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ABSTRACT. In this paper we analyze a mass transportation problem that consists in
moving optimally (paying a transport cost given by the Euclidean distance) an amount
of a commodity larger or equal than a fixed one to fulfil a demand also larger or
equal than a fixed one, with the obligation of paying an extra cost of —g;(z) for extra
production of one unit at location = and an extra cost of gs(y) for creating one unit
of demand at y. The extra amounts of mass (commodity/demand) are unknowns of
the problem. Our approach to this problem is by taking the limit as p — oo to a
double obstacle problem (with obstacles g1, g2) for the p—Laplacian. In fact, under
a certain natural constraint on the extra costs (that is equivalent to impose that the
total optimal cost is bounded) we prove that this limit gives the extra material and
extra demand needed for optimality and a Kantorovich potential for the mass transport
problem involved. We also show that this problem can be interpreted as an optimal
mass transport problem in which one can make the transport directly (paying a cost
given by the Euclidean distance) or may hire a courier that cost g2(y) — g1(x) to pick
up a unit of mass at y and deliver it to x. For this different interpretation we provide
examples and a decomposition of the optimal transport plan that shows when we have
to use the courier.

1. INTRODUCTION

Our main goal in this paper is to show that the limit as p — oo for the double obstacle
problem for the p—Laplacian gives a complete answer to an optimal mass transport
problem with the Euclidean distance.

Consider the following variational problem where a double obstacle is considered,

. V()P
(1.1) 1nf(m: /QTd:C—/Qf(:c)u(x) d.

u€ Whp
g1 <u<gz inQ

We show that, provided that the restriction set is not empty, the obstacle problem has a
solution for every fixed p > N and, in addition, under a natural Lipschitz-type constraint
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on the obstacles, we prove that there is a uniform limit (along subsequences) as p — oo,
Uso, that is a solution of the variational problem

(1.2) max /w(:c)f(x) dx .
w € WhHe(Q) : Q
[Vwlpoo oy < 1,
g1 <w< g2 in

As we have mentioned, our main aim is to relate this optimization problem with an
adequate optimal transport problem.

Limits as p — oo of similar type problems are related to optimal mass transport prob-
lems for the Euclidean distance. In fact, this relation was the key to the first complete
proof of the existence of an optimal transport map for the classical Monge problem given
by Evans and Gangbo in [7]. See also [9], where a problem with import/export taxes
was studied (the present work contains and extends some of the results proved there),
and [10], where an optimal matching problem is analyzed. Note that the usual Euclidean
distance is not a strictly convex cost. This makes this optimal mass transport different
from the strictly convex cost case in which there is existence of a convex function (so-
lution to a Monge Ampere type problem) whose gradient provides an optimal transport
map, see [13]. For notation and general results on Mass Transport Theory we refer to
1, 3,6, 7, 13] and [14].

We are going to show that the limit variational problem (1.2) is related with the
following optimal transport problem (see the next section for a precise mathematical
formulation):

An optimal mass transport problem with taxes. Assume that we have some production in
a domain €2 encoded in f, and some consumption encoded in f_. We have the right to
enlarge our previous production f,, overall the domain included the boundary, paying
an extra cost given by —g;(z) for each extra unit that we can produce at x, and we can
create new demand paying an extra cost given by go(y) for each extra unit of demand
created at y (for example, this can come from advertising). Our main goal is to move
the whole production and satisfy the whole demand minimizing the total cost of the
operation. To transport one unit of material from x to y we pay as transport cost the
Euclidean distance |z —y|. We will prove that solutions to the p—Laplacian type problem
associated with (1.1) give an approximation to the extra production/demand necessary
in the process and to a Kantorovich potential for the corresponding transport problem.

Let us now introduce a different interpretation (for precise details see Section 3).

An optimal mass transport problem with courier. Assume that we want to transport
an amount of material f, to a location f_ (now, for simplicity, we can suppose with
[ f+ = [ - for a better understanding of the interpretation). To do this task we have
to possibilities: we can use our own vehicle and pay the distance |z — y| for every unit of
mass that we move from x to y or we can hire a courier from some location 2z to w, this
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courier charges us with go(2) for taking a unit of mass at z and —g;(w) for delivering it
at w, in this case, to send one unit of mass from x to y, we pay |z — z| (the transport
cost from the position x to the location z where we hire the courier), plus ¢2(z) — g1(w)
(the cost of the courier), plus |w — y| (the transport cost from the delivery place w
to the final destination y). Our goal is to transport the total amount of f, and cover
the total amount to f_ minimizing the total cost. This problem is equivalent to the
previously described. Note that for locations z and w with go(2) — g1(w) small respect
to the distance |z — w| it will be convenient to use the courier instead of taking the mass
ourselves. On the other hand, when g,(z) — g1 (w) is large it will be better to do the task
by ourselves. Of course, the total amount of mass that is carried by the courier and the
locations at which/from it is delivered are unknown relevant quantities. In particular we
want to know when we can find an optimal solution to this problem without using the
courier and when we need to use it. As we will see here the p—Laplacian approximation
provides an approximation to the whole set of unknowns.

The organization of the paper is the following: In Section 2 we state and prove our
main results concerning the limit in the obstacle problem for the p—Laplacian and the
solution to the optimal mass transport problem with taxes. In Section 3 we deal with
the courier interpretation of the limit, in this section we also study the case in which
the possibility of using the courier is restricted to a compact subset of Q. Finally we
gather in the Appendix some max-min duality arguments that are not needed when
we perform the p—Laplacian approach but are related to the optimal mass transport
problems studied here.

2. MAIN RESULTS

Let f., f- be two bounded non-negative functions in R" with compact disjoint sup-
ports. Weset f:= f. —f_. Let Q C RV be an open bounded set with smooth boundary
such that supp(fs) CC Q. Given g; € C(Q), with g1 < g2 in Q and N < p < 400, we
set

Wit () ={uecW(Q) : g <u<g in Q}

91,92
and consider the functional

U, (u) == /Q Md:ﬁ— /Q F(a)u(z) da.

Assuming that W2 (Q) # (), since WP (Q) is a closed convex subset of W1P(Q) and

91,92 91,92
the functional ¥, is convex, lower semi-continuous and coercive, the variational problem
(2.1) min U, (u)
uEWy%5, ()

. . . . 17p
has a minimizer u, in W7 (Q).
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Note that, in general, this minimizer is not unique. However, it can be unique in some
cases, a simple example is the following: if min g, = maxg;, = k and f; = f_ = 0 then
u, = k is the unique minimizer.

Also it is well known that wu, is a solution of the variational inequality
(2.2) /Q |Vup|p_2Vup -V(w —u,) > /Qf(w — Uyp) Yw € ngl’ng(Q)

Let us assume that ¢, go satisfy the following condition:
(2.3) gn(x) —g2(y) <z -yl Ve,ye

We use this condition in the next result to obtain that ngl’pg2( ) # 0.

