Available online at www.sciencedirect.com
JOURNAL

ScienceDirect MATHEMATIQUES

PURES ET APPLIQUEES

" o
ELSEVIER J. Math. Pures Appl. 90 (2008) 201-227

www.elsevier.com/locate/matpur

A nonlocal p-Laplacian evolution equation
with Neumann boundary conditions

F. Andreu®*, J.M. Mazén?, J.D. Rossi ©¢, J. Toledo®

& Departament de Matematica Aplicada, Universitat de Valéncia, Valencia, Spain
b Departament d’Analisi Matematica, Universitat de Valéncia, Valencia, Spain
¢ IMDEA Matematicas, C-IX, Universitat Autonoma, Campus Cantoblanco, Madrid, Spain
d Departamento de Matemdtica, FCEyN UBA (1428), Buenos Aires, Argentina

Received 10 May 2007
Available online 23 April 2008

Abstract

In this paper we study the nonlocal p-Laplacian type diffusion equation,

ur(t, x) =/J(x —y)|u(t,y) —u(t,x)|p_2(u(t,y) —u(t,x))dy.
2

If p > 1, this is the nonlocal analogous problem to the well-known local p-Laplacian evolution equation u; = div(|Vu|? _ZVu)
with homogeneous Neumann boundary conditions. We prove existence and uniqueness of a strong solution, and if the kernel
J is rescaled in an appropriate way, we show that the solutions to the corresponding nonlocal problems converge strongly in
L°°(0, T; LP(£2)) to the solution of the p-Laplacian with homogeneous Neumann boundary conditions. The extreme case p = 1,
that is, the nonlocal analogous to the total variation flow, is also analyzed. Finally, we study the asymptotic behavior of the solutions
as ¢ goes to infinity, showing the convergence to the mean value of the initial condition.

© 2008 Elsevier Masson SAS. All rights reserved.

Résumé

Dans cet article, on étudie 1’équation de diffusion non locale de type p-laplacien

ur(t,x) = / T = y|utt, y) — ult, )| (e, y) — ut, ) dy.
2

Si p > 1, elle constitue le probleme non local associé a I’équation d’évolution avec 1’opérateur p-laplacien local
u; = div(|Vul? ~2Vu) et avec des conditions aux limites de type Neumann homogene. On montre I’existence et 1’unicité de
la solution forte, et moyennant un changement d’échelle approprié sur le noyau J, on montre que la solution du probleme non local
converge fortement dans L°(0, T; L (£2)) vers la solution du probléme local avec des conditions aux limites de type Neumann
homogene. On analyse aussi le cas limite p = 1 qui correspond a 1’équation non locale correspondant au probléme de calcul de
variation totale. Finalement, on étudie le comportement asymptotique de la solution lorsque t — oo, et on montre que la solution
converge vers la moyenne de la donnée initiale.
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1. Introduction and presentation of results

Our main goal in this paper is to study the following nonlocal nonlinear diffusion problem, which we call the
nonlocal p-Laplacian problem (with homogeneous Neumann boundary conditions),

u,a,x)=/J(x—y>|u(r,y)—u(r,x>|”‘2(u(r,y)—u(r,x>)dy,
Q
u(x,0) =up(x).

P}l (uo)

Here J :RY — R is a nonnegative continuous radial function with compact support, J(0) > 0 and fRN J(x)dx =1
(this last condition is not necessary to prove our results, it is imposed to simplify the exposition), 1 < p < +o00 and
2 c RY is a bounded domain.

Nonlocal evolution equations of the form:

ur(t,x)=J xu—u(t,x)= / J(x — y)(u(t, y) — u(t,x)) dy, (1.1)
RN
and variations of it, have been recently widely used to model diffusion processes, see [7-9,15-17,19,22,23,26,28]
and [31]. Moreover, nonlocal problems of type P[{ (u0) have been used recently in the study of deblurring and denois-
ing of images (see [24]).

As stated in [22], if u(f, x) is thought of as the density of a single population at the point x at time ¢, and
J(x — y) is thought of as the probability distribution of jumping from location y to location x, then the convolution
(J *xu)(t,x)= fRN J(y —x)u(t,y)dy is the rate at which individuals are arriving to position x from all other places
and —u(t,x) = — fRN J(y — x)u(t, x)dy is the rate at which they are leaving location x to travel to all other sites.
This consideration, in the absence of external or internal sources, leads immediately to the fact that the density u
satisfies Eq. (1.1).

Eq. (1.1) is called a nonlocal diffusion equation since the diffusion of the density u at a point x and time ¢ does
not only depend on u(¢, x), but on all the values of u in a neighborhood of x through the convolution term J * u. This
equation shares many properties with the classical heat equation, u; = Au, such as bounded stationary solutions are
constant, a maximum principle holds for both of them and perturbations propagate with infinite speed [22]. However,
there is no regularizing effect in general (see [16]).

When dealing with local evolution equations, two models of nonlinear diffusion has been extensively studied in
the literature, the porous medium equation, u; = Au™, and the p-Laplacian evolution, u; = div(qulP_2Vu). In the
first case (for the porous medium equation) a nonlocal analogous equation was studied in [7] (see also [18]). Our
main objective in this paper is to study the nonlocal equation P/, that is, the nonlocal analogous to the p-Laplacian
evolution.

Concerning boundary conditions for nonlocal problems, if, instead of (1.1), we look at

ur(t, x) = / J(x = y)(u(t, y) —u(t, x))dy,
2

the right-hand side takes into account the diffusion inside the domain 2. In fact, as we have explained, the integral
f J(x — y)(u(t,y) —u(t, x))dy takes into account the individuals arriving or leaving position x from or to other
places. Since we are integrating in §2, we are imposing that diffusion takes place only in 2. There is no flux of
individuals across the boundary. This is the analogous of what is called homogeneous Neumann boundary conditions
in the literature. In this sense, problem PPJ (1) has to be seen as a problem with homogeneous Neumann boundary

condition. For p = 2, in [20] (see also [19]) it is proved that solutions to the linear problem PZJ (ug) converge to the
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solution of the classical heat equation with Neumann boundary conditions when the convolution kernel J is rescaled
in a suitable way. We will see in Section 3 that solutions to problem P[{ (ug) converge to the solution of the classical
p-Laplacian if p > 1, and to the total variation flow when p = 1 with Neumann boundary conditions when the
convolution kernel J is also rescaled in a suitable way. Note that for p # 2 the problem is nonlinear and hence the
proofs of these convergences are different from the ones that cover the case p = 2.

First, let us state the precise definition of solution. Solutions to PI{ (uo) will be understood in the following sense:

Definition 1.1. Let 1 < p < +00. A solution of P[{ (up) in [0, T'] is a function
ueC(l0,T1; LY (2)) nwhi(10, T[; L' (2))

which satisfies u (0, x) = ug(x) a.e. x € £2, and

u,(t,x)=/J(x—y)|u(y,t)—u(x,t)’p_z(u(y,t)—u(x,t))dy aein]0, T[ x £2.
2

Let us note that, with this definition of solution, the evolution problem Pp] (up) is the gradient flow associated to
the functional

1
Iy =5 f/ J(x = y)|u@y) —ux)|” dydx,
p.QQ

which is the nonlocal analogous to the energy functional associated to the p-Laplacian:

1
Fp(u) = ;/|Vu(y)|pdy.
2

Our first result shows existence and uniqueness of a global solution for this problem. Moreover, a contraction
principle holds.

