results mostly concern particular nonlinearities
and the Laplace operator. For instance, the prodeR) (f, g, zo) is treated by Hulshof ir [33] in
the particular case whegeis a uniformly Lipschitz continuous functiop(r) = 1 forr e R, y €
Cl(R7),y’ > 0onR~ and lim-}—c0 ¥ (r) = 0 and for some particular functiorgs Kenmochi in
[40] considers the same problem in the case C(R) with Ran(y) a closed bounded interval. The
second author of the present paper studies the cases whethe Heaviside maximal monotone
graph and the case wheydr) = exp(r) in [34] and [36], respectively. In one space dimension,
much more literature exists (seée [17] ahd/ [51] and the references therein).

For elliptic-parabolic problems with dynamical boundary conditions, the cases in whéch
B are both linear are well known (see, e.@..I[32]./[301.I[31L]. [44], [3] and the references therein).
For the general nonlinear case, that is, wheand 8 are maximal monotone graphs, most of the
papers in the literature concern the Laplace operatonaadd g with rangeR (see [50], [1] and
the references therein). The problem becomes more complicated if one of the rangasdg
may not be equal t&®, and there are few relevant results in the literaturel._In [35] the case \ghere
is a continuous nondecreasing function (possibly depending andy is the Heaviside maximal
monotone graph, which corresponds to the Hele—Shaw problem, is studiéd. In [38], the authors
consider the homogeneous case, ife= 0 andg = 0, with y and 8 being maximal monotone
graphs everywhere defined.

Roughly speaking, in contrast to the Dirichlet boundary condition, for the honhomogeneous
Neumann boundary condition and/or dynamical boundary conditions, the problem is noncoercive,
and moreover, the conservation of mass exhibits a necessary condition for the existence of a solution
related to the ranges of the nonlinearitiesand 8 (see[()). Indeed, prescribing the valuexobn
some part of the lateral boundary, one can control the Sobolev norm of the solution in the interior
of £2 by the L? norm of the gradient irf2. This is not possible in the case of purely Neumann
boundary conditions or dynamical ones, and some substitute for this kind of argument has to
be found. In the case where the nonlinearities have ranges eqliabhtal assuming additional
assumptions orf andg one can obtaird.*°-estimates for the solutions (see, elg.) [33] and [38]). If
one of the ranges is not equalRgthe L*°-estimates are lost and the existence of solutions becomes
complicated.

Another main difficulty when dealing with doubly nonlinear parabolic problems is the
unigueness. For the Laplace operator, thanks to the linearity of the operator, the problem can be
solved by using suitable test functions with respect t@ee, e.g.,[[38]). For nonlinear operators
this kind of argument cannot be used. Inl[16], for an elliptic-parabolic problem with Dirichlet
boundary conditions, it is shown that the notion of integral solution! ([10]) is a very useful tool
to prove uniqueness (see al5o][37] for nonhomogeneous and time dependent Neumann boundary
conditions). For general nonlinearities, even for homogeneous Dirichlet boundary condition, the
guestion of uniqueness is more difficult and most of the arguments used in the literature are based
on doubling variable methods (see, elg.) [22]] [23]] [39]] [18], [5] and the references therein). In this
paper we show that applying the notion of integral solution simplifies the proof of uniqueness, which
is obtained without using doubling variable methods. Moreover with this technique uniqueness is
proved without any assumption on the jumps/adndg.

We also make use of nonlinear semigroup thearyi ([14], [52]). So we need to consider the elliptic
problem

—diva(x, Du) +y(u) 3¢ in$2,

(S50
¢ v a(x,Du) -n+pu)>¢¥  ondg.
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In [6], under rather general assumptions, existence of solutions and a contraction principle for
probIem(Sf;:i) are obtained. Using these results we prove the existence of mild solutions for
the associated Cauchy problem. In principle it is not clear how these mild solutions have to be
interpreted for problen®, s( f, g, zo, wo). Under some additional natural conditions (see Theorem
[3.3), we show that mild solutions are weak solutions of problBpy(f, g, zo, wo). To get
uniqueness, we show that weak solutions are integral solutions.

Let us briefly summarize the content of the paper. In Seflion 2 we fix the notation and give some
preliminaries; we also introduce the concept of weak solution for prolem\ f, g, zo, wo) and
state the existence and uniqueness result for weak solutia®s giff, g, zo, wo) and a contraction
principle satisfied by weak solutions. In Sectjign 3 we study the problem from the point of view of
nonlinear semigroup theory. In Sect{gnh 4 we prove the existence of weak solutions and in[Section 5
we obtain a contraction principle. Finally, in the appendix we give the proof of the characterization
of the closure of the domain of the operator associated to our problem.

2. Preliminaries and main result

In this section, after some preliminaries, we give the concept of weak solution for problem

P, s(f, g, zo, wo) and we state the existence and uniqueness result for this type of solution.
Throughout the papef? C R is a bounded domain with smooth boundasy, p > 1,y andg

are maximal monotone graphslit such that Dorty) = R, 0 € y(0)N 8(0), and the Cara#odory

functiona: 2 x RV — RY satisfies

(Hy) there exists. > 0 such thab(x, &) - &€ > A|€|? for a.e.x € £2 and for alle € RV,

(H2) there exist > 0 andp € LP'(£2) such thata(x, )| < o(o(x) + |€|P~ 1) fora.e.x € 2 and
forall & e RY, wherep’ = p/(p — 1),

(H3) (a(x,&) —a(x,n))- (¢ —n) >0fora.ex € 2 andforalls, n e RV, & # 1.

The hypotheseéH1)—(H3) are classical in the study of nonlinear operators in divergence form
(see, e.g./[46] o [11]). The model example of a functimatisfying these hypothesesais, £) =
|€|P~2¢. The corresponding operator is tpeLaplacian operaton , (u) = div(|Du|?~2Du).

We denote byA| the Lebesgue measure of a getc RV or its (N — 1)-Hausdorff measure.
For 1< g < 400, L9(2) and W14 (£2) denote respectively the standard Lebesgue and Sobolev

spaces, an(W&”’(Q) is the closure ofD>(£2) in WL4(2). Foru € W4(£2), we denote by or
tr (u) the trace ofu on 352 in the usual sense. Recall that (W14 (2)) = w¥4-4(3%) and
Ker(tr ) = Wy'(£2).
We introduce the sets
viaQ) = {qb € L*(£2):3M > Osuchthat[ |¢v| < M[vllyreq) Yo € W1~q(sz)}
2

and

Vi) = {1// e LY(3£2):3IM > 0 such that/ [Yvl < Mol e Yo € Wl’q(.Q)}.
082
v14(82) is a Banach space endowed with the norm

||¢||V1‘7(_Q) = |nf{M > O . / |¢U| g M”U”qu(g) VU (S Wl'q(Q)},
2
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andV14(3£) is a Banach space endowed with the norm

1 llyrae) = inf{M >0: [m [Yvl < M[vllyae) Yo € Wl’q(sz)}.
Observe that Sobolev embeddings and trace theorems implyfay & N,
L9(2) c LW/ WN=0) () c v1a()
and
LY (3Q) c LWN-DI/WN=0) 30y c vI9(502).

Also,
via@2)=LY2) and V932)=L%02) wheng >N,

L1(2) c vIN©@2) and L%7(02)c viN@R) foranyg > 1.
We say that is smooth(see [7] and([6]) when, for ang € L°°(£2) such that there exists a
bounded weak solutiom of the homogeneous Dirichlet problem
—divax, Du) =¢ in g2,

D
(D) u=~0 onos2,

there exists) e L1(8£2) such thau is also a weak solution of the Neumann problem

—diva(x, Du) =¢ in g2,

(N)
a(x,Du) -n=1¢ onas2.