Theorem 2.1. Assume that g1, g2 verifies (2.3). Then, the minimizer u, of problem
(2.1) exists and, there exists a sequence p; — 400 such that u, — us uniformly as
i — 00, being us a mazimizer of the variational problem (1.2), that is,

21 [ @)@ de = max{ [ wlo)fo)dr 0 e Wiz @), [Vule <1},

where Whe (Q) = {u e WH>(Q) : g1 <u<go in Q}.

91,92

Proof. Let us see that there exists w € W% (Q) with [|[Vw||p~) < 1. In fact, let us
consider

w(z) :=max {g(y) — [z —y|}.
yeN

We have that |w(z) — w(y)| < |z — y| and
w(z) > g1(x) for x € Q.
Moreover, as (2.3) holds, we have
gi(y) —lz -yl < g(x)  Va,yeq,

and hence we obtain

w(z) = max {n(y) —lz—yl} < go(x) Vel

Therefore, w € W12 (Q) with ||[Vw||~@) < 1. Consequently, Wl? () # @ and a

91,92 91,92
minimizer w, exists. Moreover, for any functions w € WL (Q) with ||[Vw||pe@) < 1,

91,92
we have

@5~ [ o< [1vul = [ o< [ ver= [ o < / fuw.

The following Morrey’s inequality holds
(2.6) ullLee) < C1||Vul|ro) for any u € Wy (Q), p> N,
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holds with constant C} not depending on p (this follows, for example, from [11, Theo-
rem 2.E]). Since the functions (u, — maxaq g2)", (u, — mingg g1)~ € Wy (Q), applying
inequality (2.6), we get

[uf | 2o ) < Cl[ V|l o) + | max gs|,
and
[y [z @) < Crl[ V|| ooy + [min gi].
Hence, we have
upllzoe@) < 2C1 |Vl o) + 1911l L@y + 1192/ 1o @) -
From where it follows that
(2.7) upllr) < Co||Vupl ey + Cs,

where the constants C; are independent of p. Moreover, from (2.5), using Holder’s
inequality and having in mind (2.7), we get

1
]—)/Q Vup|” < Calllupl o) + 1) < Cs(IVap [l o) + 1),

from where we get
(2.8) V| };(19) <pCs Vp > N,

with C; independent of p. From (2.7) and (2.8), we obtain that {u,},>n is bounded in
WhP(Q). We have in fact (see [4]) that,

Jup(x) = up(y)| < Colw —y|" 7,

with C7 not depending on p. Then, by the Morrey-Sobolev’s embedding and Arzela-
Ascoli compactness criterion we can extract a sequence p; — +oo such that

Uy, = Us uniformly in Q.
Moreover, by (2.8), we obtain that
| Vtso|loo < 1.

Finally, passing to the limit in (2.5), we get

[ o)) e = max{ [ wioflo)dos w e Wi @), [Vulie <1

as we wanted to prove. Il
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2.1. An optimal mass transport problem with taxes. Let

A(fe fo) i ={p e MT(Qx Q) : m#pu > fr and m#p > [}

be the set of transport plans between masses larger or equal than f, and than f_. m; and
7y are the first and second projection on RY x RY. By commodity, and for simplicity
in the notation, we will write in all the paper fi instead of fi£" when we use such
identification.

The first mass transport problem described in the introduction can be stated as the
following minimization problem:

2.9 min  F(u),
(2.9) HEA(f+,f-) (W

where

Flu) = /Q e —yldu— /Q gd(midbi — fo) + /Q god(matipt — f).

x€)

Remark 2.2. Observe that this problem makes sense if we impose condition (2.3),
otherwise the above minimum can be —oc.

We have the following result, in which we give the relation between the limit variational
problem (1.2) and the above mass transport problem.

Theorem 2.3. If g; and go satisfy (2.3), then

. 1,00 = i
(2.10) max {/Qw(x)f(x) dr:w € ng,g2(Q)’ HVU}HLOO(Q) = 1} B #EJ‘{?flIl,ff)f(M).

Before proving this result let us pay attention to the following remark.

Remark 2.4. Fix u € A(f, f-) a measure where the minimum in (2.10) is taken. If
pi == mi#u, i = 1,2, by the Kantorovich-Rubinstein Theorem (see [13]), we have

(2.11) min{/ o —yldy: uen(ul,,@)} :max{/ud(ul—ug): uEKl(ﬁ)},

QxQ Q

where TI(p1, 12) denotes the set of transport plans between py and pus, that is,
(g, p2) == {1/ e M QA x Q) m#v =y and mHv = ,LLQ} ,
and K;(Q) is the set of 1-Lipschitz continuous functions in Q.

Let us see that p is an optimal transport plan for (2.11), that is, a minimizer for
Problem (2.11). Indeed, if v, € II(j1, 12) is an optimal transport plan for (2.11), then,

as [ € H(:ulnu2)>
/ |z —yldy, < / |z —yldp.
QxQ Qx0Q



MASS TRANSPORT PROBLEMS OBTAINED AS LIMITS OF p—LAPLACIANS 7

Now, since

/led(ﬂl#lfu —f) - /ngd(ﬁ#lfu —f)= /fzgld(ﬂl —fe)— /ngd(l@ - [,
we have

/Q o= ld, - /Q grd(m, — fo) + /Q god(mativ, — f)

S/Q |93—y|dﬂ—/ﬂgld(u1—f+)+/ngd(uz—f—)~

x€)

On the other hand, since v, € A(fy, f-),

/QXQ |z — yldp — /led(ﬂl —fy)+ /ngd(ﬂz - f-)
< /Qxﬂ |z — yldv, — /led(ﬂ'l#Vu — fy)+ /ﬂg2d(7T2#l/u - fo).

Therefore, the above inequality is an equality and then

/Iw—yldu=/lx—y|dl/m
QxQ QxQ

and consequently y is an optimal transport plan for (2.11).

Let u* be a Kantorovich potential in (2.11), then

/ e —yldp = /U*d(m — pi2).
QxQ Q

Hence, for us the maximizer in (2.4),

Justte=r= [ o=ldu= [ ordn 1)+ [ godiua— 1)
:/u*d(,ul —NQ)—/le d(i —f+)+/ngd(uz—f),

Q
and, then, since uy, > g1 and puy — f1 > 0, and 1y < go and ps — f- > 0, we have

/Quoo d(pn — p2) = /umd(ﬁ = fr = (fo A+ p2— 1))

Q

E/QUoo(er—f)+/Q£71d(/i1—f+)—/ﬂg2d(ﬂz—f):/U*d(ﬂl—m)»

Q

that is, us is also a Kantorovich potential for (2.11). From this last expression we also
deduce that

(2.12) Uso = g1 (1 — fy) —ace., and Uso = g2 (2 — f-) —ae.
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We will prove Theorem 2.3 by using the following key result. The importance of this
result not only resides on the above question but on the fact that, as we will inter-
pret afterwards, it gives a direct approximation to the unknowns of the mass transport
problem.