Theorem 1.2. Assume p > 1 and let ug € LP(82). Then, there exists a unique solution to P; (ug) in the sense of
Definition 1.1.
Moreover, if ujg € L' (£2),i =1,2, and u; is a solution in [0, T] of PI{ (uig). Then

/(m(t) —Mz(t))Jr < /(ulo —u20)"  foreveryt €10, Tl.
2 2
Ifuige LP(£2),i=1,2, then

i (2) — ua(t) ||Lp(_(2) < luro —uzollLr2y foreveryt €10, TI.

Let us now deal with existence and uniqueness for the extreme case p = 1. We have that the formal evolution
problem

u(t,y) —u(t,x)

ut(t,x)zb/*](x_y)m

is the gradient flow associated to the functional

1
=3 // 7Gx = )|u(y) — ()| dydx,
2202

which is the nonlocal analogous to the energy functional associated to the total variation,

F1<u>=/|w<y)|dy.
2

For p =1 we give the following definition of what we understand as a solution.
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Definition 1.3. A solution of Plj (ug) in [0, T'] is a function:
ueC([0, 71 LY () n w1 (10, T[; L' (2))

which satisfies u (0, x) = ug(x) a.e. x € §2, and

ut(t,X)=/J(x—y)g(t,x,y)dy a.ein 0, T[ x £2,
2
for some g € L*°(0, T; L°°(£2 x §2)) with ||g|lco < 1 such that g(¢, x, y) = —g(¢, y, x) and

J(x —y)g(t,x,y) € J(x — y)sign(u(t, y) — u(t, x)).

To get existence and uniqueness of these kind of solutions, the idea is to take the limit as p N\ 1 of solutions to Plf
with p > 1.

Theorem 1.4. Assume p = 1 and let ug € L'(82). Then, there exists a unique solution to Plj (ug) in the sense of
Definition 1.3.
Moreover, fori = 1,2, let ujy € LY(£2) and u; be a solution in [0, T] of Plj (uig). Then

/(ul(t) —uz(t))Jr </(u10 —uz0)" foreveryr€]0, T[.

2 2

Our next step is to rescale the kernel J appropriately and take the limit as the scaling parameter goes to zero. To
be more precise, for every p > 1, we consider the local p-Laplace evolution equation with homogeneous Neumann
boundary conditions:

ur = Apu in]O, T[ x 2,

Np(uo) [VulP=2Vu-n=0 on]0,T[ x 382,
u(x,0) =ug(x) in £2,

where 7 is the unit outward normal on 92, Ayu = div(|Vu|P~2Vu) is the p-Laplacian of u. We obtain that the
solutions of this local problem, N, (u¢), can be approximated by solutions of a sequence of nonlocal p-Laplacian
problems of the form P[f .

Problem Nj(ug), that is, the Neumann problem for the total variation flow, was studied in [2] (see also [3]),
motivated by problems in image processing. This PDE appears when one uses the steepest descent method to minimize
the total variation, a method introduced by L. Rudin, S. Osher and E. Fatemi [25] in the context of image denoising
and reconstruction. Then, solving Nj(u#p) amounts to regularize or, in other words, to filter the initial datum ug. This
filtering process has less destructive effect on the edges than filtering with a Gaussian, i.e., than solving the heat
equation with initial condition ug. In this context the given image ug is a function defined on a bounded, smooth or
piecewise smooth open subset £2 of RV, typically, £2 will be a rectangle in R

S. Kindermann, S. Osher and P.W. Jones in [24] have studied deblurring and denoising of images by nonlocal func-
tionals, motivated by the use of neighborhood filters [14]. Such filters have originally been proposed by Yaroslavsky,
[29,30], and further generalized by C. Tomasi and R. Manduchi, [27], as bilateral filter. The main aim of [24] is to
relate the neighborhood filter to an energy minimization. Now in this case the Euler—Lagrange equations are not partial
differential equations but include integrals. The functional considered in [24] takes the general form

_ 2
Jo(u) = / g<M)w(|x—y|)dxdy, (1.2)

h2
2x82
with w € L®(£2), g e C'(RY) and h > 0 is a parameter. The Fréchet derivative of J, as a functional from L(£2)
into R is given by:

4 _ 2
Jo () (x) = —/g’<M)(u(x) —u(y))w(lx — yl)dy.

h? h?
2
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Note that the nonlocal functional J, is of the form (1.2) with g(r) = ﬁml’/ 2 w=J and h = 1. Then, problem

PJ (uo) appears when one uses the steepest descent method to minimize this particular nonlocal functional.
For given p > 1 and J we consider the rescaled kernels:

C_]’p X
Jp,s(x) = PN J<;>,

_ 1
Crpi= 2 / J(@)|zn P dz
RN

where

is a normalizing constant in order to obtain the p-Laplacian in the limit instead a multiple of it.
Associated with these rescaled kernels we have solutions u, to the equation in PI{ with J replaced by J), . and the

same initial condition ug (we shall call this problem P,{p ). The next result states that these functions u, converge
strongly in L”(§2) to the solution of the local p-Laplacian problem N, (uo).

Theorem 1.5. Let 2 be a smooth bounded domaln in RN and p > 1. Assume J(x) > J(y) if |x| < |y|. Let T > 0,
ug € L?(£2) and u, the unique solution of P “(uo). Then, if u is the unique solution of N (up),

bet:ﬂgp et ) = ut )] 1) =0-

Observe that the above result states that ij is a nonlocal analogous to the p-Laplacian.

In the linear case, p = 2, under additional regularity hypothesis on the involved data, the convergence of the
solutions of rescaled nonlocal problems of the form PZJ to the solution of the heat equation is proved in [20].

In order to study the asymptotic behavior as ¢+ — oo of the solutions of the nonlocal problems, we first prove a
Poincaré’s type inequality (Proposition 4.1). This inequality permits to show the solutions of the nonlocal problems
converge to the mean value of the initial condition.

Theorem 1.6. Let p > 1. Let u be the solution to P T (ug), then

lluoll? /p
”u(f)—M_OHLp(Q)<<#> -0, ast— oo,

where g is the mean value of the initial condition,
75 = — f (x)d
o=— [ uo(x)dx.
[£2]
Q

Let us finish the introduction by collecting some preliminaries and notations that will be used in the sequel.
We denote by Jy and Py the following sets of functions:

Jo={j:R— [0, +00], convex and lower semi-continuous with j (0) =0},
Py={q € C*R): 0<q’ <1, supp(q’) is compact, and O ¢ supp(q)}.
In [10] the following relation for u, v € L'(£2) is defined:

u < v if and only if /j(u)dngj(v)dx for all j € Jy,
Q 2

and the following facts are proved.
Proposition 1.7. Let 2 be a bounded domain in RV .

(i) Foranyu,v e LY(R), if [ouq) < [, vq(u) forall g € Py, then u < v.
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(i) Ifu,ve LY () and u < v, then ||ul|, < ||v||, for any r € [1, +00].
(i) Ifv e LY (), then {u € L' (2): u <« v} is a weakly compact subset of L' (£2).

Organization of the paper. The rest of the paper is organized as follows: In Section 2 we prove the existence and
uniqueness of strong solutions for the nonlocal problems for p > 1 and p = 1. In Section 3 we show that our model

approaches the p-Laplacian for p > 1 and the total variation for p = 1. Finally, in Section 4 we study the asymptotic
behavior of the solutions.

2. Existence of solutions for the nonlocal problems
2.1. The case p > 1

We first study the problem ij (up) from the point of view of Nonlinear Semigroup Theory. For this we introduce
in L'(£2) the following operator associated with our problem.

Definition 2.1. For 1 < p < 400 we define in L' (£2) the operator B [{ by:

B;u(x)=—/J(x—y)|u(y)—u(x)|”*2(u(y)—u(x))dy, x €.
2

Remark 2.2. It is easy to see that,

1. B; is positively homogeneous of degree p — 1,

2. LP~1(22) c Dom(B}), if p > 2,

3. for 1 < p <2,Dom(B})=L'(£2) and B} is closed in L' (2) x L'(£2).
We have the following monotonicity lemma, whose proof is straightforward.