Functionsa corresponding to linear operators with smooth coefficients ardaplacian type
operators are smooth (see[[20] and! [45]).[In [6], we prove @hiatsmooth if and only if for any
¢ € VIP(£2) there existay = T(¢) € V1P (3£2) such that the weak solutionof (D) is a weak
solution of(N). Moreover,

/Q (T(¢$1) — T(g2)) " < /9 (p1— )" forall g1, ¢p € VP (£2).

For a maximal monotone graphin R x R themain section?° of ¥ is defined by
the element of minimal absolute valuewfs) if 9 (s) # @,
99(s) := { 400 if[s, +00) N Dom(s) = @,
—o0 if (—o0, s] " Dom(¥) = 4.

We write 9_ := infRan(®) and 9, = supRand). If 0 € Dom(¥#), then jy(r) = for 90(s) ds
defines a convex l.s.c. function such thiat= 9j. If j5 is the Legendre transform gf then
91 = a7

In [13] the following relation fon:, v € L1(£2) is definedu « v if

/(u—kﬁg/(v—k)+ and /(u+k)*</(v+k)* for anyk > 0,
2 2 2 2

and the following facts are proved.
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PROPOSITION2.1 Let£2 be a bounded domain iR".

(i) If u,v e L1(£2) andu <« v, then|jull, < |lv]l, for anyq € [1, +0o0].
(i) If ve L), then{u € L1(2) : u « v} is a weakly compact subset bt (£2).

As said in the introduction, our aim is to study the existence and uniqueness of a weak solution
for problemP, g(f, g, zo, wo). The concept of weak solution we have in mind is the following.

DEFINITION 2.2 Given f € LY0,T;LY()), g € LY0,T;LY3)), z0 € L) and
wo € L1(8£2), a weak solutionof P, s(f, 8,20, wo) in [0,T] is a couple(z, w) such that
z € C(0,T]; LX), w € C([0,T]; LY(8£2)), z(0) = zo, w(0) = wo and there exists
u e LP0,T; Whr(£2)) such that € y (1) a.e. inQr, w € B(u) a.e. onSy and

d d .
S / (e 2 / w(E + / a(x, Du(r)) - DE = / FE + / g inD'(0.TD (1)
tJo dr Jye Q Q A

forany¢ € C1(92).

REMARK 2.3 Observe that takingg = 1 in the above definition, we get

/Qz(t)—l—/mw(t)=/;Zzo+/mwo+/ot(/;zf+fmg> vt € [0, T]. (2

Recall that in the casg = 0, for the Laplacian operator and the multivalued Heaviside
function (i.e., for the Hele-Shaw problem), existence and uniqueness of weak solutions for this
problem is known to hold only if

/on+/0t</9f+/mg>e]0,|9|[ foranyr € [0, T

(seel[34] or[[40])). For the maximal monotone graphandj, we set
Ry p=vel@l+BrloR2], Ry, =y |21+ p-1982].
- + : 1P +
We supposézy g < Ry P and we writeR,, g = ]RV L Ry ﬂ[.

The main results of this paper are the following contraction principle and the following existence
and uniqueness theorem.

THEOREM2.4 LetT > 0. Fori = 1,2, let f; € LY0, T; LY (2)), g € L0, T; L1(382)),
zio € LY(2) and wig € LY(3£2); let (z;, w;) be a weak solution in [O] of problem
Py g(fi. i» zio» wig), i = 1,2. Then

/ (22(t) — z2(0)F + / (wi(t) — wa)* < / (z10— 220" + f (w10 — wag)*
2 082 2 082

t t
+/ / (fi(r) — fo(r) T dr +/ / (g1(r) —g2(x)Tdr  (3)
0 Je 0 Jae

for almost every < 10, T1.
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THEOREM2.5 Assume Dorfy) = R, R;ﬁ < R)‘f’ﬂ, and DongB) = R or a smooth. Letl" > 0.

Let f € LP (0, T; L” (2)), g € LP (0, T; LP (3R2)), z0 € L? (£2) andwy € L (382) be such
that

Y- <20< VY4, B- < wo< By, (4)

[ o+ [ g < +oc. (5)
22 r

/on+/89wo+/ot(/9f+/89g>e72yﬁ vt € [0, T]. (6)

Then there exists a unique weak soluti@nw) of problemP, z(f, g, zo, wo) in [0, T1.

and

The uniqueness part of Theor¢m|2.5 follows from Thedrerh 2.4. To prove Thgorem 2.4 and the
existence part of Theorem 2.5 we shall use the theory of nonlinear semigroups (s€e.le.@.,/[10], [14]
or [25]). We will show the existence of a mild solution and we will prove that it is a weak solution of
problemP, s(f, g, z0, wo). To prove the contraction principle we will show that weak solutions are
integral solutions. To do this we need to rewrRgs( f, g, zo, wo) as an abstract Cauchy problem
and to use the results obtained[in [6] for the associated elliptic problem.

3. Mild solutions

First let us recall some basic facts for the elliptic probl(e?ﬁﬁ) given in [6], which will be crucial

for the proof of our main results. In 6] the following concept of solution for prob(@ﬁﬁ) is
introduced.

DEFINITION 3.1 Letp € L1(£2) andy € L1(3£2). A triple of functions |, z, w] € W17 (£2) x
L1(£2) x L1(3£2) is aweak solutiorof problem(S(’;:i) if z(x) € y(u(x)) a.e.in2, w(x) € Bu(x))

a.e. inds2, and
/a(x,Du)-Dv—f—/zv—}—/ wv:[ WU—}—/qu (7)
2 2 a0 30 2

forallv e L®(£2) N WkP(2).

Observe that its;fjg) has a weak solution, then necessagilgndy must satisfy

R, g/ 1/f+/¢<R+.
v.B 992 o v.B

Indeed, by taking = 1 as a test function if [7), we get

Joham= Loyl

Moreover the following existence and uniqueness results about weak solutions of problem
(S;fji) have been obtained inl[6].
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THEOREM3.2 (i) Letg € LY(2) andy e L1(32), and let |11, z1, w1] and [uz, z2, wy] be
weak solutions of problertﬂ(’;:i). Then there exists a constant R such that
up —up =c a.e.ins2,
71—22=0 a.e.ing,
wi—w2=0 a.e. inds.
Moreover, ifc # 0, there exists a constahte R such thaty = zo = k.
(i) For any weak solutiondy, z1, w1] of problem(S];fm), 1 € L1(2), y1 € L1(3£2), and any
weak solution §2, z2, wy] of problem(S;ffwz), ¢o € LY(2), Y2 € L1(3£2), we have

/ (c1— 22" + / (w1 — wa)* < / (W1 — Y2t + / (61— d2)*.
2 082 082 2

Theoreni 3.R(ii) is given i [6] in a different way. With the technique used in Seffion 5 we can
get exactly the above result.

THEOREM 3.3 Assume Dorfy) = R, and Donig) = R or a smooth. For any € V17(£2) and

v € VIP(3£2) with
f¢+/ ¥Ry, ®)
2 982

there exists a weak solution,[z, w] of problem(ngﬁ). Moreoverz € VIP(2), w € V1P(38)
and

/ a(x, Du)~Dv+/ zv—}—/ wv:/ 1//11—1—/ pv foranyv e WP ().
2 2 082 082 2

These results imply that the natural space to study prolflem( £, g, zo, wo) from the point of
view of nonlinear semigroup theory ¥ = L(£2) x L1(3£2) provided with the natural norm

IS O =11y + 18lL1pe)-
In this space we define the following operator

BYP = {((z, w), G, ®)) € X x X : Ju € WHP(R2) such that

i ; v.B
[u, z, w] is a weak solution Osz+z,w+w

h

in other words,(z, ) € BY#(z, w) if and only if there exists: € W17(£2) such thatz(x) €
y(u(x)) a.e.in2, w(x) € B(u(x)) a.e. ind$2, and

/a(x,Du)-Dv:/ 2v+/ W 9
2 2 982

for all v € L®(2) N WLP(£2), which allows us to rewrite problem®, s(f, g, zo, wo) as the
following abstract Cauchy problem ixi:

{ Vi@$)+ BYE (V) 3 (f,9), 1 €]0,TL (10)
V(0) = (z0, wo).