Theorem 2.5. Assume that g1, g2 verifies
(2.13) g1(@) = g2y) < |z —y| Va,ye.
For p > N, let u, be minimizers to Problem (2.1), and set X, := |Du,|[P"?>Du,. Then,

1. There exist Radon measures n, supported on Q such that
(2.14) /XP-VQDZ/ng—i—/ngnp Vo € WHP(Q).
Q Q Q
2. There exists a sequence p; — 400, converging uniformly to u.., stated in Theo-
rem 2.1, such that

X,, = X weakly™ in the sense of measures,

with —div(X) = f in the sense of distributions in {x € Q@ : ¢1(x) < ux(z) < g2(x)},
and
N, =V weakly™ in the sense of measures,

with
(2.15) /Vgodé\,’:/fgo—l—/cpdv Ve Wh>(Q).
Q Q Q

3. U 18 a Kantorovich potential for the classical transport problem for the measures
ALY LQ+ VY and f_LVNLQ+ V.

Proof. Since g; and u, are continuous functions and having in mind (2.13), we have the
set, which depends on p, O = {z € Q : ¢1(z) < uy(z) < g2(x)} is a nonempty open
set. We claim that

(2.16) —div(X,) = f in the sense of distributions in O.

To see this, fix any test function ¢ € C§°(0). Then if |t| is sufficiently small, w :=
u, +tp € JyLec (). Thus (2.2) implies

91,92
/|Vup|p 2vup Ve >t/ fo.

This inequality is valid for all sufficiently small ¢, both positive and negative, and so in

fact
/ Vit P2V, - Vip = / fo.
O (0]

and consequently (2.16) holds.
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By (2.16), the distribution 7, defined defined in RY as

(2.17) {1, ) iz/QXp-Vso—/Qfso Vi € Cg°(RY),
vanishes in O, consequently
(218)  supp(ny) C {o € Qs () = g1(2)} U o € 05 () = gal)}.

On the other hand, if ¢ is a positive smooth function whose support does not touch
{r € Q : uy(z) = go(x)} (which is separated from {z € Q : u,(x) = ¢i(z)} by the
continuity of u, and the strict inequality in (2.13)) then there exists 6 > 0 such that
u, +tp € WP (Q) for all 0 < ¢ < 4. Thus (2.2) implies

91,92
t/ |Vup|p_2Vup -V > t/ fo,
Q Q

and consequently
(p> 0) = 0.
Similarly, if ¢ is a positive smooth function whose support does not touch {z € Q :
up(x) = g1(x)},
(1ps ) < 0.
Fix two functions ¢; € C5°(RY) such that

@ { L uy(z) = g1(2),
p1lx) =
0, up(*r) = 92(1:)7
and
L, uP(*T) = 92<x)7
pa(x) =
0, up(z)=gi(z).

By (2.18), we can write n, = 11 + Ty with (T}, ¢) = (n,, pwi). Now, the above ar-
guments show that 7} and —75 are nonnegative distributions and so Radon measures.
Consequently, 7, is a Radon measure. Moreover,

(2.19) supp((,) ") C {z € Q1 uy(2) = gi(2)},
and
(2.20) supp((n,)7) C {z € Q : up(x) = gao(2)}.

In addition, by density ([4, Corollary 9.8]) and Rellich-Kondrachov’s Theorem ([4, Corol-
lary 9.16]), we obtain (2.14).

Using (2.13), there is 0 < L < 1 such that
g1(x) = g2(y) < Llz —y|  Va,ye
Therefore, if we define

w(a) = inf (92) + LIz ~ ).
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we have w is a L-Lipschitz function in Q satisfying
gi(7) <w(z) < gox) VaeQ.

By (2.14), since u, —w € W'?(Q), and having in mind (2.19) and (2.20), we get

J =it = [ 290, —w) = [ (4, —w)an,

/k’v w) - /' (m—wM@+/1 (g2 — w) di.
{g1=up} {g2=up}

Then, since g1 —w < —¢, with ¢ > 0, and g, —w > 0, by Holder’s and Young inequalities,
it follows that

/|Vup|p+c/dn;g/(up—w)f+/Xp-Vw
Q Q Q Q

i 1 L 1
<C+ (/ |Vup|p) LIQ» <C+ —// |Vu,|? + Q.
Q P Ja p

1
(1——)/]Vup|p+c/dn;§0+]—)|9|.

Therefore, since 0 < L < 1 and ¢ > 0, we obtain that there exist positive constants Aj,
A,, not depending on p, such that

Hence,

(2.21) / |Vu,|P < Ay, Vp>N+1,
Q
and
(2.22) /dnp < A, Vp>N+1.
9]

Moreover, working similarly, changing the function w by the function

w(r) = Sug(gl(y) — Llz —yl),

we get
(2.23) /dnp < Az, Vp>N-+1,
Q

with A3 a constant not depending on p.

As consequence of (2.21), we have that
(2.24) the measures X,LY L Q are equi-bounded in €,
and from (2.22) and (2.23), we have that

(2.25) the measures 7, are equi-bounded in Q.
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Moreover, by Theorem 2.1, there exists a sequence p; — 400 such that
Up, = Uy uniformly in Q,  with ||[Vius|lee < 1,
From (2.24) and(2.25), there exists a subsequence of p;, denoted equal, such that

(2.26) X,, = X weakly” as measures in (2,
and
(2.27) n, — Vi weakly* as measures on Q.

Let us write ¥V =V, — V_. Since the sets {uo, = ¢1} and {us = go} are separated, we
have, V¥ = V.,

(2.28) supp(V1) C {r € Q : us(2) = g1(2)}
and
(2.29) supp(V7) C {z € Q : U () = go()}.

From (2.16) , (2.14), (2.26) and (2.27), we obtain that —div(X’) = f in the sense of
distributions in {x € Q : ¢1(z) < us(x) < g2(x)}, and (2.15).

Set ¢ = Uy in (2.14) for p = p;. Then taking limit as ¢ — oo and having in mind
(2.27), we get

(2.30) lim X Ve = /fuOO /uoodV

1—00

Let v € C3°(RY) uniformly converging to us as € N\, 0, with ||Vv || < 1. By (2.14),

we have
/ Xy, - Vg = / ftoo — ve) /(uoo —ve) dny, + / X, - V..