Lemma 2.3. Let 1 < p < 400, and T : R — R a nondecreasing function. Then,

(1) for every u,v € LP(82) such that T (u — v) € L?(£2), it holds:

/(Bl{u(x) — B v(0))T (u(x) — v(x)) dx

2
1
=3 [[ 16 =9 @ - 1) - Tt - o)
202

x () = u@|" () — u @) = [p() —v@)|" (V) — v(x))) dy dx. (2.1)

(ii) Moreover, if T is bounded, (2.1) holds for u, v € Dom(B[{).

In the next result we prove that BI{ is completely accretive and verifies a range condition. In short, this means

that for any ¢ € L?(£2) there is a unique solution of the problem u + B [{u = ¢ and the resolvent (I + Bl{ ylisa
contraction in L7(£2) forall 1 < g < +o0.

Theorem 2.4. For 1 < p < +00, the operator BI{ is completely accretive and verifies the range condition:

L?(22) CRan(I + B}). (2.2)
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Proof. Given u; € Dom(BI{ ),i=1,2,and g € Py, by the monotonicity Lemma 2.3, we have

f(B,{ulm — Byuz(x))q (u1(x) — u2(x)) dx >0,
2

from where it follows that B ; is a completely accretive operator (see [10]).
To show that Blf satisfies the range condition we have to prove that for any ¢ € L”(£2) there exists u € Dom(B 1{ )

such that u = (I + Bl{)_lq&. Let us first take ¢ € L°°(£2). Let A, : LP(£2) — LP/(.Q) the continuous monotone
operator defined by:

1 1
Apm () = Te(w) + B+ —JulP =2 = —ju| P2,

where T,(s) = sup(—c, inf(s, ¢)).
We have that A, ,, is coercive in L?(£2). In fact,

fg An,m(u)u _
lullp @)=+ lullLr(2)

Then, by Corollary 30 in [13], there exists u, , € L?(£2), such that

1 1
J -2 -2 -
Tc(”n,m) + Bpun,m + ;|“n,m|p “Im - Zmn,mlp Uy m = ¢.

Using the monotonicity of B[{un,m + %'un,mlp_zu;:_m — %|un’m|lﬂ—2u_ from Proposition 1.7, we obtain that

n,m>

T (n,m) <K ¢ and therefore, taking ¢ > ||@||Lo(2), Un,m <K ¢. Consequently,

1 1
J ) 2 -
Up,m + Bpun,m + ;|Mn,m|p M;,m - ;Wn,mlp Upm = Q.

Moreover, since uy, , is increasing in n and decreasing in m. As u, ,, < ¢, we can pass to the limit as n — oo (using
the monotone convergence to handle the term B 1{ Up,m) Obtaining uy,, is a solution to

1
J -2 —
Up + Bpum - _|Mm|p U, =¢.
m
Using u,, is decreasing in m we can pass again to the limit and to obtain:
u+ B[{u =¢.

Let now ¢ € LP(£2). Take ¢, € L*™°(£2), ¢, — ¢ in LP(£2). Then, by our previous step, there exists u, = (I +
B;)’lqbn, u, < ¢,. Since BI{ is completely accretive, u,, — u in LP(£2), also B[{un — B;u in LP (£2) and we
conclude that u + B;u =¢. O

If B[J, denotes the closure of B 1{ in L'(£2), by Theorem 2.4, we obtain l’j’lj7 is m-completely accretive in L'(£2).
Next we get the following theorem, from which Theorem 1.2 can be derived.

Theorem 2.5. Assume p > 1. Let T > 0 and ug € L' (2). Then, there exists a unique mild solution u of

{u’(z)+B,§u(t)=0, te(0,T), 23)
u(0) = ug. '

Moreover,

(1) if ug € LP(82), the unique mild solution u of (2.3) is a solution of PI{ (uo) in the sense of Definition 1.1.
If 1 < p <2, this is true for any ug € L' (2).
(2) Letujg e LY(2),i=1,2, and u; a solution in [0, T] oprJ(uio), i=1,2. Then

/(ul @) — uz(t))+ < /(ulo —uz0)" foreveryt €10, TI.
2

2
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Moreover, for q € [1,400), ifujg € L1(£2), i = 1,2, then
lur () —uz2(2) HM(Q) < lluio —u2ollae) foreveryt €]0,TI.

Proof. As a consequence of Theorem 2.4 we get the existence of mild solution of (2.3) (see [11] and [10]). On the
other hand, u(?) is a solution of PpJ (uo) if and only if u(z) is a strong solution of the abstract Cauchy problem (2.3).

Now, due to the complete accretivity of B 1{ and the range condition (2.2), u(¢) is a strong solution (see [10]). Moreover,

in the case 1 < p < 2, since Dom(BIf) =LY(£) and BI{ is closed in L1(£2) x L1(£2), the result holds for L!-data.
Finally, the contraction principle is a consequence of the general Nonlinear Semigroup Theory. O

Remark 2.6. Observe that our results can be extended (with minor modifications) to obtain existence and uniqueness
for

Mt(tax)zfj(xv y)|u(t7 )’) _u(t’-x)|p_2(u(tvy) _”(t»x))dy,
2
u(x, 0) =uo(x),

with J symmetric, that is, J (x, y) = J(y, x), bounded and nonnegative.
2.2. The case p =1

This section deals with the existence and uniqueness of solutions for the nonlocal 1-Laplacian problem with ho-
mogeneous Neumann boundary conditions,

M(f»)’) _M(t»x)
lu(t, y) —u(t, x)|

, uz(r,x>=f1<x—y) ,
P{ (uo) J
u(x,0) =ugp(x).

As in the case p > 1, to prove the existence and uniqueness of solutions of Plj (uo) we use the Nonlinear Semigroup
Theory, so we start introducing the following operator in L'(£2).

Definition 2.7. We define the operator B]J in L'(£2) x L' (2) by i € Blj u if and only if u,u € L1 (£2), there exists
gELX(2x8),8(x,y)=—g(y,x) foralmost all (x,y) € 2 x 2, [Iglloo <1,

ﬁ(x):—/](x—y)g(x,y)dy ae. x €S2,
2

and

J(x —y)gx,y) € J(x — y)sign(u(y) —u(x)) ae. (x,y) €2 x £2. (2.4)
Remark 2.8.

1. Itis not difficult to see that (2.4) is equivalent to,

1
_ ff T = y)gx dyue)dx = 5 /f TG = D |u(y) — u)| dydx,
2202 2202

2. L'(£2) =Dom(B}) and B} is closed in L' (2) x L'(£2).
3. Blj is positively homogeneous of degree zero, that is, if &t € Blju and A > 0 then Au € B{()»u).

