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Abstract. We deal with an optimal matching problem, that is, we want to transport
two measures to a given place (the target set), where they will match, minimizing the
total transport cost that in our case is given by the sum of two different multiples of the
Euclidean distance that each measure is transported. We show that such a problem has a
solution with an optimal matching measure supported in the target set. This result can
be proved by an approximation procedure using a p—Laplacian system. We prove that any
optimal matching measure for this problem is supported on the boundary of the target set
when the two multiples that affect the Euclidean distances involved in the cost are different.
Moreover, we present simple examples showing uniqueness or nonuniqueness of the optimal
measure.
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1. INTRODUCTION

We are interested in an optimal matching problem (see [6], [5]) that consists in
transporting two commodities (say nuts and screws, we assume that we have the
same total number of nuts and screws) to a prescribed location, the target set (say
factories where we ensemble the nuts and the screws) in such a way that they match
there (each factory receive the same number of nuts and of screws) and the total
cost of the operation, measured in terms of multiples of the Euclidean distance that
the commodities are transported, is minimized. That is, for one unit of mass of nuts
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that is transported from z to z and one unit of mass of screws from y to z, we pay
the cost
Alx — z| + Bly — z|,

here z is a point where we match the unit of nuts with the unit os screws and belongs
to the target set, A, B are positive constants and we denoted by | - | the Euclidean
distance. With the occurrence of the multiplicative constants we are taking into
account that the cost of transporting nuts and screws can be different (for example
due to different weights).

This problem, that we describe in mathematical precise terms in Section 2, was first
treated in [14] where the authors prove the following results (that we also describe
more precisely in Section 2):

(1) This optimal matching problems has a solution, that is, an optimal matching
measure supported on the target set and a pair of optimal transport maps
that send each of the commodities to the optimal matching measure. This
solution can be obtained by two different methods. One can use directly
classical Monge-Kantorovich’s mass transport theory or one can approxi-
mate a pair of Kantorovixh potentials with solutions to a system of PDEs of
p—Laplacian type taking the limit as p — oo.

(2) One can always obtain a solution of the optimal matching problem with a
matching measure supported on the boundary of the target set.

When one considers the sum of two Euclidean distances as cost (taking both
multiplicative constants equal to one) one can find simple examples, see [14] and
Section 4 in this paper, that show that there are configurations for which there are
optimal measures supported in the interior of the target set. We reproduce these
examples in Section 4. Our main goal here is to show that this is not possible when
we have two different multiplicative constants.

Theorem 1.1. Let A # B, then any optimal matching measure is supported on
the boundary of the target set.

For the sum of two Euclidean distances there are examples of non-uniqueness for
the optimal matching measure and also examples of uniqueness, see [14]. Here we
also provide examples that show that, even for two different multiplicative constants
we may have non-uniqueness of the optimal matching measure, but we also include
examples of uniqueness.

Let us end this introduction with some remarks concerning the previous bibliog-
raphy. Optimal matching problems for uniformly convex cost where analyzed in [3],
[4], [5], [6] and have implications in economic theory (hedonic markets and equilib-
ria), see [6], [7], [8], [9], [5] and references therein. However, when one considers the



Euclidean distance as cost new difficulties appear since we deal with a non-uniformly
convex cost. The method to solve the problem taking limit as p — oo in a system of
PDE’s of p—Laplacian type relies on a procedure to solve mass transport problems
introduced by Evans and Gangbo in [11] and that proves to be quite fruitful, see
[2], [13], [12]. We have to remark that the limit as p — oo in the system requires
some care since the system is nontrivially coupled and therefore the estimates for one
component are related to the ones for the other, and we believe that it is interesting
in its own right, see [14].

2. A DESCRIPTION OF THE OPTIMAL MATCHING PROBLEM AND ITS p—LAPLACIAN
APPROXIMATION

To write the optimal matching problem in mathematical terms, we fix two non-
negative compactly supported functions f*, f~ € L*°, with supports X, X_,
respectively, satisfying the mass balance condition My := [ X, =7 v f7. We
also consider a compact set D (the target set). Then we take a large bounded
domain 2 such that it contains all the relevant sets, the supports of f; and f_, X,
X_ and the target set D. For simplicity we will assume that  is a convex C'1!
bounded open set. We also assume that

X+ﬂ X,:(Z), (X+UX7)0D:® and (X+UX,)UDCCQ

Whenever T is a map from a measure space (X,u) to an arbitrary space Y,
we denote by T#pu the pushforward measure of p by T. Explicitly, (T#u)[B] =
w[T~1(B)]. When we write T#f = g, where f and g are nonnegative functions, this
means that the measure having density f is pushed-forward to the measure having
density g.