A direct consequence of Theorefns|3.2 gndl 3.3 is the following result.
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COROLLARY 3.4 The operato3”-? is T-accretive inX and, assuming Dofy) = R, and
Dom(B8) = R or a smooth, it satisfies the following range condition:

{(q), ¥) e VIP(2) x VP (3R) : / ¢ +/ VRS Ry,ﬁ} c Ranl + B"#).
2 a2

—— LY @)xLY00
Moreover, we can characteriZz&(B7:#) (@ )as follows.

THEOREM 3.5 Under the hypothesis Dam) = R, and Dongg) = R or a smooth, we have

L1(2)xL1(8%2)

D(Br-F) ={(z,w) € LY(2) x LY392) 1 y— <z < ys, fo <w < By

The proof of this theorem is quite technical and given in the Appendix.
The above results allow us to prove the following theorem concerning mild solutions.

THEOREM 3.6 LetT > 0. Under the hypothesis Dam) = R, and Don{8) = R ora smooth, for
anyzo € LY(2), wo € LY(02) and anyf € LY0, T; LY(2)), g € LY(0, T; L*(32)) satisfying
(@) and (%), there exists a unique mild solution[of|(10).

Proof. Forn € N, lete = T/n, and consider a subdivisiogg=0< 1 < - - <t,_1 < T =1,

Witht; —ti1 =€, ff,..., [ € LV (2), 85, ..., 85 € LY (32), w§ € L” (2), z§ € LP (32)
with

n t;

Z (If@) — f,'e”Ll(_Q) + llg() — g,'e”Ll(ag)) dr < e

i=171i-1
and
125 — zoll L1y + llwg — woll L2150 < €.
If we set
fey=f5 g m)=g fortrels_1,4],i=1...,n,
it follows that ,
/0 f@ — feOllLre) +118(1) — gDl L150)) df < €. (11)

By Theoreni 33 applied recursively, fotarge enough, there exists a weak solutiof ¢, w]
of
yWs) —edivalx, Duf) > eff +2¢_. (12)
ea(x, Dug) - n + Bus) > egf +wi_y,

fori =1,...,n. Thatis, there exists a unique soluti@f), w;) € X of the time discretized scheme
associated wit{ (10),

(5, w) +eBYP (5, wh) 3 e(fF, g) + (25, wE ) fori=1,...,n. (13)

Observe that to apply Theordm 3.3 we need to know {Hat (8) holds in every step. Indeed, for the
first step this is straightforward. For the other steps, we use the following argument. Far-each
1,...,n,we havef§, z5, wf] € WhP(2) x V1P (2) x V1P (3£2) and

1

E_

z 7€ wé — we
/a(x,Duf)~Dv+/ I—Hv+/ I—Hvzf ffv+/ giv (14)
2 2 € 982 € 2 082
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for allv € WP (£2). Therefore, taking = 1 in ), we have

/Zf—i—/ wf:e(/ ff—i—/ gf)—i—/ zf_l—i-/ wi_q. (15)
2 982 2 982 2 982
i
[=+] wf:ez(/ i+ [ g;)+/zg+/ wE,
2 a2 j=1 2 as2 2 482

and if we take: large enough, conditiof|(8) is always satisfied.
Therefore, if we defind, (1) = (z¢(t), we(¢)) by

72e(0) = z5,  we(0) = wy,
ze() =25, we@)=w; fortelt_1,4],i=1...,n,

It follows that

(16)

it is ane-approximate solution of problerp ({10).

Now by nonlinear semigroup theory (see[10].1[14].1[25]), on account of Cordllajy 3.4 and
Theorenj 3.p, probleni (10) has a unique mild solutitin) = (z(r), w(r)) € C([0, T1; X), z(t) =
LY(2)-limc_ o0z () andw(r) = L1(32)-lim_owe(r) uniformly for ¢ € [0, T7]. O

In principle, it is not clear how these mild solutions have to be interpreted for problem
P, g(f. g, z0, wo). We will see that under the hypothesis of Theo@ 2.5 they are weak solutions of
P, s(f, g, zo, wo), which proves the existence part of that theorem.

4. Existence of weak solutions

As said in the previous section, the existence part of Thepregm 2.5 is shown by proving that the mild
solution of problem(10) is a weak solution of probléi (£, g, zo, wo) whenever the assumptions
of Theorenj 2.p are fulfilled. Before giving the proof we need to prove some technical lemmas.

4.1 Preparatory lemmas

We shall use the following integration by parts lemma in the proof of the existence part and in
the proof of the contraction principle. We denote by-) the pairing betweegW 7 (£2)) and
wLlr ().

LEMMA 4.1 Let(z, w) € C([0, T]; LX(£2)) x L}(352)) andF € L' (0, T; (WLP(£2))") be such

that ; . ’
f / o / / Wty = / (F(), ¥ (1)) (17)
0 2 0 082 0

foranyy € wL1(0, T; Wl1(2) N L>®(£2)) N LP(0, T; WL-7(£2)) with ¢ (0) = ¢(T) = 0. Then

T z(t) 1.0 T w(t) 1.0
/ f( HC, (pY (s))ds)w,+/ / <f H, (87D (s))ds)wt
0 2 0 0 082 0

T
=/0 (F(0), HC, u()y (1) dr,
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foranyu e LP(0,T; WhP(2)) with z € y(u) a.e. inQr, w € B(u) a.e. inSr, for any
¥ e D(0, T[xRY), and for any Cara#odory functiond : £ x R — R such thatH (x, r)
is nondecreasing im, H(-,u) € LP(0,T; WLr(2)), [3 Hx, (v H%s)ds € LY(Qr) and
Jo H(x, (B7H%s)) ds € L1(S7).

Proof. The proof is similar to the one given in_[23] for Dirichlet boundary conditions. We give it
here for the sake of completeness.
Lety € D0, T[ x RY), ¥ > 0, and forH, = T1. H,t > 0, let
1 t+t
ne(t) = ;/ He (-, u(s)y(s) ds.
t

Thenn, can be used as a test function[in](17) and therefore

T T T
/ (F(0), (1)) di = / / 2o, + f f w0,
0 0 2 0 082

:/T/ Z(Z)Hr(wu(“rf))l/f(“”)_Hf("“(t))‘/’(t)
0 2

T

T . _ '
+/ / iy B 1DV D) = He a0y 0
0 082

T

T _ _
_ / / W=D =20y wyw o
0 2 T

T _7) —
+ / / MH:(JKU)WU)
0 Jae T

Now, since
He(,y7Y(r) a( /0 H. (-, (v " HOGs)) ds),
H.(-, 7)) a( /O Hy (., (ﬁ‘1)°<s>>ds>,
H (- ut) € H-(, v 1(z(t))) ae.ing,
Hy(,u(t)) € Ho (-, 1 (w(r))) a.e.oms,
we have

z(t—71)
(z(t — 1) —z("))H: (L u@)) < / He (-, (y Ho%s)ds  ae.ing,
z(1)
w(t—1)

(w(t — 1) — wt)) Hy (-, u(t)) g/ H. (-, (B7H%s)ds  a.e.ondg.

w(t)

Therefore

T T 1 z(t—1)
/ (F(1). 1e(1)) d < / / 1 / He (- (= H0(s)) ds (1)
0 0 J2 T Jzn

T 1 w(t—1) 1.0
+f / _/ He (-, (B7H0s)) ds (1)
0 Joa2 T Juw(@)
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z(1)
/ / He (-, (r~50(s)) ds —I/’( ot 40

w(t)
/ / f H, (-, (B~H0s)) ds I/f(f+f) I/f(t)

Lettingr — Ot we get

T
/O(F(t),H(-,u(t))Wt))dt

T z(t) 1.0 T w(t) 1.0
<f /(/ Hx, (r Y (s))ds)w,+f / </ Hex, (87Y (s))ds)x/ft.
0 2 0 0 a2 0

Taking nowij. (t) = % ["* H.(-,u(s — 1))y (s) ds, and arguing as above we get the other
inequality. |
To prove the existence of weak solutions we shall also use the following result.