Theorem 2.9. The operator Blj is completely accretive and satisfies the range condition:

L>(£2) CRan(I + BY).
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Proof. Let u; € Bljui, i = 1,2. Then there exists g € L®°(2 x £2), |gillco < 1, gi(x,y) = —gi(y,x),
J(x —y)gi(x,y) € J(x — y)sign(u; (y) — u;(x)) for almost all (x, y) € £2 x £2, such that

ﬁi(x)z—/f(x—y)gi(x,y)dy a.e. x €S2,
2

for i =1, 2. Given g € Py, we have:

/(121 (x) — li2(x))q (u1(x) — ua(x)) dx

2

1
= 5//J(x = (g1(x, ) — g2(x, M) (q(u1(») —ua(y)) — g (u1(x) — uz(x))) dx dy.
2202

Now, by the mean value theorem

J(x = y)(g1(x, y) — g20x, M) [ (u1(y) — u2(»)) — g (u1(x) — uz(x))]
=Jx—y)(g1(x,y) — g2, ))g" E[(u1(y) — u2(»)) — (u1(x) — uz(x))]
=J(x—q' @E[g1(x, y)(u1(y) —u1(x)) — g1(x, y) (u2(y) — u2(x))]

—J(x =g E)[g20x, y)(u1(y) —u1(x)) — g2(x, y)(u2(y) —u2(x))] >0,

since

J(x = »)gi (e, M (ui(y) —ui(x)) =J(x = |ui(y) —uix)|, i=1,2,
and

—J(x =g, ;) —uj(0) = —J(x = |uj(y) —ujx)|, i#].
Hence

f (81 () — 20)) (11 () — wa(x)) dx > 0,
2

from where it follows that B lj is a completely accretive operator.
To show that BIJ satisfies the range condition, let us see that for any ¢ € L*>°(£2),

. -1 -1 .
pl_1)1111+(I+BI{) ¢=(I+B1J) ¢ WeaklylnLl(.Q).

Let ¢ € L*°(£2). For 1 < p < +00, by Theorem 2.4, there is u,, such that u, = (1 + BIJ,)’1¢>, that is,

u,,(x)—/J(x—y)|up(y)—u,,(x)|1’*2(u,,(y)—up(x))dyzqs(x) ae xef.
2

Thus, for every v € L°°(£2), we can write
/”p” - // J(x = y)|up(y) —up(X)|P72(up(y) —up(x)) dy v(x)dx =/¢v- (2.5)
2 280 2

Since u, < ¢, by Proposition 1.7, we have that there exists a sequence p, — 1 such that
up, —u weakly in LI(Q), u<Lao.

Observe that ||lup, || Lo (2), #llLe(2) < |@llLx(2).
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Now, since

pn_z(

—//J(x—y)|upn(y)—upn(x) upn(y)—upn(x))dyv(x)dx
727,

= %// J(x = W)|up, () —up, (X)|p"_2(up,l () =1, () (v(y) —v(x)) dydx,
202
taking v = u,, in the above expression, by (2.5), we get that
%/f Jx = Y)|up, () —up, ()| dydx < /qm,,n <M;, VneN.
28 Q
Therefore, for any measurable subset £ C £2 x §2, we have:

’ / / = )|ty (9) — 1, (x)
E

< // TG = )iy (9) — 1, ()
E

Pn*z(

p, (y) = up, (x)) ’

1171
p <M2|E|1/pn'

Hence, by the Dunford—Pettis Theorem we may assume that there exists g(x, y) such that

-2
|

J(x = ) |up, (v) = up, (x) Up, () = tp, (X)) = J(x = y)g(x, y),

weakly in L2 x 2), g(x,y)=—g(y,x) for almost all (x,y) € £2 x £2,and ||g|lco < 1.
Therefore, passing to the limit in (2.5) for p = p,, we get:

/ v — / / J(x — y)g(x, ) dyv(x) dx = / ¢v, (2.6)
Q 28 2

for every v € L°°(£2), and consequently we get,

u(x)—fJ(x—y)g(x,y)dy=¢(x) a.e.x €.
2

Then, to finish the proof we have to show that

1
—// J(x =g, dyux)dx =3 // J(x = Y|u(y) —ulx)|dydx. 2.7)
202 292
In fact, by (2.6) with v =u,

1
3 // J(x = Y)|up, (v) — up, (x)
2

2
=/¢”pn —/upnupn=/¢u—/uu—/¢(u—upn)+/2u(u—upn)—/(u—upn)(u—upn)
2 2 2 2 2 2

2

Prdy dx

<—//J(x—y)g(x,y)dyu(X)dx—/¢(u—upn)+/2u(u—upn)»
[22?; Q Q
S0,

n—-+00

1
limsupi// J(x —y)|upn(y) —up, (x) P dydx < —//J(x —y)gx,y)dyu(x)dx.
Qe t2X?)

Now, by the monotonicity Lemma 2.3, for all p € L*°(£2),
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—// Jx = |p») = px)
28

< —// TG = )iy (9) — 1, ()
2202

Therefore, taking limits,

P2 (p(y) — p(0) dy (up, (x) — p(x)) dx

P2 (1, (3) =, () dy (1, (X) — p(x)) dx.

~ [[ 6= siem(o0) = p) dy () = p () dx
22

<- // J(x = ) ) dy(uo) — p(x) dx.
222

Taking now, p = u £ Au, A > 0, and letting > — 0, we get (2.7), and the proof is finished. O

Proof of Theorem 1.4. As a consequence of the above results, we have that the abstract Cauchy problem

{u/(t) +Blut)>0, te(0,7),

O 2.8)

has a unique mild solution u for every initial datum ug € LY(£2) and T > 0 (see [11]). Moreover, due to the complete
accretivity of the operator B/, the mild solution of (2.8) is a strong solution. Consequently, the result is obtained. O

3. Convergence to the p-Laplacian
3.1. Convergence to the p-Laplacian for p > 1

Our main goal in this section is to show that the Neumann problem for the p-Laplacian equation N, (uo) can be
approximated by suitable nonlocal Neumann problems PPJ (uo)-
Let us start recalling some results about the p-Laplacian equation:

ur = Apu in]0, T[ x £2,

Np(uo) [VulP~2Vu-n=0 on]0,T[ x 382,
u(x,0) =up(x) in £2,

obtained in [5,6] and [4]. We have the two following concepts of solutions.
A weak solution of Np(uo) in the time interval [0, T'] is a function,

ueC(l0,T1: L' 2))nLr (0, T; whP(2)) nwh1(0,T; L' (£2)),
with u(0) = ug, satisfying:

/u’(t)s+f|w(r)|p*2w(t)-vg =0 foralmostall ¢ €]0,T[,

2 2

forany & e WHP(2) N L>®(R2).
An entropy solution of N, (ug) in the time interval [0, T'] is a function

ueC(0,T1: L'2))nwh (0, T; L' (2)),
such that Ty (u) € LP(0, T; WP (£2)) for all k > 0, u(0) = ug, and
/u’(t)Tk(u(r) —£) +f|Vu(t)|p_2Vu(t) VT (u(t) — §) =0,
2

2

for almost all ¢ € ]0, T'[, for any & € WLr(2)N L>®(£2).
Here the truncature functions Ty are defined by Ty (r) =k A (r vV (—k)), k20,7 € R.
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Theorem 3.1. (See [6,4].) Let T > 0. For any ug € LY(2) there exists a unique entropy solution u(t) of Ny (uo).
Moreover, if ug € Lp/(.Q) N Lz(.Q) the entropy solution u(t) is a weak solution.

Let us perform a formal calculation just to convince the reader that the convergence result, Theorem 1.5, is correct.
Let N = 1. Let u(x) be a smooth function and consider,

1 — _
Ag<u>=mff<¥)\u<y>—u<x)}” 2(u(y) — ux)) dy
R

Changing variables, y = x — £z, we get:

1
Ap(u) = /J(z)|u(x—sz)—u(x)|” (u(x —ez) —u(x))dz. 3.1)
R
Now, we expand in powers of ¢ to obtain:

" p—2
|u(x —&7) — u(x)|p_2 =P 2 (x)z + - Z(X)szz + 0(82)
= P2/ )PP e (p = D) 0z ()2 5 ( )24 o(er),

and
u(x —ez) —ulx) =eu'(x)z + MT(X)SZZZ + 0(83).