For Borel functions Ty : Q@ — Q such that T, #f™ = T_#f~, we consider the
functional

Fap(Ty.T.) = / Az — Ty ()| f* () + / Bly —T_ ()~ (4)dy,

where, as in the introduction, |- | denotes the Euclidean norm and A, B are positive
constants. With the constants A and B we are taking into account that the cost of
transporting nuts and screws can be different (for example due to a difference in the
weight).

The optimal matching problem can be stated as the minimization problem

2.1 min F(T.,T-),
21) (T} T )eAn(f+.5) (T4 T-)



whmE.AD(f+,f—)::{(T;,TL):I}(Xg)c:lx T+#f+':fF_#f—}.

If (T'y,T%) € Ap(f™, f~) is a minimizer of the optimal matching problem (2.1),
we shall call the measure p* := Ti#ft = T*#f~ a matching measure to the
problem. Note that there is no reason why a matching measure should be absolutely
continuous with respect to the Lebesgue measure. In fact we shall see examples of
matching measures that are singular (see Example 4.1).

Let us denote by M(D, M) := {p € M*(Q) : supp(p) C D, u(Q) = My} the
set of all possible matching measures. Given pu € M(D, Mp), we have that
(2.2)

mn FA7B(T+,T_) = inf inf FA,B(T+,T_)
(T4, T-)EAD(f+,f~) HEM(D,Mo) (T4, T-)EA(fT,f~,1)
- inf  {AWL(f4, 1) + BWA(S-, }
HEM{ID,MU){ 1(f+, 1) 1(f- )

where A(f*, f~,pn) == {(Ty,T-) : Ty € A(f*,pn), T- € A(f~,p)}, and where
Wi (+,-) denotes the 1-Wasserstein distance (its definition is given in [18]). Indeed,
observe that given (T,T_) € Ap(f™, f7), if we define p := T #f,, we have that
p € M(D, Mo) and (T4, T-) € A(f*, f~, ).

Note that on the right-hand side of (2.2) we are considering all possible measures
supported in D with total mass My and then we minimize the total transport cost.
This is probably the most natural way of looking at the optimal matching problem
and it is equivalent to our previous formulation. We have the following existence
theorem, for the proof we refer to [14].

Theorem 2.1. The optimal matching problem (2.1) has a solution, that is, there
exist Borel functions (T}, T*) € Ap(f*, f~) such that

Fap(Ti,Tr) = Fap(Ty,T-).

inf
(T, T-)eAp(f*+.,f~)

Moreover, we can obtain a solution (Ty,T_) of the optimal matching problem (2.1)
with a matching measure supported on the boundary of D.

2.1. The limit as p — oo in a p—Laplacian system. In this section we show
that we can follow the ideas of Evans-Gangbo, [11], to get the matching measure and
Kantorovich potentials for the transports involved at the same time, we refer to [14]
for details. Let us begin with the following statement:

wbh. .= inf Fap(Ty, T )= sup /Uer—wf*.
= (T, T)eAD(f+.f~) = (T ) v, w € W (Q) Q

[Vvloo < A, |[Vw|oo < B
v < win D



This result is the starting point of our variational approach to the problem via a
p—Laplacian system in this section. Take p > N in this section and recall that, for
simplicity, we assumed that © is a convex C™! bounded open set. Let us consider
the following variational problem

1 1 1 1
2.3 min - —Dvp—i-f/—pr—/vJ“—k/w_.
(2:3) (v, w) € WHP(Q) x WhP(2) P QAP‘ | p QBP‘ | Q f Q f

v < w in

Standard tools from variational analysis show that there exists a minimizer (v,, wy)
of (2.3). In addition any two minimizers differ by a constant, that is, if (v, w,) and
(¥p, Wp) are minimizers then there exists a constant ¢ with v, = 9p+c and w, = wy+c.

We can pass to the limit as p — oo in the sequence of minimizer functions. In
fact, up to a subsequence,

pli)nolo (Ups Wp) = (Voo, Woo)  uniformly,

where (voo, Woo) 18 & solution of the variational problem

(2.4) max /vf+ —wf.
v,w e WHe(Q) Q
[Vuleo < A, |Vw|oo < B
v < win D

Note that the constraint |Vv|e < A, |Vw|s < B is equivalent to
[v(z) —v(y)l < Alz —yl,  |w(@) —w(y)] < Ble —yl.