LEMMA 4.2 Let{un},eny € WEP(R2), {znlnen C LY(82), {wnlnen € L1(3$2) be such that, for
everyn € N, z,, € y(u,) a.e. inf2 andw, € B(u,) a.e. ind§2. Suppose that

(i) if R; 5 = +00, there exists¥ > 0 such that

/z:{—i—/ wh <M VneN,
2 992

(ii) if R 4 < +oo, there existM € R andh > 0 such that

[zn—i—/ wn<M<R;‘ﬁ VYn eN
2 982 ’

and

R+
max{/ 1Znl, |wn|} —Vﬁ Vn € N.
(x€2: 20 (X)<—h) (€02 wp (x)<—h) 8

Then there exists a constafit= C (M) in case (i), andC = C(M, k) in case (ii), such that
lufllLr2y < CUDuf i) +1)  VneN.

In order to prove Lemmia 4.2, we use the following well known result (s€e [53]).
LEmMMA 4.3 (i) There exists a consta@it(s2, N, p) such that, for anyk C £2 with |K| > 0,

C($2,N, p)

K IDulre) + ) Ve WH@). (18)

lullLr o) <

(i) There exists a constaidt($2, N, p) such that, forany™ c 9£2 with |I"'| > 0,

C(2, N, p)

Fr (Pl + ) Yu e Wh(). (19)

lullLr (o) <
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Proof of Lemm2. Assume first thaR." ; = +oc. Theny ™ = 400 or B+ = +o0. Suppose
first thaty * = +oo. Then, by assumption, there exia#ts > 0 such that

fz,T<M Vn € N.
2

LetK, = {x € 2 : z;(x) < 2M/|£2|} for everyn € N. Then

2M 2M
0</ z;:/z;—/ <M= (2] = [Ka) o = (K .
Ky 2 2\K, [£2] |$2]

Therefore|K,| > |£2|/2, and

_1f2M
! 1ok, < [Kal*? supy 1<@>

Then, by Lemm@a 4]3, for all € N,

2 1/p 1 2M
luf llLec2) < C(2, N, P)((@) | Duyf |l o2y + SUpy ~ <ﬁ)>

If BT = 400, we similarly get, for alk € N,
N 5 2 \Yr o 1 2M
oy < C(2. N, —— D supBH — ),
lluy llLr(s2) ( p)((|39|> | Duy, llLr(2) + Supp (|39|>>

Whereé‘(Q, N, p) is givenin Lemm3.
Now assume thaR | , < +oo, and lets = R ; — M. Then, by assumption,

+
/an+/39wn<72y’ﬂ—8.

1)
/ w<ytie -2 (20)
o 2

Consequently, for everny € N,

or

2
Forn e N such that[(2D) holds, lek,, = {x € 2 : z,(x) < y* — §/(4/£2])}. Then, on the one

hand,
f / / o |Kall ¥ °
= _— < —_—— —_ —_— y
PR P P Tl

and, on the other hand,

1)
/ zn=—/ |zn|+f > — 2~ hiKy.
K, KpN{xeQ : zn<—h) KpN{xe : 20 >—h) 8

/ w, < BT1982| — é. (21)
082
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Therefore,
K| Rk ) +yt) > 8
" 22"V )7 E
HencelK,| > 0,h — §/(42]) + y* > 0 and

5/8
h—8/(42)+yt

|Kn| =

Consequently,

1)
+ < |K Vrsupy "yt — — ).
lu, lLr(k,) < 1Knl py v A0

Then, by Lemm@ 4]3,

h—38/@2D)+yT\Y? _ 8
Flliro) < C(2, N, Dul || » s oyt - — ).
Il @) < C( j2) 5/8 | Du,l || Lr(2) + Supy (v e

Similarly, forn € N such that[(2]L) holds, we gétr € 32 : w,(x) < B+ —8/(4]as2])}| > O,
h—35/(4082])+ s+ > 0and

. h—38/41082]) + pT\ Y7 1 8
ooy < C(2. N, Dut su f——,
I ey < € p)(( 578 1D ey +supp ™ A7 = 2o

whereC (2, N, p) is given in Lemma 4]3. O

4.2 Proof of the existence part of Theorpm|2.5

LetT > 0.Letf € LP (0, T; L” (£2)),g € LP (0, T; L” (382)), z0 € L? (22) andwg € L? (352)
satisfy [4)-(6). Le? (r) = (z(¢), w(r)) be the mild solution of problen (10) given by Theorem 3.6.
Our aim is to prove thatz, w) is a weak solution of problem, z(f, g, z0, wo).

Following the proof of the existence of the mild solution (Theofem 3.6);ferN, lete = T'/n,
and consider asubdivisiagp=0<1 <--- <t,_1 < T =t, witht; —t;,_1 =eandfy,..., f, €
L"(2), g1, ..., gn € LP (052) with

n t;

S| AFO = fil g+ 180 =gl o dr <.

=i LP (382)
Then
z2(t) = Ll(.Q)-EIiLnOz€ (1) uniformly for s € [0, T,
w(t) = Ll(af.Z)-eli_nj0 we(t)  uniformly fort € [0, T1, (22)
wherez. () andwe (¢) are given, fofe small enough, by
z2e(t) = z0, we(t) =wgo fort € ]—o0,0], (23)

ze(t) =z;, we@)=w; forrely_1,4],i=1...,n,
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[ui,zi, wi] € WLP(2) x VIrP(2) x V1P (32) being such that;(x) € y(u;(x)) a.e. ing2,
w; (x) € B(u;(x)) a.e.inds2 and

/.a(x,Dui)-Dv—i—/ ﬂ# w_/ﬁH/ av  (24)
2 2 € 902 € Q2 902

forallv e Whr ().
Takingv = u; as atest function irj (24), we get

Zi — Zi—1 w; — w;—1
f a(x, Du;) - Du; —l—f ! ! Uj +/ ;ui :/ fiu; +/ 8ilj. (25)
2 2 € 982 € 2 2

Sincez; (x) € y(u;(x)) a.e. in2 andw; (x) € B(u;(x)) a.e. ind$2, we have

ui(x) € y 1z (x) = 0j5(zi(x))  aeing,
ui(x) € B~ Hw;i(x)) = 8jg(wi(x)) aeinoasf.

Hence,
Zi—1(x) — zi (x)u; (x) ae.in £,

wi_1(x) —w; (x))u;(x) aeinodf.

JEGioa)) = 3@ (0) = (
Jwis(n)) — 3w () = (

VoWV

Therefore,

1 .* . 1 - . Zi — Zi-1 wi — Wwi—1
= | G =iy + = | Giw) — jpwi-) < | ——wi+ | ——u;,
€Jo € Ja Q € a2 €
and by [25), we get

1 T o 1 - e
/a(x,Dui)~Du,~+—f(1y<zl-)—1y<zl-_1>)+—/ (Jﬂ(w»—m(wi_l))g/ fl-ul-+/ gilt;.
2 €Jo € Jae Q 082
Then, integrating in time and adding in the last inequality, we obtain that

n ti
;/ /Qa(x, Du;) - Du; + /Q(j;(Zn) — Jjy(zo) + /Bg(j;(wn) — j3(wo))

ti—1
n t
<[ ([ [ e
i—1Yti-1 2 982

Consequently, if we sef.(t) = f;, gc(t) = g anduc(t) = u; fort € Jt;—1, 4], i = 1,...,n,it
follows that

T
| [ et pucn - Ducorar + | G - jgeon+ [ Gt - jjwon
0 2 2 982

T T
< / f Je@ue(t) +/ / 8e(Due(t). (26)
0 2 0 082
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Then, having in mind () and [$), we see that there exists a positive consfarstich that

T T
A/ / |Duc(t)|P dt </ / a(x, Duc(t)) - Duc(t) dt
0o Jo 0 Je

T T
< f jEeo) + / jfwo) + / / feuet) + / / g (D (1)
2 082 0 2 0 982

T T
<Ci+t fo 1@l oy e ) | L2y 0 + fo 18l gy e Ol Lrag) .