Hence, (3.1) becomes

As(u)zéfJ(z)IZIp_zzdz’u/(x)|p_2u/(x)
R

1 - -
+3 / J@lzl? dz((p = 2’ 007" () + [u' @) @) + 0(e).
R

Using that J is radially symmetric, the first integral vanishes and therefore,

lim A, (1) = C(’u’(x)’p_zu’(x))/,

e—0
where

1
C= 3 / J(2)|z|P dz.

R
To do this formal calculation rigorous we need to obtain the following result which is a variant of [12, Theorem 4].

Proposition 3.2. Ler 1 < g < 4+00. Let p: RN — R be a nonnegative continuous radial function with compact sup-
port, non-identically zero, and p,(x) :=n N p(nx). Let { fn} be a sequence of functions in L9 (8§2) such that

1
/ 120D = fa [ pu(y =) dxdy < M—. (3.2)
Qe
1. If {f,} is weakly convergent in L9(82) to f, then

() ifg > 1, f € W4(£2), and moreover

n(x + .
(0()"x <x+ )f(x 12 f(x)é(p(z))l/qzvf

weakly in L9(§2) x L1 (RN).
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(i) Ifg =1, f € BV(82), and moreover

p(z)m(x+ z)f"(”lj) LY by

weakly as measures.

213

2. Assume 2 is a smooth bounded domain in RN and p(x) > p(y) if |x| < |y|. Then {f,} is relatively compact in

L9(82), and consequently, there exists a subsequence { fy,, } such that

() if g > 1, fu, — fin LY(R) with f € WH(2),
(i) ifg=1, fo, — fin L'(£2) with f € BV(£).

Proof. We suppose f,, — f weakly in L?($2) and write (3.2) as

//n pln(x — fn(y) - Ja () |?

//p<z>m<x+ L)

On the other hand, if ¢ € C2°(£2) and ¢ € C2° (RM), taking n large enough,

/(p(z))]/q/ <x+ )fn(x—i—l/lr;z) f"(X)go(x)dxw(z)dz

/ 0(2) 1/q/ fn(x+ Z) fn(X)QD(x)dXI//(Z)dZ

_ _ 1
/p()l/"fm i f’(x 19 ey () dz.
/n

dxdy

fn(x+ —-2) — fu(x) |4

dxdz < M.
1/n ras

RN

RN

Let start with the case 1(i). By (3.3), up to a subsequence,

n(x + u
(p(z))l/q <x+ >f(x 12— f(x)—\(p(z))l/qg(x,z),

1/n
weakly in L9(£2) x L4(R"N). Therefore, passing to the limit in (3.4), we get:

/ (o))" / g(x, 2)9(x) dx Y (2)dz = — / (0(2)" / F)z- Vo) dx ¥ (2) dz.
2

RN 2 RN

Consequently,

fg(x, 2)ex)dx = — / f(x)z-Vex)dx Vze int(supp(])).
2 2

From here, for s small,

d
/g(x,sei)w(X)dx=—/f(x)sﬁw(x)dx,
2 2 '

which implies f € W'9(£2) and (p(z))/9g(x,2) = (p(2) 9z - V f (x).

(3.3)

(3.4)
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Let now prove 1(ii). By (3.3), there exists a bounded Radon measure u € M(£2 x RY) such that, up to a subse-
quence,

1\ fulx + 12— £,(0)
) — u(x,z)

P xa (x +o2 n
weakly in M(£2 x RV). Hence, passing to the limit in (3.4), we get:

fw(x)t//(z)du«(x,z)=— / p(@Y(2)z- Vo(x) f(x)dxdz. (3.5)

QxRN QxRN

Now, applying the disintegration theorem (Theorem 2.28 in [1]) to the measure p, we get that if 7 : 2 x RN — RV
is the projection on the first factor and v = 74| |, then there exists a Radon measures s, in RY such that x > is
v-measurable,

i (RY) <1 v-ae.in £2,
and for any h € L1(£2 x RV, |u)),

h(x,) e L"(RY, |ux]) v-ae. inx e,

X /h(x,z)dux(z) eLi(2,v),
2

f h(x,z)du(x,z)z/(fh(x,z)dux(z)) dv(x). (3.6)

QxRN 2 RN

and

From (3.5) and (3.6), we get, for ¢ € C°(£2) and ¢ € C° (RM),

= )
./(/w(z)d“)‘(z)>¢’(x)d”(x)=<z /p(z)zﬂﬁ(z)dza—){,sﬂ :
RN i=lpy i

2

Hence, as measures,
N 3f
> / PRz () dzz— = / ¥ (@) dux (2.
i=1 RN ! RN

Let now gﬁ eCX® (R™) a radial function such that gﬁ =1 in supp(p). Taking ¥ (z) = 1/7(z)z ;j in the above expression
and having in mind that

/p(z)zizjwﬁ(z)dz:o ifi # j,
RN
we get:
- a
/ POZF Dz
: X

j

/ ¥ (2)zj dpx(2)v.
RN RN
Since v € M (£2) and x — fRN &(Z)Zj duy(z) € L'(£2,v), we obtain that f € BV(£2). Going back to (3.6), we get:

N

a
p) =y a—f(x) Pz LN ().

i=1



F. Andreu et al. / J. Math. Pures Appl. 90 (2008) 201-227 215

As in the proof of [12, Theorem 4], we may assume that £2 = RY and that supp(fn) C B, a fixed ball. Follow-
ing [12], to prove 2 it is enough to show that for any § > O there exists n5 € N such that

1)
B_thN_an(t)dt < €87 forn>ng (3.7)
0

for some constant C independent of n and &, being F;, the function defined for ¢ > 0 as

1
Fo(1) = / /|fn(x +tw) — fu(0)|! dxdo = e} f /|fn(x +h) — fu(x)|? dx do.
weSN-1 RN |h|=t RN
In terms of F,,, assumption (3.2) can be expressed as

1

F,(t 1
/rNW—]ﬂpn(t)dz <M—. (3.8)
I nd
0
On the other hand, applying [12, Lemma 2] with g(t) = F,(¢)/t? and h(t) = p,(t), there exists a constant K =

K (N + ¢q) > 0 such that

8 8 N+qg—1Fu(®)
S*N*q/tNﬂ*l—F’t’;t) dt<K/0t “t7_Pnl0) (3.9)

h f[‘x|<5] |19 pp (x)dx

0

Now, since p is a function with compact support, given 6 > 0, we can find ns € N such that

_ 1
[x19 pn (x) dx = / lx19n™ p(nx) dx = / n~ylTp(y)dy = n_q / Iy1?p(y)dy,
[1x]<é] [Ix]<é] [lyl<nd] RN
for n > ns. Hence, by (3.8) and (3.9), (3.7) follows. 0O

For given p > 1 and J, we consider the rescaled kernels:

C],p X
Jp,e(x) = WJ<;>’

where

2
RN

_ 1
Crp :=—/J<z>|zN|f’dz

is a normalizing constant in order to obtain the p-Laplacian in the limit instead a multiple of it. Observe, that, using
spherical coordinates,

+oo

1
c;;sz_l //EJ(p)|,ocosl9|ppN71sinN729d9dp.
0 0

In [5], associated to the p-Laplacian with homogeneous boundary condition, we define the operator
B, C L'(£2) x L'(2) as (u, i) € B, if and only if i € L' (2), u € WP (£2), and

/ |VulP~2Vu - Vo = / iv foreveryve WHP(2) N L¥(R).
Q2 2

Moreover, since B), is a completely accretive operator in L' (£2) with dense domain satisfying the range condition

(see [5]), its closure B, in LY(£2) is an m-completely accretive operator in L! (£2) with dense domain. In [6], it is

proved that for any ug € LY(£2), the unique entropy solution u(¢) of problem N, (uo) (see Theorem 3.1) coincides

with the unique mild-solution e’ Bpyg given by the Crandall-Liggett’s exponential formula.
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Proposition 3.3. For any ¢ € L°°(§2), we have that
(I + BJ”) ¢o— I+ Bp)71q> weakly in LY (2) as ¢ — 0.