Then, by (2.26), (2.27) and (2.30), taking limit in the above equality as i — oo, we
obtain

(2.31) /fu<>o /uoodV /f uoo—ve)—ir/g(uoo—ve) dV+/QVv6dX.

Now we are going to show that, as € 0,

(2.32) Vv, converges in L?(|X|) to the Radon-Nikodym derivative ——- B3k

To do that we use the technique used in [1, Theorem 5.2]. We first notice that the
functional W : [C(Q, RY)]* — R defined by
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is lower semicontinuous with respect to the the weak convergence of measures for any
w € C(Q,RY). Next, we observe that
2

(2.33) lim lim sup/ — Vo, =0,
e=0F 00
where v, € C3°(RY) are functions umformly converging to Uy with [[Vu,||o < 1. Indeed,
V. - Vu,,
Di —1 € Di
— Vv, 2 [ |Vu, " (11— ———-H
/ | X, ‘ /Q Ve ( [V, >

2/ |Vuy, pi—2 (]Vupi|2 — Vo, - Vupz.) + wy,
Q

= 2/9f(“pi —Ve) + /Q(um - Ue)dnpi + Wy,

where wy, 1= sup,s( P! — ¥ tends to 0 as ¢ — +oo. Then, having in mind (2.27) and
the uniform convergence of u,, and v, to u, we obtain (2.33). Now, from (2.33), taking
into account the lower semicontinuity of W, passing to the limit as ¢ — 400, we obtain
2

d|lX| = 0.

— Vo,

Consequently, (2.32) holds true.
Now, having in mind (2.32), if we take the limit in (2 31) as € \, 0, we get

(2.34) /fuoo /uooalV—hm/Vv6 Ed d|lX| = /d]X|.

Giving a function ¢ € C5°(RY) with ||Vl < 1, by (2.15) and (2.34), we have

/Quoof%—/guood]):/d|é\?|>/ ¥ VpdlX| = /Vgod/'\f /g0f+/g0dV

Then, by approximation, given a Lipschitz continuous function w with ||Vw|. < 1,

we obtain
/uoof+/uoodv>/wf—|—/wdl}

On the other hand, taking ¢ = Xq in (2.15), it follows that the total masses of the
measures f, LY I_Q—i-V+ and f_LYLQ+V™ are the same. Therefore u, is a Kantorovich
potential for the classical transport problem associated to the measures f, LV L Q + V+
and f_ LNLQ+ V. O

To prove Theorem 2.3 we will also use the following result, which, in addition, will be
relevant in the next section.

Theorem 2.6. Given an optimal measure p for Problem (2.9), there exist non-negative
Radon measures p;, i = I,11,111,1V, satisfying:
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o= por + frr A prrr 4 v,
A (e + par) = fy,

mi# (e + prv) = m#m — fi,
T (s + prrr) = f-,

T (s + prv) = moFtp — f-,

2. ppy is supported in the set {(z,y) : g1(x) — g2(y) = | — y|}
3. pr + prr + prrr s also an optimal measure for Problem (2.9).

4. us() = g1(x) for m#urr — a.e. x and ux(x) = go(x) for moFtpr — a.e. x.

Proof. To construct measures p; satisfying the above properties, we first disintegrate
as

aQxQ

(e y)du(r, y) = /(/wxydux )dm#u( ), Ve o@x0),

being y, probability measures in Q such that x ~— y, is 7 #u-measurable (see [5] or [2]).

Now, we define the non-negative Radon measure ;% in Q x Q as:

() (5, y) - /(/wwydm )w4>,vw60@xﬁ)

aQxQ

Since [dul(y) = 1 for m#u-a.e. z, and, so, for f-a.e. z, for any ¢ € C(Q), we have
plm )it = [ ( / w(sv)dui(y)> . (z)
= [oto) ([ aro) = [ etoriraio)

Thus,
(2.35) m#HN" = fi.

Let us also define p® := p— pu®, which is also non-negative. Disintegrating the auxiliary
measures % and u° with respect the second projection we have, for all ¢ € C(Q x ),

d d d a
ﬁxﬁ@Z)(a:y)u z,y) /(/wwy [y (x ) To#1 (Y)
and

()i (. ) = /(/¢ww% )MﬁM@-

aQxQ
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Then, we define, for ¢ € C(Q x Q), the non-negative Radon measures j; as:
(2.36)

V(z,y)dur(z,y) / (/ U(x, y)duy(x ) d(f- N\ modtu)(y),

aQxQ

Y(x, y)dur(z,y) / (/ Ul y)dpg(x > d(ma#p — )" (y),

QxQ

QxQ

U(z,y)dprr(z, y) / (/ (i, y)dpy (x ) d(f- — f- Nma#tu®)(y),

QxQ

Y(z, y)dprv (z,y) / (/ U(x,y)dul (z ) ) | d(ma#n’ — (f= — f- Ama#u®)) (y).

Since, 0 < f_ — f_ Am#p® < To#t b, we have that all the measures y; are non-negative
Radon measures in €2.

Since mo#Hu® = f_ Amo#u® + (me#u® — f-)T, we have u* = py + puyr and consequently
by (2.35), we get

m#(pr + prr) = fy
On the other hand, p® = 7 + pry, then

m#(prrr + prv) = 7T1#,ub = M#p — AL = mp — fi.

Moreover, for any ¢ € C(Q), we have

/ng(y)d@#(m + prrr)(y) = /Q . o(ma(z,y))d(pr + prrr)(w,y)

_ / (1) ( / du;@)) A(F- A o) ()
n /Q o(y) ( /Q dug(@) d(f- — f- Nma#u®)(y)
= /Q e(y)df-(y).

Hence,
moF(pur + prrr) = f-.
Finally,
Tott(purr + prv) = mo# (e — (pr + prrr)) = mo#p — f-.

Therefore the whole contents of Item 1 are proved.
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Having in mind the decomposition of p obtained in the previous step, we can then
write the total cost functional as

(237)  F(u) = / o — yldur(z,y)

(2.38) —1—/9 ﬁ|:17—z|d,u11(:1c,z)
(2.39) +/992(2)d7T2#MH(2)
(2.40) - /Q gr(w)dmigtprr(w)
(2.41)
o= slduno.y)
(2.42)

+/ Q|w—z|dﬂlv(waz)—/le(w)dﬁ#ﬂfv(w) +/Qg2(z)d7ﬁ#ulv(2)-

Qx

Now, it is clear that u; + prr + prrr € A(fy, f-) and that

(2.42) = / (2 =yl - 91(2) + golu))dpury > 0.

QxQ
Therefore
F(p) = F(pr + porr + prrr) + (2.42) > Fpr + prr + o),
and the assertions of Item 2 and 3 the proved.

Finally, as consequence of (2.12) and Item 1, we get Item 4.