Therefore, using Young's inequality, for apy> 0 there exist€>(u1) > 0 such that

T T
L[ 1pecorrdr < cam 11 [ el + e 1) .
Hence, by the trace theorem, for amy> O there exist€3(x) > 0 such that
T T
fo /Q |Duc(t)]? di < C3(0) + i /O (lue ] gy + 1 Duc®f ) dr. (27)

By ), if R} ; = 400, there exist¥ > 0 andng € N such that
sup | zF(@) +/ wr(t) <M Vn > no,
ref0.711J 2 02

and ifR;ﬁ < 400, there existM € R, h > 0 andng € N such that, for alk > ng,

sp [z [ weny <M <R,
2

e0,71/2
and
RE,—M
sup max{/ |ze (1)1, |w6(t)|} <
+€[0.7] (xeQ 1 2e (N (x)<—h) (x€d 2 we (1) (x)<—h) 8
Consequently, from Lemnja 4.2, there exists a consfant 0 such that
luf @) lLr2) < CallDuf @) Lr )+ 1) forall ¢ [0, T]. (28)
Similarly, there exist€s > 0 such that
lug OllLr2y < Cs(llDu; () lLr2y +1) forallr € [0, T]. (29)

Consequently, fron{ (27)] (28) and {29), choosingmall enough, we deduce that there exists
Cs > 0 such that

T
/ / |Due()|” dt < Ce. (30)
0 2
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By (30), (28) and[(29){u.} is bounded inL”(0, T; W7 (£2)). So, there exists a subsequence,
denoted agaifu. }, such that

ue —u  weaklyinL?(0, T; WP (2)) ase — 0T, (31)
ue —u  weaklyinL?(S7) ase — 0%, (32)

Sinceze € y(ue) a.e. inQOr, we € Bue) a.e. onSr, ze — z in LY (Qr) andwe — w in
L1(S7), having in mind ),@2) and using a monotonicity argument we conclude thag (1)
a.e.inQr andw € B(u) a.e. onSy.

Since{Du.} is bounded in.” (Qr), by (Hz) the sequencga(x, Du.)|} is bounded irLP’(QT),
S0 we can assume that

a(x, Duc) — & weakly inL” (Q7) ase — O*. (33)

From [23), we have

/a(x,Due(t))-Der/ er/ we(t) —we(t —€)
@ 2 F¥e)

€ €

=/ fe(t)v—i-/ gev  (34)
2 082

for all v € WLr(£2). Then, giveny € WL, T; WL1(£2) N L®(2)) N LP(0, T; WP (2)),
¥(0) = ¥/(T) = 0, from [34), we get

T T _ _
f / a(x, Duc (1)) - DY + / / ) Z2 =0
0 JR 2 Jo €

T _ _ T r
+/‘ [ We(F) — we(t E)W(Z):/ / fé(l)lﬂ-f-/ / geMY. (35)
a2 Jo € 0 J 0 Jaw
Now,

T _ _
Iim// Mw(;)
e~0J0 Jo €
T—e€ _ T €
_ lim (_// ZE(t)lﬁ(tJre) w(t)+// ze(t)w(t)_// Zot/f(t))
e—>0 2Jo € 2JT—¢ € 2Jo €
T
=—/ /z(z)w,.
0 J2

Similarly,
. Twe(t)_we(t_e) r
hm/ / w):—f f W)Y,
e=>0J302 Jo € 0 Joge

Therefore, taking the limit i (35) as— 0, we obtain

/OT/Q@'DIW—/C;T/;?Z(I)%—/C)T/imw(l‘)lﬂz=/0T/;Zf(t)1p+/j/89g(t)¢, (36)
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Thus, to finish the proof of the existence, we only need to showdhat a(x, Du). To do that we
prove the following inequality:

limsup a(x, Du¢) - Du, < / ® - Du, (37)
e—~0 JOr or

and we apply Minty—Browder’s method. Indeed, if we assume fhat (37) holds, then for any
LP(O, T; WhP(2)),

| a0y D =) < [ atx Duoy- Dwe = ),
or or
so that, passing to the limit and usifg](37), we get

/a(x,Dp)-D<u—p></ ® . D(u— p).
or or

Then takingo = u + A& for A > 0 and¢ € L?(0, T; WP (£2)), we get
/ a(x, D(u + Ap)) - D& =/ @ - D,
or or
and by lettingh — 0, we obtain

/ a(x, D(u)) - D& = / @ . D¢ forany& e LP(0, T, wir(Qy),
or or

which implies thata(x, D(1)) = @ a.e. inQ.
Now, let us prove[(37). Thanks to (26) and Fatou’s lemma, we have

T
lim sup / / a(x, Duc(1)) - Duc(t)dr < — f (3 G(T)) — ji(z0)
0 2 2

e—0
T T
- [ Gpwan—jgwn+ [ [ gus [ [ a9
982 0 2 0 982

On the other hand] (B6) can be rewritten as
T T T
| [zows [ wow=[ o
0o Je o Jag 0
whereF is given by
Fa.van= [ o0 oy~ [ rove - [ awo.
2 o) 982

Then, by Lemm4 4]1 applied to the abafig H (x, r) = r andy:(t, x) = £(x)¢(1), £ € DRY),
£=1in$2,¢ € DO, T[), we get

d [ . d " .
_E/QJV(Z)— E/m Jjp(w) = (F,u) inD'(0, T[). (39)
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Therefore,
/ j;f(z)Jr/ j;(w) € Wl’l(]O, TD.
2 FYe;

So, integrating from 0 t@" in (39), we have
T
@ Du=— | (GF@T) = j*@o) — | (i) = j2
fo fg u /Q GE@T) — 7 z0) /mu,g(w( ) = Jwo))

+/0T/qu+/c;T/mgu.

Hence, usind (38) we obtaip (37). a

5. Contraction principle

Our main tool to prove the contraction principle is the concepitefyral solutiondue to Ph. Bnilan
(seel[10],[14]).

DEFINITION 5.1 AfunctionV = (z, w) € C([0, T]; X) is anintegral solutionof (10)in[o, T7if
for every(f, ) € B"#(z, w), we have

g/m_”g/ () — |
dr QZ ¢ dr PYe)

< /Q(f(t)—f)Sigrb(z(t)—é)Jr/{ @) = 7l

€82 :z(t)=z}

+f (g(t)—é)sigrb(w(t)—zi))+/ lg(t) — &I
982 {

X€082 :w(t)=w}

in D'(]0, T[), andV (0) = (zg, wo).

SinceB”-# is accretive inX, it is well known (see[[10],[[14]) that mild solutions and integral
solutions of problem[(J0) coincide and a contraction principle holds. We shall prove in Theorem
[6.3 that a weak solution @, s(f, g, zo, wo) in [0, T]is an integral solution of (10). Consequently,
since, in fact37-# is T-accretive inX, the contraction principleﬂ?,) givenin Theor2.4 follows.

In the proof of Theorerp 5|3, the main difficulties are due to the nonlinear and nonhomogeneous
boundary conditions and to the jumpsyofindg. In [18], to obtain the.-contraction principle for
a similar problem in the cage = {0} x R, and fory having a set of jumps without density points,
the authors give an improvement of the “hole filling” argument of [22] and use the doubling variable
technique. This technique can be adapted to our problem. Now, by nonlinear semigroup theory, we
are able to simplify the proof without using the doubling variable technique and without imposing
any condition on the jumps of andg.