Jp.e

Proof. For e >0, letu, = (I + B,"*)~'¢. Then,

fugv— HN[/ (22w - wol” (us(y>—us(x))dyvu)dx—/qsv (3.10)

for every v € L>°(£2).
Changing variables, we get

()
—Epil’;// (552 ) et = e ) = e 0) dy i)

=/f#f(z)m<x+sz>

RN 2
y ue(x +2) —ue(x) v(x +ez) —v(x)
£ &

e (x + £2) — e (x) [P72
&

dxdz. @3.11)

So we can rewrite (3.10) as

/(b(x)v(x)dx—/ug(x)v(x)dx

2
_ p=2
://%J(Z)X.Q(X—FSZ) ug(x+8? e
RN $2
§ ug(x—i—szg) — ue(x) v(x“? Y rds. (3.12)

We shall see there exists a sequence &, — O such that u,, — u weakly in L?($2), u € Wlr(2) and
u=(I+ B,)~"'¢, that i,

/uv+/|Vu|p_2Vu~Vv=/¢v for every v e W7 (2) N L™(£2).

Since u, < ¢, there exists a sequence &, — 0 such that
ug, —~u, weaklyin L”(£2), u < ¢.
Observe that |[ug, |1 (2), |ullzo@) < @l (2). Taking € = &, and v = u,, in (3.12), we get:

\//‘IC‘]’pJ xX—y
2 e, N &n
2202

Ug, ) — Ug, (x)
En

dxdy

C _ P
= [ Shts@mat o et 0O gz < (3.13)
RN 2 "
Therefore, by Proposition 3.2, u € wlr(2), and
C 1/p _ C 1/p
(%J(Z)) Xg(x+gnz)u8'l(x+8n8Z) I/lé‘n(x) N < ;’P J(Z)) Z'VM(.X) (314)
n

weakly in LP(§2) x LP (R™). Moreover, we can also assume that

Ug, (X +£,2) — ug, (x)
En

2
g, (x + €42) — Ug, (x) |7
En

= (J@)"" x(x.2)

lim (J(2))"” X2 (x + £42)
n— oo
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weakly in Ll’/(.Q) x LV (RM). Therefore, passing to the limit in (3.12) for ¢ = ¢,,, we get:
/uv+//—](z)x(x )z~ Vv(x)dxdz—/qu (3.15)
RN

for every v smooth and by approximation for every v € W17 (£2).
Let us see now that

f/—](z)x(x 2)z- Vv(x)dxdz_/|Vu|p 2Vu - Vo. (3.16)
RN 2

In fact, taking v = u in (3.15), we have:

f / %J(Z)sz(erSnZ)

RN £2

=f¢u8n _/ue,lus,,
2 2
=/¢u—/uu—/¢(u—ug,,>+f2u<u—u8n>—f(u—ugn)(u—us,l)

Ug, (x +&p2) — Ug, (x) P
€n

dxdz

Q Q
//—J(Z)X(x )z VM(X)dde—/¢(u—usn)+f2u(u—ua,,)
RN 2 2
Consequently,
(&) — p

llmsup'/‘/ﬁj(z)xg(xdl_gnz) ué‘)l(-x+£nz) ué‘n(-x) d_de

n 2 €n

RN 2
Cyp
< Tj(z)x(x, 2)z-Vu(x)dxdz. (3.17)
RN 2

Now, by the monotonicity Lemma 2.3, for every p smooth,
Cip
- P p+N

C _
o pJ+pN // ( )|ug,,(y) e, ()77 (tte, () — e, () dy (tte, (¥) — p(x)) dx

)lp(y> P72 (0 () — p(x)) dy (ute, (x) — p(x)) dx

Using the change of variable (3.11) and taking limits, on account of (3.14) and (3.17), we obtain for every p smooth,
C C
// —;’P J@)|z-VplP22-Vpz-(Vu—Vp) < // —;’p J@x(x, 2z (Vu(x) — Vp(x))dxdz,
RN RNQ
and then, by approximation, for every p € W17 (£2). Taking now, p = u & Av, A > 0 and v € W7 (£2), and letting
A — 0, we get:

//%J(Z)X(X,Z)Z~VU(X)dde: / %J(Z)/}Z'V”(x)|p72(z-Vu(x))(z-Vv(x))dxdz.
RN $2 RV 2

Consequently,

//%J(z)x(x,z)z-Vv(x)dxdz=/a(Vu)-Vv,

RN 2
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for every v € WIP(£2), where
1 S
a;&)=Cy,p EJ(Z)IZ-EI z-Ezjdz.
RN
Then, if we prove that
a(§) =|&|"" ¢, (3.18)

then (3.16) istrue and u = (I + B p)_1q§. So, to finish the proof we only need to show that (3.18) holds. Obviously,
a is positively homogeneous of degree p — 1, that is,

a(té) = tpfla(é) forall ¢ e RN and all 7 > 0.
Therefore, in order to prove (3.18) it is enough to see that
2;(§) =& foralls eRY, [§|=1,i=1,....N.

Now, let Rg ; be the rotation such that Ré’i(é ) = €;, where ¢; is the vector with components (e;); = 1, (¢;); = 0 for
Jj #1,being Ré ; 1s the transpose of Rg ;. Observe that

& =E6-¢ =R ;(5) Ry () =e; - R ;(e).
On the other hand, since J is radial, CJ_IP = %fRN J(2)|zi|P dz and
a(e;) =e; foreveryi.
Making the change of variables z = Rg ; (y), since J is a radial function, we obtain:
1 _ 1 _
a;(§)=Cy, / S/ @Iz €177 £z eidz=Cy,p f STy el 2y ey - Ry (e dy
RN RN
=a(e;) R;,(e;) =e - R, ;(e) =&,

and the proof finishes. O
Theorem 3.4. Let 2 a smooth bounded domain in RN . Assume J(x) > J(y) if |x| < |y|. For any ¢ € L>®(£2),

(I+B;"’£)_l¢—> (1+B,,)_l¢> in LP(82) as ¢ — 0. (3.19)
Proof. The proof is a consequence of Proposition 3.3, (3.13), and Proposition 3.2. 0O

From the above theorem, by standard results of the Nonlinear Semigroup Theory (see [21,10] and [11]), we obtain
the following result, which gives Theorem 1.5 in the case p > 1.

Theorem 3.5. Let 2 be a smooth bounded domain in RN, Assume J(x) = J(y) if |x| < |y|. Let T > 0 and ug €
L9(82), p < q < +o00. Let ug the unique solution ofP “(ug) and u the unique solution of Np(ug). Then

lim sup ||u8(t ) — u(t,.)”Lq(m:O. (3.20)

5%016[0

Moreover, if 1 < p <2, (3.20) holds for any ug € L1(£2), 1 < g < +o0.
Proof. Since B 1{ is completely accretive and satisfies the range condition (2.2), to get (3.20) it is enough to see
(I+B)y) '¢—> (U +B,)"'¢ inLi(2ase—0,

for any ¢ € L°°(£2). Taking into account that (/ + B,{" “)~lp « ¢, the above convergence follows by (3.19). O
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3.2. Convergence to the total variation flow for p = 1

As it was mentioned in the introduction, motivated by problems in image processing, the problem Ny (u¢), that is,
the Neumann problem for the total variation flow, was studied in [2] (see also [3]).