U
Remark 2.7. Observe that Item 1 in the above theorem is also true for any p €
A(fy, f-), and that for any such p, the transport cost F(u) is also given by (2.38)-
(2.42).
Proof of Theorem 2.3. Given p € A(fy, f_) and uy as in Theorem 2.1,

[ uta)(few) = (@) da

= /uoodﬂ-l#,u - /Uood(ﬂ-l#,u - f+) - /Uoodﬂ-Q#,u + /uood(ﬂ-2#u - f_)

Q 9) 9) 9)

S/Q Ix—yldu—/ﬂgld(m#u—f*)+/Qggd(7r2#u_f—)

xQ
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Then,

de: w € W5, (2 @ <1t < mi .
max{/gw(m)f(m) ziw € Wi (Q), [|Vwl| gy < }_ueﬁﬁf)}—(“)

Let us prove now the reverse inequality. Let us first assume that we are under as-
sumption (2.13). Take f; := f+LYLQ+V* and fo == f_LYLQ + V. We have that

Jusdtii=f = win [ oeylar= [ o=yl
Q vell(fi1,f2) JOxQ Ox0

for some vy € H(fl,fQ). Since m#vy = fLLYLQ+ VT, m#y = fFLYLQ+ VT, we
have vy € A(fy, f-). Then, having in mind (2.28) and (2.29), we get

/umm—f_):/ |x—y|duo—/gldv++/gzdv—
Q QAxN Q (9]

_ / o= e - /Q grd(mivy — ) + /Q oo d(mativy — 1),

9)
and consequently

/Q o) (fo () — fo(@))dz > min F(u).

 REA(f4.f-)

The result under condition (2.3) now follows by approximation. Indeed, let g1, go.n €

C(Q), satisfying

Gun() = Gony) < o —y| VayeD,
and

Gim = gi uniformly on Q, i=1,2.

By the previous argument, there exist s, € WH°(Q), with ||[Vteenlleo < 1 and gy, <
Uson < go, o0 Q, and there exist measures u, € A(fy, f-) satisfying

[ toen@)(fa) = 1)) do
(2.43) o
:/ e —yldun — /le,nd(ﬂl#ﬂn -/ )+/Qg2,nd(7r2#un - f7).

QxQ

By the Morrey-Sobolev’s embedding and Arzela-Ascoli compactness criterion we can
suppose that, for a subsequence if necessary,

Uson = Use uniformly in Q.

Moreover,
[Viuelloo <1, and g1 < us < go on Q.
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On the other hand, since g1 ,(x) — g2n(y) < |z — y|, by Theorem 2.6 p,, = (un)s +
(i) 11 + (4n) 111, and we have

Mn(ﬁ X ﬁ) < ((pn)r + (Nn)ll)(ﬁ X ﬁ) + ((ptn)1r + (MTJIH)(Q X Q

= () + () 10) () + 7o (a)r + (pin)117) / e / IS

for every n € N. Therefore, we can assume that j, — 1o weakly* as measures in Q x ),
with pug € A(fy, f-). Then, passing to the limit in (2.43) we finish the proof. O

3. AN OPTIMAL MASS TRANSPORT PROBLEM WITH COURIER

Let us see that Theorem 2.6 is decomposing a minimizer of Problem (2.9) (which is
not unique in general) in the sum of measures that describe the mass transport problem
with courier stated in the introduction.

1. Since m#(ur + prr) = fo and mo# (s + prrr) = f—, pr is the part of the plan p that
takes a part of f, to f_ using our own vehicle; and for this part of the transport plan
we are paying (2.37).

2. Since m#(pr+prr) = f+ and mo# (s + prv) = moF— f—, pyr is the part of the plan
that takes (with our vehicle) what is left of f, to places where we will use the courier;
the costs of this transport are represented in (2.38).

3. Now the courier takes moF# i, we pay go for each unit of mass that we deliver, and
leave it at mi#urrr where we pick it up, paying —g; for each unit of mass; these costs
are the sum of (2.39)+(2.40). Note that mo#u; and m#u; have the same total mass
if it is so for f, and f_.

4. Since m#(prrr + prv) = m#Fp — fr and mo#(ur + prrr) = f-, prr is the measure
that tells us how to transport what is in 7w #u ;7 to what is needed to complete f_; the
cost of this operation is given by (2.41).

5. Finally, 7y is a not a relevant part of the plan p since (2.42)= 0. The fact that usy
is supported in the set {(x,y) : g1(x) — g2(y) = |z — y|} does not exclude the possibility
that part of the other measures that appear in the decomposition can be also supported
there.

Remark 3.1. We want to remark that the variational approach to the problem gives an
approximation to the extra masses involved in the process, which are unknowns of the
problem, besides the approximation to the Kantorovich potential .

We want also observe that this potential u., is a Kantorovich potential, not only for the
transport of 7w #u to w1, but also for each transport detailed in the above description.
Indeed, since mi#uy, m#purr and moFpuyr are absolutely continuous with respect to the
Lebesgue measure, by the Sudakov Theorem (see Theorem 6.2 in [1]), there exist
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t1 : supp(mi#ur) — Q an optimal transport map pushing m #pu; forward mo#pur;
ty : supp(mi#irr) — Q an optimal transport map pushing mi#u;; forward mo#p;r; and
ts : supp(me# ) — € an optimal map transport pushing me# sy forward mi#uy;.

Consider now the measure p* defined, for ¢ € C(Q2 x Q), as

/@(I7y)dﬂ*($,y):/(,D(l',tl(x))dﬂ'l#,ul(x)
QxS Q

T / (@, ta(2))dmBpurr(z) + / o (t5(y), ) dmateurir(y),

that we write formally as (we will use this formal notation afterwards)

ILL* (IL', y) = 7'('1##[(33) ® 5y=t1(:13) + 71—1#1“[1(3:) ® 5y:t2(x) + 7T??%;“III(y) ® 5m:t3(y)-

Let us see that * is an optimal transport plan of our problem with courier. In fact, u* €
A(f+, f-) and, according to Theorem 2.6 and Remark 2.7, pj(x,y) = m#ur(2) @0y—t, (2

/'L?I(‘ra y) - ﬂ-l#,ulf(‘r) ® 5y:t2(x)7 M;Il(xa y) = 7"-27%'£/JJIII (?J) & 5:1::t3(y) and
Flu) = / & — t1(@)|dm s () + / & — to(a)|dm #eprs (2)
Q Q

+/§2‘y—t3(y)|d7f2#mn(y)—/le(l')dﬂl#,u]n-i-/992(@(17?2##11

S/ e —yld(pr + prr + prrr) — /91(93)657?1##111+ /92(37)057?2#/~6H
axa a 9

= F(pr + porr + frrr),

by the optimality of the transport maps ¢;. Then, by Theorem 2.6, F(u*) = F(u; +
prr + ) which gives the optimality of p*. Therefore, by Theorems 2.1 and 2.3,

[ usl@)(fate) = £-@)de = F).