LEMMA 5.2 Let (z, w) be a weak solution of problen®, z(f, g, z0, wo) in [0, T]. Let u €
LP(0, T; WAlvl’(.Q)) be such that € y(u) a.e. inQr andw € B(u) a.e. onSy as in Definition
2.4 Letz, f € L1(2) andii € WP (2) with 2 € y (@) a.e. in$2 be such that

/ a(x,Dﬁ)-Dwzf fo Yy e WyP(2)nL=(RQ). (40)
2 2
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Then, for anyy € D(2), ¥ > 0,
d . R .
d—/ lz(t) = 2l +f signy(u(t) — i)(alx, Du(t)) — a(x, Dir)) - Dy
rJo Q
< / (@) = f)signz(t) — 2y +f £ — fly
2 {xe2:z(n)=z}

in D'(]0, T).
Proof. In Lemmg4.1, take the functiof given by

(F@), () =f a(x, Du(t)) - Dy (1) —/ fOY(@) —/ gy (1)
2 2 982
forall v € W10, 7; wl1(2) N L°°(2)) N LP(0, T; WL-P(£2)) with ¢ (0) = ¥(T) = 0, and
1
H(x,r)= ETk(r — i (x) + kp(x)),

wherep € W17 (§2), =1 < p < 1. Then, for anyy € D(£2), v > 0, havingin mind), we have

d 0
» /Q ( / %Tk«y—l)(’(r)—mkp)dr)w

+f @a(x, Du(1)) — ax, Did)) - D(%Tk(u(t) a4 kp)l//)
2
~ 1 .
_ /Q (FO) = Tt — i+ k) inD'A0,TD.  (41)

Now, it is easy to see that

) HON ] ) MO 3 R
lim / STy ™H0(@) — i+ kp)) dr = / [signo((y ™H°(t) = &) + pX(r : (y-1)0(0)=iy] T
Z Z

k—
2(1)
= / [Signo(t — 2) + (p — SIGM(T — 2) Xjr : (p-1y0(r)=a) + SIGNH((¥ HO(T) — ) x(e=zy] de
z
z(t)
= [ [S|gno(1' — 2) + (,0 — S|grb(1' — 2)))({.[ : (y—l)O(r):ﬁ}] dr

z(t)
= |z(t) — 2| +ﬁ (o —Signy(T — 2 Xz - (y-1)0(x)=it}-
Z

Hence, taking limits in[(41) ak goes to 0, we get

d N 2(D) _ R
@ /Q (Iz(t) -zl +/2 (o — signy(t — z))x{t:(y_1)0<r)=ﬁ}>¢

+/ signy(u(t) — i)(a(x, Du(t)) — a(x, D)) - Dy
2
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< /9 (f(6) — PSigR () — 2) + Sigyu(t) — @) xpreq ooV

+ fg (F0) = F)(p — SIGED) — D)t -uiryoy ¥

and integrating between: < 10, T[, we get

z(1)
/Q () — 21y — /Q () — 21y + /Q / ST = D)o
t
+[ / signy(u(t) — i) (a(x, Du(t)) — a(x, Di)) - Dy
t 2
t
< / fg(f(r)—f)(sigrb(z(r)—2)+sigrb(u(r)—ﬁ)x{xeg;z(w:z})t/f
t
t
+.[ /Q(f(f) — o —signy(z(t) — ) Xxe@ :u@)=iy V-
t

Since in the last expression there are no space derivativesvaé can take, for eachfixed, p =
signy(z(r) — z). Then the second term in the above expression is positive and we have, for any
f,t€]0, TJ,

t
/|z<r)—2|w—f |z(f)—2|w+f f signy(u(z) — @)(@(x, Du(t)) — a(x, D)) - DY
2 2 t 22
t
< / /Q (F(2) = F)(Sigy(z(r) — 2) + Sigyu(®) — D)X e (erosy ¥
t

t
+ / /Q (F(2) = F)(Sig () — 2) — Sigy (1) — D) xpeeq uiorei Ve (42)
t

Let
p1(t) = / lz(t) = Z|V,
o)
P2(1) == — /Q Signy(u(r) — i) (a(x, Du(r)) — a(x, Di)) Dyr
+ /Q(f(f) — F)(signy(z(v) — 2) + sigry(u(r) — U)X re:2(0)0)=2N ¥
and

@3(t, 7)== /Q(f(f) — PH(Signy(z(t) — 2) — Signy(z(t) — D) Xixe2 :u(o) ()=o) ¥-

Then, taking in[(4Rf = r — h, h > 0, dividing by and letting go to 0, for any; € D(0, T[),
n = 0, we get
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T T _
- / o1(®)n () dt = — lim / (pl(t)w dr
0 h—0t+ Jo A

T _ _
— iim @1(t) — @1t h)n(t)dt
h—0* Jo h

T 1 t T 1 t
< lim </ — (/ ©2(1) dr)n(t) dr +/ - (/ o3(t, T) dr)n(t) dt>. (43)
h—0t\Jo h t—h 0 h t—h

Now, by the dominated convergence theorem,

. Y o tor n(t +h) — ()
h|l>n(1)+,/o E(/th ©2(T) dr)n(r) dr = _hlrg+/() (/0 @2(1) dr)T dr
T t T
_ / ( f wz(r)df)m(t) d = f o2(1) (1) .
0 0 0

On the other hand, far small enough,

Tq ¢ T q T+h
/ —(/ @3(t, r)dr>n(t) dt=/ —(/ @a(t, t)n(t)dt) dr.
o hA\Ji-n o h\J:

Now,

T 1 T+h
/O E(/ e3(t, T)n(t) dt) dr

T 1 T+h )
S /o E(f /Q |f(x) = flIsigny(z () — 2) — signy(z(z) — D) n(0) ¥ (x) dx dt) dr

T
< ||w||Loo(m||n||Loo<o,T>/O [/Q 1f(0) — fld
1 T+h ) _
X z f ||5|grb(z(t) -2)— Slgrb(z(r) — 2)||L00(_Q) dti| dr.

Moreover, for all Lebesgue points of té (0, T; L>(£2))-function signy(z(-) — z), and so for a.e.
7 €0, T[, we have

1 Tk A . A
h'l)n& E,/, Isigny(z (1) — 2) — signy(z(t) — 2)llL>(s2) dr = 0.

Consequently, since

. 1 T+h ) ) ) )
(/Q [f(r) = [l dX> n / lIsigny(z (1) — 2) — signy(z(t) — 2) [l Loo(2) dt

< 2/ 1f(0) - fldr,
22
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which is a function inL1(0, T'), by the dominated convergence theorem, we get

T 1 t T 1 T+h
lim / - (/ 3(t, T) dr)n(t) dr = lim / - </ e3(t, T)n(t) dt) dr =0.
=0t Jo h\J_n h—0otJo h\J;

Therefore, from[(413) we obtain
E/ |z(t) — Z|¢ +/ signy(u(r) — ) (@lx, Du(t) — a(x, Dir)) - Dyr
dt Jo Q
< /Q(f(t) — P)(sSigny(z (1) — 2) + Sigry(u(®) — @) xpreg 2()=2) ¥

in D' (J0, T]). O

THEOREMS5.3 Let (z, w) be a weak solution ofP, g(f, g, z0, wo) in [0, T]. Let (f, g) €
BBz, ). Then

df|<t>—A|+df () — |
a /.’ g ) 1w W

< / (f (@) — Py signyG() —2) + f @) = 7
2 {(xe:z2(1)=2}
+/ (5(t) — &) signy(w(?) —u>>+/ 8(t) — &
FY?, (x€d 2 w(t)=1d)

in D'(]0, T]), that is, sinc&z(0), w(0)) = (zo, wo), (z, w) is an integral solution oO) in [a].