Definition 3.6. A measurable function u:(0,T) x £ — R is a weak solution of Ni(ug) in (0,T) x 2 if u €
C([0, T, L' (£2)) "W, 10, T: LY(2)), Tu(u) € L. (0, T; BV(£2)) for all k > 0 and there exists z € L®((0, T) x £2)

loc

with [|z]leo < 1, #; = div(z) in D'((0, T) x £2) such that

/(Tk(u(t)) —w)u, (1) dx < /z(t) -Vwdx — | DTy (u(1))|(£2)
2 2
for every w € wh(2)N L>®(£2) and a.e. on [0, T'].

The main result of [2] is the following:

Theorem 3.7. Let ug € LI(Q). Then there exists a unique weak solution of N1(ug) in (0,T) x $2 for every T > 0
such that u(0) = ug. Moreover, if u(t), u(t) are weak solutions corresponding to initial data u, iig, respectively, then

| () —a@) "], < o —ao)*|, and |u)—a@], <lluo — ol

forallt > 0.

Theorem 3.7 is proved using the techniques of completely accretive operators [10] and the Crandall-Liggett’s
semigroup generation theorem. To this end, the following operator B; in L!(£2) was defined in [2] by the following
rule:

(u,v)e By ifandonlyif wu,ve L'(£2), Ti(u) € BV(£2) for all k > 0 and
there exists z € L>°(£2, RY) with [|z]lo < 1, v = —div(z) in D'(£2) such that

/(w — Ti(w))vdx < /z -Vwdx — |DTi)|(2), Ywe W"'(2)NL®($2), Vk > 0.
2 2
Theorem 3.7 follows from the following result given in [2].

Theorem 3.8. The operator By is m-completely accretive in LY(£2) with dense domain. For any ugp € LY(2) the
semigroup solution u(t) = e "Blug is a strong solution of
du
dt
u(0) = ug.

+ Biu >0,

Set:

Ja() = ShL g (* ith =1 [ d
Le(x) = JSEnY g ,  wit a = 5 (@)|znldz.
RN

Theorem 3.9. Assume $2 is a smooth bounded domain in RN and J(x) > J(y) if |x| < |y|. For any ¢ € L®(£2), we
have:

(1+B") "¢ U+B)'¢ inL'(2)ase—0.
Proof. Given ¢ > 0, we set u, = (I + Bljl‘g)_lqﬁ. Then, there exists g, € L*®(2 x 2), g.(x,y) = —g.(y, x) for
almostall x,y € £2, ||g¢lloo < 1,

J<?>g€(x, y) e J(?) Sign(ug(y) — ug(x)) ae.x,yef2,
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and

- fi}v/J(x_y>g8(x,y)dy=¢(x)—ug(x) ae. x €. 3.21)
& £

2

Observe that

C C 1
—Sli;//( )gm ¥) dy ug () dx = li;Z//( )|u8(y>—u8(x>|dydx. (3.22)

By (3.21), we can write:
Cia
281+N
_ CJl
- €1+N

= /((j)(x) — us(x))v(x) dx, YveL®(R). (3.23)

2

)ga(x, W (v(y) —v(x))dxdy

)ga(x, y)dyv(x)dx

Since u; < ¢, there exists a sequence &, — 0 such that
ug, —u weakly in Ll(.Q) u<Le.

Observe that ||ug, || L 2), |#llLe2) < @]l L>(2). Hence taking £ = ¢, and v = u,, in (3.23), changing variables and
having in mind (3.22), we get

// —J(z)m(x +&,2)

RN 2
1C —
://_ J1 (XY
2 g, N &n
20

= /(gb(x) — Ug, (x))ugn (x)dx <M, VneN.
Q
Therefore, by Proposition 3.2, u € BV($2),

Ug, (X +£,2) — Ug, (x)
En

dxdz

g, (y) — g, (x)
&n

dxdy

C Ug, (X +6,2) —ug, (x C
JJJ(Z)X_Q(X-FEnZ) a,,( n ) an( )_\ J,1
2 &n 2

J(2)z- Du (3.24)

weakly as measures and
ug, — u, strongly in Ll(.Q).
Moreover, we also can assume that
J(@Dxo(x +€,2)8s, (x, x +€42) = A(x, 2) (3.25)

weakly* in L>®(£2) x L®°(RN), and | A(x, z)| < J(z) almost every where in 2 x RY . Changing variables and having
in mind (3.23), we can write:

v(x +&,2) — v(x) d

G // J(@Dxe(x +enz)ge, (X, x + €42) dz

En
RN Q2
Cra
=— J(@Dxo(x +n2)8e, (x, x +e42)dzv(x)dx
RN Q
= /(¢(x) — g, (X)) v(x)dx, YveL®(R2). (3.26)

2
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By (3.25), passing to the limit in (3.26), we get:
CJ ! [/ A(x,2)z-Vo(x)dxdz = /(d)(x) — u(x))v(x) dx, YvelL®2)Nn wh 1(5’2) (3.27)

RN 2 2
Weset ¢ = (¢1, ..., ¢N), the vector field defined by:

Gi(x) = 2 A(x,z)zidz, i=1,...,N.
RN
Then, ¢ € L*®(£2, RV), and from (3.27),
—div(t)=¢ —u inD'(2).

Let us see that || o < 1. Given & € RV \ {0}, let R be the rotation such that Rg (§) = e1]&|. If we make the change
of variables z = R¢ (y), we obtain:

C C
£(x) - s—— Alx,2)z- sdz—%l A(x, Re(y)) Re (y) - sdy—%l A(x, Re(p))y11€1 dy.

RV RV RV

On the other hand, since J is a radial function and A(x, z) < J(z) almost every where,

_ 1
c,j:E/J(z)mdz
RN
and

20 -§] < JWIyildyls| =15 ae. x €$2.
RN
Therefore, || ] < 1
Since u € L°°(£2), to finish the proof we only need to show that

/(w —u)(p —u)dx < / ¢-Vwdx — |Du|(£2), Ywe Wh(2)nL>(0). (3.28)

Given w € Wh1(£2) N L>®(£2), taking v = w — u,, in (3.26), we get:

f(¢(X) — g, (X)) (w(x) — ug, (x)) dx

2

_Cu // T X0 + en2)ge, (v, x + £2) d2 (w(x +en2) —w)  ug, (X + £42) — ug, (X)> dx

En En
RN £2
C wx +¢&,2) —wx
Jl//J(Z)XQ(X+8nZ)gsn(x ot ey de PRI 2
RN 2 "
C ug (x + e,z ug (x
“/fJ(z)x:z(erenz) en ’;) G (3.29)
RN 2 "

Having in mind (3.24) and (3.25) and taking limit in (3.29) as n — oo, we obtain that

f(w—u)(d)—u)dxé%///&(x )z - Vw(x)dxdz——f/|](z)z Du|
Q

2 RN 2 RN

=/§~dex—%f/|](z)z-Du’.
Q

QRN
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Now, for every x € £2 such that the Radon-Nikodym derivative ‘g”‘ (x) # 0, let R, be the rotation such that

[‘Dz x)] = e1||Du|(x)| Then, since J is a radial function and |‘Du‘ (x)| =1 |Dul-a.e. in £2, if we make the
change of variables y = R, (z), we have

C“f/|](z)z Dul|= é’lffJ(z)

QRN
C
“/fJ<y>|y1|dyd|Du|<x>—/|Du|

2 RN

zZ- —(X) dzd|Du|(x)

| Du|

Consequently, (3.28) holds and the proof concludes. 0O

From the above theorem, arguing as in Theorem 3.5, by standard results of the Nonlinear Semigroup Theory [21,
11], we obtain the following result, from which Theorem 1.5 holds in the case p = 1.