The limit (v, Weo ) gives a pair of Kantorovich potentials for our optimal matching
problem. But in fact this limit procedure gives much more since it allows us to
identify the optimal matching measure (see [14]).

Concerning the PDE that is solved in this limit procedure we have: Let (vp, w,) be
minimizer functions of problem (2.3). Then, there exists a positive Radon measure
h, of mass My such that

—div(45 Vo, [P72Vu,) = fF —h, in Q,
| Vup[P2Vu, - =0 on 09,
—div( g5 Vwp[P2Vw,) = hy, — f~ in €,
25 |Vw,|P~2Vw, -n=0 on 9.

This positive measure h,, is supported on {x € D : v,(x) = wy(x)}.



Moreover, we have that up to a subsequence,
hy = he as p — 00, weakly™ as measures,

with ho a positive Radon measure of mass My supported on {z € D : vy(z) =
Woo () }. And (veo, Woo) satisfies:

Avg is a Kantorovich potential for the transport of f* to heo,

Bw. is a Kantorovich potential for the transport of ho, to f—,

with respect to the Euclidean distance.
We conclude that the measure ho, is an optimal matching measure for the optimal
matching problem (2.1).

3. LOCALIZING THE SUPPORT OF OPTIMAL MATCHING MEASURES IN THE
NONSYMMETRIC CASE A # B.

Let us show that, in any space dimension, and for any configuration of the data
f+, f— and D, any possible optimal measure is supported on D when A # B.
This has to be contrasted with the case in which A = B where we can have optimal
measures supported in the interior of D (see Example 4.1 in the next section).

Proof of Theorem 1.1. We argue by contradiction. Hence, assume that there exists
an optimal measure po with a nontrivial part of it supported in the interior of D.
Then there exists zp a point in D¢ in the support of u and then two points o € X
and yo € X_ such that T% (xg) = 2o and T™ (yo) = 20 (We can choose z¢ and yo to
be Lebesgue points of T respectively).

Now, computing the derivative of

G(2) = Alzo — 2| + Blyo — 7|

with respect to z at zyp we get

DG(z) = ~A 2 =20 p 20
|950 Zo| |y0 Zo|

Since A # B and |£8:§8\ and ég:zgl are unitary vectors, we conclude that

(3.1) DG(z) # 0.

Therefore, the main idea of the proof is that we can move same mass of u near zg
such that the cost diminishes. Note that since we have zy € D°, such change moving



mass to a nearby point is possible since we remain in D. So, let us fix § > 0 such
that Bs(z9) C D.

By (3.1) an a continuity argument, there exists a positive number 7, and a point
z1 € Bs(2p), such that

Alzo = 21| + Blyo — 21| < Alwo — 20| 4+ Blyo — 20| — 7.
Now, using again a continuity argument we can find an small rq > 0 such that
Alz — z1| + Bly — 21| < Alz — 20| + Bly — 20| — g,

for every x € By, (x0), every y € By, (yo). Therefore, we can choose r < min{rg,d},

satisfying
U
3.2 _—
(3:2) "< 3A+B)
and such that
(3.3) A|m—zl|+B|y—21|<A|x—zo|+B\y—zo\—g,

for every x € B, (xo), every y € B,.(yo).

Since zg and yo are Lebesgue points of T} and T, respectively, inside these two
balls B, (z¢) and B,(yo) we can find two sets E; and E; of positive measure such
that

(3.4) TP (Ey) C Br(z)  and  T%(Ey) C By(z).

Also we can assume that

(3.5) fH(z)de = f~(y)dy =k > 0.
E4 Es

Note that, thanks to the mass balance condition (3.5), we have an optimal trans-
port map z = S(y) that sends f~Xg, to fTXg,. In particular S satisfies

H(a)f"(z)de = [ H(S(y)f (y)dy
E; E;

for every continuous function H. Hence,

/A|xfzi|f+(x)dx:/ AlS(y) — z|f~ (y)dy, i=0,1.
Ey

E>



Using this together with (3.3) we obtain that

Alx — z1|fT(x)dz + [ Bly — z1|f~ (y)dy
E1 E2

- /E (AIS(y) — 21| + Bly — =)~ (w)dy
< /E (AIS(y) - 20| + Bly — zol)f~ (y)dy — kn/2

:/ A\%*Zolf*(l’)dx+/ Bly — 2ol (y)dy — k2.
E;

E>

Now let us define

~ T*(z) re Xy \ Ey ~ T*(y) yeX_\E,
_ + ) + ) _ 9 )
T+(x) B { 21, HAS Elv and T_(y) B { 21, Yy e E2~