Now, from the above expression, using Item 4 of Theorem 2.6, we have that

/Uood(ﬂl#/u — To#ir) + /Uood(ﬂl#,un — TofFpr) + / Uood(T1 #1111 — ToF0111)
9)

Q Q

_ / o — () |dm i 2 + / o — to(a)dmi by ()

OQxQ x €2
"‘/ ts(y) — yldmo#purir(y).
QxQ)

Taking into account that |Vus| < 1, we obtain that u., is a Kantorovich potential for
the transport of mi#ur to moffur, of mi#urr to meF#pyr, and of mi#urr to mo#fursr
Also it is easy to see that u., is a Kantorovich potential for the transport of m#u, to

ToFF LIy -
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By Theorem 2.6, we know that u.(x) = g¢1(x) for mi#pur — ae. x and us(z) =
g2(x) for mo#purr — a.e. x. Then, by the Dual Criteria for Optimality, we have
Uoo (T) = oo (t1(2)) + |2 — t1(2)| for a.e. x € supp(m#ur),
Uso(T) = go(ta(x)) + |x — ta(x)| for a.e. x € supp(m#prr),

Uoo(y) = g1(t3(y)) — ly — ta(y)| for a.e. y € supp(me#prir).
Moreover,

Uso() = min(ga(z) + |z — 2|) for a.e. x € supp(mi#urr),

z€Q

Uso(y) = max(gi(2) — |y — z|) for a.e. y € supp(me#pirr),

z€Q

and therefore, us, is only determined by ¢g; and ¢ in such domains. Indeed, for each
x € supp(m#uyr) there exist to(x) such that

min(gy(z) + [z — 2]) = g2(ta(2)) + [ — t2(2)] < galta(@)) + |z — to(2)),

ze

and £, is Borel measurable. Also, for each y € supp(mo#/ur7) there exists #5(y) such that
max(g(2) = |y = =) = 91(Es(y) = Iy = ()| = 91(taly)) =y = ta(y)];

t3 Borel measurable. Now,

Uz, y) = TFpr(T) @ Syt (2) + MFUIT(T) @ Oy, () + TeF 1T (Y) @ 0piy(y)

is also an optimal transport plan, and consequently, the above inequalities are equalities
a.e.

Observe also that the supports of m#u and m#u could be not disjoint, even if we
start (as we do) with the supports of f, and f_ disjoints.

Example 3.2. Consider = (0,2), f* = X(o1), f~ = X(1,2) and
—x + %, O<z< %,
g(x) = ga(2) = = — 3,

5
_x_'_i’

3
<z <3,

NIw NI

<z <2
Then, 1y = g1 = ¢go and we have
2 1
[umtrr ==
0

Now, let us describe different optimal measures for this problem.

1. Let p(z,y) = Xo,1)(®) ® dy—s + Xa,2)(y) ® 62—,. This is an optimal measure for
which p; =0, prr = X0,1)(2) ® Sy—s, prrr = X(1,2)(¥) ® 65—y and and ppy = 0; so we are
not moving any part of the masses, and the courier will do all the work.
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Observe that, since go(z) —g1(y) < |[x —y| for z € (0,1) and y € (1, 2), taking a courier
is always a better solution, but this can also be done in a different way:

2. pu(z,y) = Xo1)(2) ®0,-1+ X2 (y) ®0,_3 is an optimal measure for which ; = 0,
but now ;1 = X(0,1)(7) ® (XF% takes fi to (5%, leaving that mass there to the courier,
the courier takes what we have at x = % toxz = % and with g7 = Xa,2)(y) ® 6x:% we

distribute it to cover f_. Here again pup, = 0.

3. gz, y) = X,)(%) @ 01 + Xa,2)(y) ® 03 + 0o @ 61 + 0,3 @ Gy Is also an
optimal measure. It is the same courier-plan given above except that this measure has
non-negative pry = d,—g ® 0 —1+ 51:% ® Oy=2.

An small modification of the tax-functions g; shows how a u; not null appears: take
9gin =01 and 92.n = go + %, then we have that

([ —z+ 3, 0<z <3,
1 1 1
ZE—E, §<J}'<1—R,
— _ 34 1 1L 14 L
Un,oo = T+ 5+ 5, m <r<l+g,
1 1 1 3
:C—§+;, 1—|—E<£IZ'<§,
5 1 3
—I+§+E, §<l’<2,
for which
2
1 1 1
+
U - )=+ - —.

Now f, = X(o,1—ﬁ)(x> ®0y=a + X1 1) @ 0ypy 1 + X(1+ﬁ,2)(y) ® 0z—y is an optimal

measure for the problem and (u,); = Xa-L1)® 5y:$+%. Observe that, as n — +oo0,
this measure p,, weakly converges to the one described in the above point 1.

Example 3.3. As a different example, with u., not fixed a priori, let us consider 2 =
(0,2), f+ = X0,1), J- = X@1,2) and the obstacles

0, 0<2<3,
gi(z) = ’
2r — 3, 3 2

and

92(y) = 1 1
Yy—3 5>y
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In this example we have that a Kantorovich potential is given by

—z+3, 0<z <y,

1 1 7

oo () = T — 3, 3 ST <g,
o(x) =

_x—i_%a ngS%,

z—1, %SxSZ,

and an optimal measure by
M= X(07%)($) X 5y:% + X(%7%) X 6y:% + X(%J)(l‘) & 5y:z+% + X(%Q) (y) ® 53;:2.
We leave to the reader the description of the different transport plans that appear here.

If we modify ¢, by taking

0, 0<z<,
gl(m):{%—%, U<gp<o

we obtain
(—z+ 1, 0<z<4g,
s-d dse<h
Uso(T) = —x—l—%, %Sxﬁ%,
0, t<x<s
( T~ %7 g <z <2

and
W= X(o,%)(x) ®5y:% + X1 5 ®5y:% —O—X(%l)(:ﬂ) ®6y=x+é

‘f’X(%%)(y) 0% 5z:y + X(%Q) (y) X 5x:2

as optimal measure.

3.1. Some properties of the optimal transport.

3.1.1. Continuity of the total cost with respect to the obstacles.

Theorem 3.4. The total cost depends continuously on the obstacles. In fact, if g1, and
g2 are two sequences that converge uniformly as n — 0o to g1 and go respectively, then
the total cost with gy, and g2, as obstacles converge to the total cost with g, and gs.