Proof. Letu € LP(0, T; WP(£2)) be such that € y () a.e. inQr andw € B(u) a.e. onSy as
in Definition[2.2, and lefi € W17 (£2) be such tha € y (i) a.e. inf2 andi € y (ii) a.e. iNd$2 as
in the definition of87-A.

Thanks to Lemmp 5|2, for any € D(£2),0< ¢ < 1, we have

Ef |z(t)—2|1/f+/ signy(u(t) — w)(@lx, Du(t) — a(x, D)) - Dy
dr Jo 2

< /Q (F(0) — f)signy(e() — Dy + f{ O~ fly (44

xX€R:1z(1)=2}

in D'(]0, T[). Now, for the second term on the left hand side we have

/ signy(u(r) — ) (@lx, Du(r) — a(x, Dir)) - Dyr
2

= / signy(u(t) — u)(a(x, Du(t) — a(x, Da)) - D(y — 1)
Q

> /!imo/ @(x, Du(t)) — a(x, Di)) - D(%Tk(u(t) — i+ ko) — 1)), (45)
- 2
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wherep € WL7(£2), —1 < p < 1. Using again Lemnfa 4.1 we get

f (a(x, Du(t) — a(x, Dir)) - D<%Tk(u(t) — U+ ko) — 1))
2

d 201 .

d w1 R
v /m (/w TL(ETHO6) — i+ ko) ds)

~ 1
+/Q(f(t) - f);Tk(u(l) —i+kp)( — 1)

1
- / (8~ D Teu®) — i+ kp), (46)
082

which converges asgoes to 0 to

d R z(1) ) A
-5 /Q (|z(r> -2 - / (p—sngrb<s—z>>x{s;(y1>o(s)_m)<w—1>

d N w(t) _ )
t3 /89<|w(t) — 0| +[ (p — signy(s — w))X{Si(ﬂ‘l)O(s)=12}>

w

+ /Q (f @) — P)(SigR (D) — 2) + Signyu() — i) Xiree 20—z W — 1)
+ /Q (F () = Do — Sig(®) — 2) xpres atyoi ¥ — 1)
- /m(g(t) — 2)(signy(w(r) — W) + Sigry(u(r) — i) X(xeos2 : win)=i})

- /m(g(t) — &) (p — signy(w(t) — W) X(xea : u()=i)-

Therefore, taking into accouni (45) andl |(46) ip |(44), replaciig by v, such that
LY(£2)-lim, ¥, = 1, and taking limits as goes to+oco we obtain

d o d R w(t) . .
3 /Q l2() = 21+ 4 /8 . (|w(r> — B+ / (p—Slgrms—w))x{s;(ﬂ1)o(s>:ﬁ})

w

< /ﬂ (f (@) — P signyG() —2) + /{ (@) = ]I

xef2:z(r)=z}

+ /8 Q(g(t) — 8)(signy(w(r) — ) + Sigry(u(r) — i) X(xeos2 : win)=i})

+ /m(g(f) — &) (p — signy(w(t) — W) X(xea : u(t)=i)-

Finally, by a similar argument to the one used in Lenima 5.2, we finish the proof. O

REMARK 5.4 It is easy to see that Theor2.5 also holds for dajawg) € V%1P(2) x
vir(aR)and(f, g) € LP'(0,T; VEP(2)) x LP (0, T; V1P (352)) satisfying conditiong (4)F6),
in particular, if p > N, for (zo, wo) € LY(2) x L1(32) and (f,g) € L0, T; LY(2)) x
LY(0, T; LY(352)) satisfying [$)-(B).
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6. Appendix
This appendix is devoted to the proof of Theofenj 3.5. For that we need some lemmas.

LEMMA 6.1 Assumey, B8 : R — R are strictly increasing functions with Rgn = Rang) = R.
Letgp € L®°(2) andy € L®°(9£2). Then, if [u, z, w] is a weak solution of problems(’;:ﬁ), we
have

inf{y~1(inf ¢), A~1(Inf y)} < u < max(y ~L(supg). B (supy)}.

Proof. By Theorenj 3.R(ii), if
a = inf{y~Xinf¢), B7H(infy)}, b :=maxy t(sups), B~ (supy)},

we have
/ (v(@) —2)* +/ B@) —w)t < / (v (@) — ¢)" +/ Bla) — )",
2 082 2 082
f = yo)* +f (w — BB < f @ —yO)* +f (W — B,
2 082 2 9082
and hence the result follows. O

Now, form,n,r,l € N, let
1 1 1 1 1
Y s) = mils) + SIsIP s+ st — ZsT, B(s) = Br(s) + —sT — =57,
l m n m n

wherey; andg, are the Yosida approximations pfandg respectively. Then, by the above lemma,

if [u" zf}l’", wff,’"] is a weak solution ofS(’;”w' P ) for ¢ € L>®(£2) andy € L*®(3£2), then

rl >
inf{(y;") " tinf ¢), (B THinf v} < ul < supl(y™) T (supe). (B (supy)}.
Since
F—.— m,n 1 1 -
Y™ (s) = (liminf ") (s) = y(s) + st — s,
[—+o00 m n
. 1 1 _
B (s) := (liminf B™")(s) = B(s) + —sT — =57,
r—>+00 m n
the next lemma follows.

LEMMA 6.2 Assume limlim, «;" = u™" a.e. in§2 or lim, u;;" = u™" a.e. inQ2. Let¢ €

rl

L*®(2) andy € L*°(0£2). Then

inf{inf ("™ ~L(inf ¢), inf (B™™) " L(inf y)} < u™"
< supisup(y™") " (supg), sup(8"™") " (supy)}.

Letn(m) be a subsequence M Since

liminf ™" =5 liminf g"™"™ = g,
m—0o0

m—0oQ

the following result holds.
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LEMMA 6.3 Assume lim_oc u™""™ =y a.e.inf2. If ag < ¢ < ay andbg < ¥ < b1, Where

e y_<ap<0ify_ <0and 0K aoif y— =0,
e O<ay <yiifyr >0anda; <0ifyy =0,
e B_<byg<0if B_ <0and 0L bgif B— =0,
° O<b1<ﬂ+if,3+>Oandb1<0if,3+=0,

then
inf{Ao, Bo} < u < SUA1, B1},
whereAg = infy L(ag) if - < 0,Ag = 0if y_ = 0, Bo = inf g~ L(bo) if B_ < 0, Bg = O if

B— =0,A1 =supy ay) if y. > 0,A1 =0if y; =0, By = supf~L(by) if B+ > 0andB; =0
if B =0.

Proof of Theorerf 3]5 It is obvious that

—— 1Y (2)xL13£)
D(B7-F) * Cl{z,w) e LX) x LY32) 1 y— <z < y4, B— < w < Byl

To obtain the other inclusion, it is enough to takew) € L°°(£2) x L*(3£2) withap < z < a1
andbg < w < b1, where the constants, b;, i = 0, 1, satisfy

y_ <ag<0ify_ <0andagy=0if y_ =0,
O<ag <yqifyy >0anda; =0if yL =0,
B— <bp<0if B_ <0andby=0if B_ =0,
0<by <B4if By >0andby =0if B =0,

—X
and to prove thatz, w) € D(BY-#) .
Given(z, w) € L*®(£2) x L*®(0£2) with ag < z < a; andbg < w < b1, we set

(zn, wy) = <I + %B””S>_l(z, w), neN.
Let us see that there exists a subsequence, detwted, ) again, such that
(Zn> wn) = (zow)  in LY2) x L1(0%2),
which implies that(z, w) € WX.
Since((zy, wn), n(z — zn, w — wy)) € BV, there exisit, € WP (2) such thatf,, z,, w,]is

a weak solution of problemsgn’fn(Z_Z")’wﬁn(w_wn)). Hencegz, (x) € y (u,(x)) a.e. in2, w,(x) €
B(u,(x)) a.e.inds2 and