This pair corresponds to the transport of f1 and f_ to the measure (My—k)u—+kd.,
that is supported in D.
Using (3.4), (3.6) and (3.2), for such choice of transport maps we have

[ Al = Ty@f @+ [ Bly =Tl )y
Q Q

- / Az — T} (2))| f* (@) + / Bly — T ()|~ (y)dy
X \Ey

X_FEy

+ A|x—zl|f+(x)d:1:+/ Bly — 21|~ (y)dy
El E2

< / Az — T ()| f* (2)de + / Bly - T* ()|~ (v)dy
X+ \E1 X _\E>

[ Al wlf* (@)de + / Bly — zlf~ (4)dy — kn/2

Eq E,

- / Alz — T} (o)) f* (2)da + / Bly—T*)|f~ (4)dy
X \Ey

X_\Es

+ : A|x—Tj_(x)+Ti(x)—Zo|f+(x)dx

- Bly =T 0) + T(0) — 2ol (dy — k3

< A\m—Tj(x)|f+(x)dﬂc+/ Bly =T (y)|f~ (y)dy
X4 X_

+ [ ATE@) sl + [ B ) - sy - Ky



< A|x—T;(x)|f+(z)dx+/ Bly =T (y)|f~ (y)dy
X4 X_

+/El Arfﬂx)dx—i—/Ez Brf‘(y)dy—kg

= [ A - T @) @)+ / Bly —T* )| f~ (4)dy
X4 X_

+Ark + Brk — kg

< [ Ap-Ti@)f @) + / Bly —T* )|~ (4)dy,
X4 X_

which is a contradiction with the fact that y is an optimal matching measure.  [J

Remark 3.1. A possible strategy to show that there is an optimal matching
measure supported on 0D in the case A = B can be to take a sequence A, # B
such that A, — A = B and consider the limit of corresponding optimal matching
measures p, (that are supported on 9€). This limit would give an optimal measure
for A = B supported on dD. In [14] the fact that there is always (regardless A = B
or not) an optimal measure supported on 9D was proved directly using techniques
from optimal mass transport theory.

To end this section, we observe that, as it was done for the case A = B in [14] (we
refer to that reference for the proof) we can characterize when the optimal matching
measure is a delta in the general case.

Theorem 3.1. Assume that there is a point zy € D such that for any pair of
points x € X, and y € X_ we have

(3.7) min{Alz — z| + Bly — 2|} = Al — 20| + Bly - zol,
z

then the measure Myd,, is an optimal matching measure.
Conversely, if Myd,, is an optimal matching measure, then for any pair of points
x € Xy andy € X_ we have (3.7).

It is easy to see that, for D convex, condition (3.7) is equivalent to

<Am_zo +By_x0,z20>§0 forallz € X,y € X_andz €D
|z — 2o ly = o

(note that zp must belong to D when A # B).



4. EXAMPLES
Let us now show uniqueness and nonuniqueness of the optimal matching measure.

Example 4.1. Consider the optimal matching problem for the data: Q =] —4,4],
fT=0X1_5 o+ (1=0)Xp2,3, [~ = Xj—2,-1; and D = [0, 1], where 0 < b < 1 is fixed.

o A symmetric cost. First, let us describe in detail what happens when A = B
(we can assume that A = B = 1). In this case any matching measure in D is of the
form p = bdg + v, for any positive Radon measure v, of mass 1 — b, supported on D.

Indeed, it is easy to see that, for

T (2) = 0 if —3<o<-2
Y| th(x) in other case,

where % is any optimal transport map transporting (1 — b)Xjs 31 to v, and

T*(x):{o if —2<z<—-2+40b

t* (z) in other case,

where ¢* is any optimal transport map transporting Xj_s 5 1 to v,

fl,l(Tj:, Tj) =4.

Also, for
v*(m)_{_x %foO
T if z >0,
and
w*(z) =z,
we have

/Qv*(x)er(x) de —w*(x)f~ (x)dz = 4.

Then, our assertion follows from

/v*(m)f+(x)dx—w*(x)f_(x)dxS sup /vf"’—wf_
Q v, w e WH(Q) Q
[Voloo, [Vwleo <1
v <win D

= inf Fi1(Tyo, T) < F(T7,TY).

@y mydn gy T AT T) < F(TT5)

We distinguish three cases:

1. If b=1, §g is the unique matching measure.

2. If 0 < b < 1, there are infinitely many matching measures but all of them with
singular part.

10



3. If b = 0, we have that any positive Radon measure of mass 1 supported on D is
a matching measure. Moreover, only in this case, the cost of the matching problem
is the same as the cost of the classical transport problem of f* to f~.