Proof. Let p, € A(fy, f-) optimal measures for the functionals

Ful) = / o~ yldu— /Q grnd(mitti — ) + /Q gond(mattis — 1),

Qx
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and let F be the corresponding functional associated with ¢, go. By Theorem 2.6, if
fon, = ()1 + ()11 + (pn) 111, we have Fy,(p,) = Fn(jtn). Moreover, as in the proof of
Theorem 2.3, we obtain

gn<ﬁxﬁ>g/gf++/gf ¥neN.

Therefore, we can assume that [, — u weakly as measures.

Then, given v € A(fy, f-), since F,(fin) < Fu(v), fin, — 1 weakly as measures and
gin converges uniformly to g;, i = 1,2, we have

F(u) = lim F,(fin,) < lim F,(v) = F(v).
n—oo n
Consequently, i is an optimal measure for the functional F and

F(u) = lm Fy(u,). O

Remark 3.5. We can provide a more precise estimate. Let us call ¢(g, g2) to the optimal
total cost of the courier problem for the obstacles g; and g5, then we have

(3.1) e(91,92) = (g1 820)| < K (ll91 = g1l + 1192 = 20l

with K a constant that only depends on ||fi|;. The proof of such a bound runs as
follows: for p, an optimal transport plan for g;,, with (u,)ry = 0, and g an optimal
transport plan for g;, with (u);v = 0, we have that

(3-2) ]:(,u) - ]:n(:“) < ]:(,u) - ]:n(#n) < ]:(Pm) - fn(#n)
Observe that c(g1, 92) — ¢(g1.n, g2.n) = F (1) — Fulitn). Now,

) = Falyw)| = |~ |

< (/Q er +/Qf) (Hgl - gl,n”oo + HQZ - gZ,nHoo)a

and similarly,

700 = £ < ([ 2 [ 1) G =l + e =

From this estimates combined with (3.2) we obtain (3.1).

= ‘—/(91 — g1n)d(miFEpn — f1) + /9(92 — Gon)d(mofpin — f-)

Moreover, with the same ideas we can get the following estimate, depending also on
the masses,

}C(glag% f+a f,) - C(gl,n7g2,na f+,n7 ff,n)
< K<Hgl - gl,nHoo + Hg? - 92,n||oo + ||f+ - f+,n||1 + Hf— - f—/fl”l)a
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where K is a uniform bound for ||ginllec, ||fnll1: [|gillcc and || fi]l1. We conclude the
continuity of the total cost with respect to the obstacles (in uniform topology) and the
involved masses (in L' topology).

3.1.2. When do we need to add extra mass ¢ Let us begin with an example to determine
in terms of a parameter that controls the size of the upper obstacle when extra masses
appear or not.

Example 3.6. Let us consider © = (0,3), f+ = Xp1, /- = Xpg and go(z) = k,
g1(x) = 0 as obstacles.

First, let us compute the total cost without obstacles. A Kantorovich potential is
given by u(x) = 3 — x and the total cost is 2 with transport map 7'(z) = = + 2.

Case 1: k > 3. In this case we do not want to use the courier, since to move a unit
of mass from x to y we will be charged by ¢a2(x) — ¢1(y) = k > 3 (note that 3 is the
maximum distance between points in supp(fy) and points in supp(f_)). In this case we
have that the total cost is still 2 (like in the unconstrained situation) and a Kantorovich
potential is u(x) = 3 — x. Note that it is exactly for k& > 3 that we have room for a
Kantorovich potential without obstacles to belong to the set {u: g1 <u < ga}.

In this case we do not use any extra mass.

Case 2: k < 1. In this case we will always use the courier, since the cost to move
a unit of mass from x to y we will be charged by g2(x) — ¢g1(y) = k£ < 1 (note that 1
is the minimum distance between supp(fy) and supp(f_)). In this case a Kantorovich
potential is given by

k, x € [0,1],
u(z) =< k(2—12), z€(1,2),
0, x € [2,3].

The total cost is then k.

Note that the same wu is the solution obtained with the p—Laplacian approximation.
This follows since uo = lim, o u, maximizes [u(fy — f-) and then u(z) = k for
0 <z <1and ux(z) =0 for 2 <z < 3. Moreover u, is a strait line in the interval (1, 2)
and hence its uniform limit u., is also a strait line there.

For u, we have

| @@ @de = [ @de =17 o) - o)

1

:/ng(ﬁ—f)+/03%0d77§—/03‘9d77p’
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where (using the notation of Theorem 2.5)
nt = f-LY + k76, > 0

and
n, = f+LY + kP16 > 0.

Also u, is a minimizer of ¥,. In fact, we have,

1 ’ I |p 1 ° /1p ’ Ip=2,1 (/1 !
5/0 )| —];/0 ¥ s/o P2 o, — )
3 3 3
:/0 f(up—so)+/0(up—90)dnp§/0 flu, — 9)

for every g1 < ¢ < g9, since for such a ¢ it holds that
/ (up — p)dnp, = / (91— p)dn, — / (92 — w)dn, <0.

Now, for k& < 1, we can pass to the limit in 777 and 7, as p — oo and obtain as limits
f-LYN and f. LY respectively.

Remark that in the case 0 < k < 1 there are infinitely many Kantorovich potentials.
In fact, for any a € (1,2 — k),

k, 0<z<a,
ulz) =< (k+a)—z, a<z<k+a,
0, k+a<x<3,
is also a Kantorovich potential.
In this case two extra masses appear: V™ = x[o1) and VT = xp 3.

Case 3: 3 > k > 1. This is the intermediate case. For some points it is convenient to
use the courier while for others it is more convenient to carry the mass by ourselves. The
cost of using the courier to move a unit of mass from z to y is exactly gs(x) — g1(y) = k
hence we want to use it for points that are at a distance larger than k. We have the
following Kantorovich potential

k, 0< <k
uw)={ oo, <<y
O’ 3+k§x§3

We have that
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In this case we use the courier to take the mass in [0, 25*] to the mass in [33%, 3] and
we pay k(?’ MM and we move with our vehicle the mass in <T 1) to the mass in (2, 2£%)
k =

(note that both intervals have the same length), with cost

Note that also in this case this Kantorovich potential is the limit of the p—Laplacian
approximation (this follows as in the previous example, using the fact that u, is invariant
under symmetry around = = 3/2). In addition, this is the unique possible Kantorovich
potential.

In this case two extra masses appear: V~ = X(o,32k] and VT = Xzt 5)-
I 2 2 b

Let us now characterize, in general, when some extra mass appears. First, let us

observe that when
/f#/ﬂ

then necessarily an extra mass is needed (since it is not possible to perform a usual mass
transport without obstacles between f, and f_). Therefore, let us assume that

[ 1=

In this case, let us consider the total transport cost without obstacles, that is given by
(we use the Kantorovich-Rubinstein Theorem here)

A = a. — J_ dx: \V4 oo <1 s
s [ w040 - £ s [Vullie <1}
and compare it with the optimal cost with obstacles,
B = a dr: ||Vwl||peom < 1.
19 = (@™ g may {/Qw(:v)f(:v) z: [[Vwl|pe@) < }
Note that we always have that
A 2 BQI;QQ'

Now we can state the following result.