}/ a(X,DMn)'D¢+/ Zn¢+/ wn¢:/ Z¢>+/ weo (47)
nJo 2 202 2 202

forall ¢ € Whr ().
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Note that ifa, (x, &) ;= %a(x, &), then ,, z,, wy,] is a weak solution of the problem

—diva,(x, Du) + y(u) 3z in$2,

(a, ST {
a,(x,Du) -n+pu)>w onos2,

and by uniqueness, we can assume thatg,, w,] is the weak solution of problerg, SZ’f) given
in Theoren{ 3.B. This construction is done as follows (§ée [6]). Firstly, we find a weak solution

mk om.k i
[, @, )i *] of a,87 ) in case Domg) = R, and fu,)"", @), (w71

mk om.k
of (g, S;/fw b ) in caseais smooth. If Dongg) = R, taking limits as- goes to+-co, we have

lim ) = @)™ in LY),
r

lim (z,)"* = (z,)™kF  weakly inL1(£2),
lim (w,)™k = (w,)™*  weakly inL1(3£2),

mk gm.k . X . Lo
[n)™*, (z2)™k, (w,)™K] being a weak solution ofs?,, " "); in casea is smooth, taking limits
asl goes to+oo we get
lim )y’ = @)™ in L),
lim @) = @t weakly inLi(£2),

lim w5 = ()" weaklyinL*(82),

m,k m,k m,k . . ym’k.ﬁ;"’k
[un)r", (za)r", (wy)r "] being a weak solution ofS: ,,

+00, we obtain

), and taking limits as- goes to

lim ()" = @)™ in LY($2),
n
lim (z,)™* = (z,)™*  weakly inL(£2),
r
lim (w,)™* = (w,)™*  weakly in L%(32),
r
m,k gm.k )
[n)™K, (zp)™K, (w,)™*] being a weak solution afs? ,, #" ). Moreover, in the case afsmooth,
(W)™ < w — a,(x, D@@)™") -,

[(Gin)™k, (5,)"™ k] being a weak solution of

—div a, (x, (@)™ ") + y (@)™ + %((ﬁu""")* - %((ﬁn)'"*kr 5z ing,
(G)"™* =0 onos.
Finally, passing to the limit im: for a suitable subsequen@g(m)} in N, we have
im ()™ =, in LY($),
m—00

m'iﬂlo(z”)m’k(m) =z, inLY(f), (48)
lim (w,)™ "™ =w, inLY9%0).
m—0Q
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If ais smooth,
,Ji;nw<ﬁ,l)"l’k<m> =i, in L1(£2),
lim (2,)" 5 =z, in L1(2),

lim a, (x, D@i,)"*"™) - =a,(x, Di,) -0 in LY@9),
m— 00
[i,, z,] being a weak solution of

—div a,(x, Di,) + y(i,) >z In $2,
i, =0 onas.

Moreover (se€]6]),

211 <Lz, (49)
w, € w — a,(x, Diiy) - n, (50)
and
/ @ (x, Dily) - 1| </ 2= 2. (51)
082 22

Observe that, by Lemmas 6[14642,,} is uniformly bounded inL>(£2); similarly, {#,} is
uniformly bounded inL.>°(£2). Therefore, since Doty) = R, {z,} and{z,} are uniformly bounded
in L°°(£2), so there exists a subsequence (not relabelled) such,thadz, are weakly convergent
in L1(£2). Also, in the case DoliB) = R, there exists a subsequence (not relabelled) suchuhat
is weakly convergent i1 (9£2).

We now claim that

n—oo

lim /zn¢=/ z¢ foreverygp € D($2). (52)
Q Q

Taking¢ = u, in (@7), sincez, (x) € y(un(x)) a.e.inf2, w,(x) € B(u,(x)) a.e. inds2, and
{u,} is bounded in.>°(£2), we get

/a(x,Du,,)~Dun<n</ zu,,+/ wun> <nC.
Q Q 082

Now, using (H) and (H), we have

AP AV
(/ |a(x,Dun)|1’> <0<f (Q(x)+|DMn|p_l)p>
2 2
%4 1/p’
<a((/ Q(x)”) +</ |Dun|P> )
Q Q
AP 1 1/p’
< 0((/ Q(X)P> + (—/ a(x, Duy) - Du,,) )
17, rJo

1/p
< U||Q||Lp’(g) + U(X”) .
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Consequently,

\Yr , 1/p’
> < ||Q||Lp(9) +U<C/)»> . (53)

n nr'-1

—a(x, Duy)
n

(L

On the other hand, taking € D(£2) in (47) we have

1

—/ a(x,Dun)-D¢+/ zn¢=/ z¢.

nJjge 2 2
By (53), we get[(5R). Consequently,

m — z  weaklyinLY(0). (54)

Having in mind [[54) and (§3), it follows fron (47) that

f wn¢—>/ we¢ foranye e wlP(2)n L® (). (55)
a0 302

Therefore, in the case Dai) = R, by (53) we find that
w, = w weakly inL(32).

Similarly, , — z weakly in L1(£2), hence by[(49);, — z in L1(£2). Therefore, in the case af
smooth, from[(5D)](51) and a similar argument, we infer that

w, = w  weakly inL(3£2).
Observe that for ang > 0 andc > 0, we also have
@ =b"=z>e-0" W—-0" =w>w-ot
Now, if ¢ ¢ Ran(B), then [, 5 (w, — ¢)* < 0, thereforef, , (w — )" < f;, we <0, and so
we=(w—c)".

On the other hand, if € Ran(B), there exista: > 0 such that € B(a); takingb € y(a), since
[a, b, c] is an entropy solution of problerty, S};:f), we have

/(zn —b)++f (o — ) </(z—b)++/ (w — o)t (56)
22 082 2 082

Taking limits in [56), we get

/(z—b)++/ (w—c)+<be+/ wc</(z—b)++/ (W — o),
22 082 22 082 2 082

hence again
we = (w—oc)7.
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Consequently, for any > 0,
(wy —o)t = (w—0c)t  weakly inL1(3). (57)
Working similarly, we also get
(wp +0)" = (w+c)~ weakly inL1(3). (58)
By (57) and[(5B), proceeding as in the proof(of|[13, Proposition 2.11], we conclude that
w, —> w in LY9£).

Forb > 0, we have
(-0t =z > -

Now, if b ¢ Ran(y), thatfg(z —-bht < fg 2, < 0, hencez, = (z — b)*. On the other hand, if
b € Ran(y), then there exists > 0 such thab € y(a). If a € Dom(B), takingc € (a), we obtain

/(Zn_b)++/ (wy — ) S/(z—b)++/ (w—ot. (59)
2 082 2 082

And if a ¢ Dom(B) (so assuming is smooth), we také™ = b+ -a, which belongs tg"* (a)
and satisfies
lim 5™ =b.

m—0oQ0

m, m,k
Now, since [u,)™*, (z))™F, (w,)"*] is a weak solution ofSZwk’ﬁ* ), we have
|t —omt s [ ko = prtant < [ @oomte |- gt
2 00 2 a2
Then, lettingr go to+o0 and having in mind that Iimﬂ;”’k(a) = 400, We get

/ (z)™F —b™)T < / (z—b™T. (60)
22 2

Take the subsequenégm) used in [(4B). Then, taking limits when goes to+oo in (60) with

k = k(m), we get
f (zn—b)7T < / z-bt. (61)
2 2

Now, lettingn go to+o0 in (59) and|[(6]L), we have

fsz(z—bﬁ,
2 2

and therefore, = (z — b)*. Hence, for any > 0,
(zn —b)T = (z—b)*  weaklyinL1(£2).

Similarly, we can get
(zn+b)” = (z+b)~ weaklyinL1(£2).

From these convergences we deduce that z in L1(£2), and the proof is complete. O
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