So we can not expect uniqueness of matching measure in general in general, but it
may hold for some special configurations of the masses and the target set. Uniqueness
of matching measure holds in one-dimension if and only if the target set D is located
to the left or to the right from the supports of f* and f—, while if there is some
mass of f* to the left of D and some mass of f~ to the right (or viceversa) then
there are infinitely many optimal measures matching measures.

Moreover, in one dimension there is necessarily a singular part in an optimal
measure if the masses f; and f_ has some part of both of them to the left or to the
right of D, while if fi is completely on the right and f_ completely on the left of
D then there are optimal matching measures without singular part (note the these
measures without singular part are not supported on 9D.

Now, let us come back to the symmetric situation given in the case b = 0. In
this case we can also compute optimal pairs (v,,w,) (we leave this to the reader,
details can be found in [14]). For this sequence (vp, w,) we obtain in the limit of the
measures h;, is the matching measure hoo = %50 + %51. Remark that this measure
is supported on 0D. Note that (v, w,) is unique, up to a constant, that is, any
other minimizer is of the form (v, + ¢, w, + ¢), ¢ constant. Therefore, this example
shows that not every possible optimal matching measure can be obtained using this
approximation procedure.

o A non symmetric cost. Now consider A # B, for example, we take, A = 1 and
B > 1, then the unique matching measure (for any b) is p = dy.
Indeed, in this case, the optimal transport maps are easy to find. We have

Ti(x)=0 and T (z) = 0.

To compute the total cost with these two maps we have to compute

-2

/Q|x—Tjﬁ(x)|f+(a:)dm:b/_3 —xdm-i—(l—b)/;mdx:;

and
-1

B/Q ly— T* (9)|f—(y)dy = B/_Q ~ydy = B

Hence, for these T} we have,

oy B3
J:LB(T_,’_,T_):i-i-Bi.

11



Now, let us compute a pair of potentials. In this case, we need to impose |v']|s < 1
and |w'|s < B. Let us take

R B ifz <0
vi(z) = T if x >0,

and
w*(z) = Bzx.
With these two potentials we get

/gzv*(x)f+(x) de —w*(z)f~ (z)dx = g + Bg.

Then, our assertion follows again from the duality argument,

/ ’U*(a)‘)f—"_(:jj) dx — w*($)f_($) dr < sup / ’Uf+ _ wf_
2 v,w € WI’OO(Q) Q
[Vvloo <1, |[Vw|eo < B
v<win D
= inf Fie(Ty, T-) < Fup(TE,T).

= in
(T4, T-)EAD(fT.f7)

Hence in this case we have uniqueness of matching measure regardless the value
of b. In fact, if b # 0 it is clear that the part of f, that is on the left of 0 must be
taken there and the rest of it also goes to zero since as B > A it is more expensive
to take mass to the right from zero. When b = 0 the same argument applies.

In the general case, uniqueness of the optimal matching measure holds in 1—d for
A # B for any possible configuration of f, and f_ when the target set is an interval,
[a,b]. To see this fact just argue as in the proof of Theorem 1.1 in the previous
section using the fact that the function

G(z) = Alx — z| + Bly — #|

has a unique minimum in [a, b], that is given by b for x,y > b, by a for z,y < a, by
bif x <a,y>0band by aif y <a, x> b (to describe the location of the minimum
we assumed that A < B).

Therefore, to obtain a nonuniqueness example with A % B we have to go up to

dimension two.

Example 4.2. Let us take in R? the two measures

f+= 5(0,0) and [-= 5(1,0),

12



and consider A > B = 1. Now we will choose a target set D for which there are
infinitely many optimal matching measures. Let 1 < k < A and consider the curve

I'={z: Alz|+ |z — (1,0)| = k}.

k—1
A-1>

the equation G(z) = A|z| + |z — (1,0)| = k and compute the derivative with respect

to 21 at the point (£=1, 0) obtaining G, ((4=%,0)) = A4 — 1 # 0. Therefore, by

the Implicit Function Theorem we have that the curve I' passes trough (%, 0) and

near this point is a smooth arc that we call . With this in mind we choose D any

smooth small domain such that D C {z : A|z| + |z — (1,0)| > k} and the boundary

of D contains a piece of the smooth arc v of ' near (%, 0). Then it is easy to check

that for any point Z on D N~ the measure ¢z is an optimal matching measure for

On the z-axe the unique point in this curve is given by ( 0). Now we consider

our problem.
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