Theorem 3.10. Let 2 a smooth bounded domain in RN . Assume J (x) > J(y) if |x| < |y|. Let T > 0 and ug € L' (£2).
Let u, the unique solution in [0, T] of le’g (uo) and u the unique weak solution of N1(ug). Then

lim sup ||Ms( D —uC.0)| o =0

e—>0 ;¢
4. Asymptotic behavior

In this section we prove Theorem 1.6. We start by showing the following Poincaré’s type inequality. In the linear
case, that is, for p = 2, this Poincaré’s type inequality has been proved using spectral theory in [16].

Proposition 4.1. Given p > 1, J and §2, the quantity,

5o Jg I = Plu) —u)|P dydx
1= _ — inf 2J02 )02
ﬂp 1 ﬁp l(-’, Qv P) uELp(ler;sf_QM=0 fg |Lt(x)|1’dx

3

is strictly positive. Consequently
1 p
u—— f u
2]
Q
Proof. It is enough to prove that there exists a constant ¢ such that

1/p
||u||p<c<< //J(x—y)|u(y)—u(x)|pdydx> —i—‘/u
202 2

Let r > 0 such that J(z) > « > 0 in B(0, r). Since £ C Uyep B(x,7/2), there exists {x;}, C £2 such that
2 c UL, B(xi,r/2). Let 0 < & < r/2 such that B(x;,8) C 2 for all i = 1,...,m. Then, for any X; € B(x;,9),
i=1,....m

1
Bp—1 z/fj(x—y)|u(y)—u(x)|”dydx, Yu e LP(£2). 4.1)
2 28

), Yu e LP(£2). 4.2)

Q= U B(&i,r)N82). (4.3)
i=1

Let us argue by contradiction. Suppose that (4.2) is false. Then, there exists u,, € L¥(£2), |lunll, = 1, satisfying

1/p
n(( // I = ) |un () —un(x>|"dydx) +‘/u
2202 2

), Vn e N.



Consequently,

and

Let

and

From (4.4), it follows that
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li;n// J(x—y)}un(y)—un(x)|pdydx:0,
Qe

lim/un =0.
n

2

Fu(x,y) = J(x = )P |un(y) — un(x)

)

Jn(x) = f J (6 = P |un (v) = un(0)|" dy.

2

fa— 0 inL'(£).

Passing to a subsequence, if necessary, we can assume that

fn(x) —-0 Vxe .Q\B], Bl null.

On the other hand, by (4.4), we also have that

F,—0 inLP(2 x £2).

So we can suppose, passing to a subsequence if necessary,

Fo(x,y) >0 V(x,y) e x 2\C, C null.

Let B> C £2 anull set satisfying that

Let x; € B(x1,8) \ (B1 U By), then there exists a subsequence, denoted equal, such that

Consider now X € B(x2,8) \ (B1 U By), then up to a subsequence, we can assume

for all x € £2 \ B, the section Cy of C is null.

Uy (X1) = A1 € [—o0, +00].

Uy (X2) — A € [—00, +00].

223

(4.4)

(4.5)

(4.6)

4.7

(4.8)

So, successively (up to m), for x,, € B(x, 8) \ (B1 U By), there exists a subsequence, again denoted equal, such that

Uy (Xm) = Am € [—00, +00].

By (4.7) and (4.8),
un(y) > Ai  Vy e (B&i,r)NR)\Cy,.
Now, by (4.3),
m
2=(BGi,nNe)U (U(B()E,-, N 9)).
i=2
Hence, since §2 is a domain, there exists ip € {2, ..., m} such that

(B(x1,r) N 82) N (B(&i,,r) N $2) #0.

Therefore, A1 = A;,. Let us call ij := 1. Again, since

Q= (B()?il,r)ﬂ.Q)U(B()?l-l,r)ﬂ.Q)U( U (B()?i,r)ﬂ.Q)),

ie{l,...m\{i1,i2}
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there exists i3 € {1,...,m} \ {i1, i2} such that
(B@i,, )N ) U (BEiy, r)N2) N (B, r) NR2) #0.

Consequently

Using the same argument we arrive at
AM=Ay=-=Ap=A.
If |A| = 400, we have shown that
lun(»)|” — +oo  for almost every y € £2,

which contradicts ||u, ||, =1 for all n € N. Hence A is finite.
On the other hand, by (4.6), f,,(x;) = 0,i =1,...,m, hence,

Fy(X1,.) =0 in L?(£2).
Since u,(x1) — A, from the above we conclude that
U, — A in L”(B()?,-, r)n .Q)

Using again the compactness argument we get:

u, — A in LP(£2).
Now, by (4.5), A =0, and

u, — 0 in L?(£2),
which contradicts ||u,|l, =1. O
Remark 4.2. The above Poincaré’s type inequality fails to be true in general if O ¢ supp(J), as the following example
shows. Let £2 = (0, 3) and J be such that

supp(J) C (=3, -2)U (2,3).

Then, if

(x) = I if 0<x<lor2<x <3,
U2 1<ag2,

we have that
33

// J(x =) |u@y) —u@)|’ dxdy =0,
00

but clearly
3
1
uo - 5 [umay £
0

Therefore there is no Poincaré’s type inequality available for this J.
This example can be easily extended for any domain in any dimension just by considering functions u that are
constant on an annuli intersected with £2.

Next we prove Theorem 1.6.
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Proof of Theorem 1.6. We suppose that p > 1. The case p = 1 follows in a similar way. First we observe that a
simple integration in space of the equation gives that the total mass is preserved, that is,

ﬁfu(t,x)dx:ﬁ/uo(x)dx.
2 2

Let

w(t,x)=u(t,x)— ﬁ up(x)dx.

Then,

%/|w(t,x)|pdx
2
= p/ |w|P72w(t,x)/J(x - y)|w(t, y) — w(t,x)|P72(w(t, y) — w(t,x)) dydx
2

= —g // J(x = y)|wt, y) — w(t,x)|p_2(w(t, y) — w(t,x))(|w|1’_2w(t, y) — |w|1’_2w(t,x)) dydx.
feXe)

Therefore the L (§2)-norm of w is decreasing with .
Moreover, as the solution preserves the total mass, using Poincaré’s type inequality (4.1), we have,

/|w(t,x)|pdx gc// J(x = y)|ut, y) —u(t, x)|" dydx.
2 2292

Consequently,

/|u)(t x)|de<//|w(s x)|pdxds /// J(x—y)|u(s y) —u(s, x)! dydxds.

020
On the other hand, multiplying the equation by u(x, #) and integrating in space and time, we get,

/!u(t x)} —/|u0(x)| dx =— /// J(x—y)|u(s y) —u(s, x)|pdydxds

2 028

which implies:

t
f// J(x = Wuls, y) —us, | dydxds <lluoll7» g
0282
and therefore

/|w(t x)’p || 0||L2(.Q)

Remark 4.3. Observe that using Poincaré’s type inequality (4.1), we can solve

u+ B,{u =¢ forany ¢ € L(2) 4.9)

K= {ueL”(.Q): fu:O},

2

for p > 2 in the following manner: let
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and A: K — LP/(.Q) the continuous monotone operator defined by A(u) :=u + BI{u. By (4.1), we have:
Jo Awu _

lull,—>+oo ]l p
ue

Then, by Corollary 30 in [13], for ¢ € L>°(£2), f_Q ¢ = 0, there exists u € K, such that

fuv+fB[{uv=/¢v Yv e K.
Q2 Q2 Q2

Since [ou=0, [¢=0and [, B[{uzo, we have that
< : >
Blulv—— | v
|£2]
2

ZMHZB;LW:! (v_@ )
=Q/¢<v—@ ) pu,

for any v € L?(£2), and consequently (4.9) holds.

+

/"
g
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