Theorem 3.7. Assume that [ f- = [ f+. No extra mass is needed if and only if
A=BRB

or equivalently, if and only if there exists a Kantorovich potential for the usual transport
of f+ to f_ (without obstacles) that belongs to the set

fue Wh=(Q) : g <u<gy inQ}.

g1,92>

Proof. 1t is clear that if no extra mass appears then the optimal transport cost is the
same as the one without obstacles. Viceversa, if the costs are the same then an optimal
transport plan for the cost of transporting f, to f_ with obstacles is an optimal transport
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plan for the problem without obstacles (since we have equality of optimal costs) and for
this plan no extra masses appear (the marginals of this plan are fi). Finally, we just
have to observe that there exists such a Kantorovich potential if and only if the two
maxima A and By, ,, are equal. u

As a consequence, we get that no extra mass is needed when the distance between the
obstacles, compared with the distance at which fi are located, is large.

Corollary 3.8. Assume that [ f_ = [ fy. If

inf g, — su > max T —
Q 92 Qp L= wEsupp(f1)yEsupp(f-) | vl

no extra mass s needed.

Proof. This follows from the fact that a Kantorovich potential for the usual transport
without obstacles verifies |Du| < 1 and therefore

u(z) = u(y)] < o =yl
for x € supp(fy) and y € supp(f-). Then
(3.3) [ufz) — u(y)| < igf g2 — sup gy

for € supp(fy) and y € supp(f_). Now we observe that the maximum of u is located
in supp(f;) and the minimum in supp(f_) (this can be deduced from the fact that this
property holds for the p—Laplacian approximation problems without obstacles, that is,
the maximum of w, is located in supp(f) and the minimum in supp(f-)).

Take xy a point in supp(f,) where the maximum of u is attained and a point y, in
supp(f-) where the minimum is attained. From (3.3), we have

max u — minu = u(xg) — u(yo) < inf go — sup ¢
Q Q Q Q

and hence there is room for a Kantorovich potential to belong to the set
{fue Wh>(Q) : gt <u<gy inQ}.
Indeed, there is a constant [ such that u 4+ [ is between the obstacles. Il
Conversely, some extra mass appears when the distance between the obstacles is small
(again compared with the distance at which fy are located).
Corollary 3.9. Assume that [ f_ = [ fy. If
g2(z) — g1(y) < |z —y|

for every x € supp(fy) and every y € supp(f-), then some extra mass appears.
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Proof. 1t follows from the fact that a Kantorovich potential for the usual transport
without obstacles verifies that

u(z) —u(y) = |z —y|

for any two points = € supp(f,) and y € supp(f_) joined by a transport ray. Hence our
hypothesis excludes the possibility of u to belong to the set

{fue Wh(Q) : g1 <u<gy inQ}.
In fact, assume that u belong to the set
{fu e Wh=(Q) : g1 <u<gy in Q}

then for two points x € supp(fy) and y € supp(f_) that are joined by a transport ray
we have

92(x) = g1(y) = u(z) —uly) = |z —y|
a contradiction with our hypothesis. U

3.2. Effective obstacles. Let us define the effective obstacles as follows: first, for go let
us consider the set where we will never use the courier:

By :={x € Q : 3z € Q with go(2) — g2(2) > |2 — 2|}

In fact, if z € By it is better to transport the mass to a z such that go() — g2(2) > |z — 2|
and then use the courier from z. Therefore, the effective obstacle of g can be defined as

. g2(x) z €0\ By,
Ga(z) =
+00 x € BQ.
Observe that

Go() =

N g2(x) if go(x) = mig{gz(Z) + |z — 21},
S
+00 else.

Note that if we relax the strict inequality in the definition of the set By and consider
By :={z €Q : 3z # x with g(z) — g2(2) > |z — 2|},

we do not need to use the courier from a point 2 € By to absorb mass since we are not
paying more if we transport the mass to a z such that g(x) — go(2) > |z — 2| and then
use the courier from z compared with the cost that we pay if we use the courier directly
from x. At points in B, \ By if we decide to use the courier from = we can also make the
choice of transport to z and then use the courier from there with the same cost.

Analogously, for ¢g; let us consider

By :={z : 3z # x with ¢1(2) — 1 (x) > |z — 2|}
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By the same arguments used before we never use the courier in B; to create mass, so we
have the effective obstacle
~ a1 (‘1.) S ﬁ \ Bla
gi(z) =
—00 r € Bj.
Observe also that

N gi(x) if gi(z) = max{gi (2) — [z = 2[},
fw) = —00 else. o

These obstacles g; and g are called effective obstacles since for the limit problem they
define the same set of 1—Lipschitz functions. In fact, we have

{u : |Du/<land gy Su<g}={{u : [Dul<land § <u < go}.
Indeed, since §; < ¢ and g5 < g9 we get
{u : |Dul<land s Su<go} C{u : |[Dul<land g <u<go}.

Now assume that there exists a function with |Du| < 1 such that §; < u < g, but there
is a point x¢ with u(zg) > go(zo) (the case in which the lower obstacle restriction is not
satisfied is analogous). As gy = go in ﬁ\ By we must have xq € Bs, then there exists z
such that

g2(xo) — g2(2) > |z — 2|.
Therefore

92(0) > ga(2) + w0 — 2 = min{gy(w) + o — w[} = ga(Wweo) + [0 — Weol.
we
Therefore if wy, ¢ By we have u(wy) < ¢g2(ws ) and then
u(zo) — w(weo) > g2(20) — g2(weo) > |20 — Wesl,
a contradiction with |Du| < 1. But if w., € Bs, there exists z,, such that
92(Woo) = g2(Z00) > [Woo — 2oo|
and then
92(Woo) + [0 — Weo| > g2(200) + [Woo — Zoo| + [T0 — Wao| = g2(200) + |20 — 200
a contradiction with the choice of ws as the minimum in min,cg{g2(w) + 2o — w|}.

Example 3.10. Now, as an example, take Q = [0,1] and assume that we only have
positive mass, that is, assume that f_ = 0. Take as the upper obstacle (the lower

. : o 1 .
obstacle does not enters into play since we want to maximize fo ufy so we want u as big
as possible everywhere),

g2(x) = k.
Case 1. k£ < 1. In this case we have

u(x) = ke = gal2)
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everywhere in [0, 1] and we will use the courier from every point in supp(fy) in (0, 1).

In this case the total cost with the potential is fol kz fi(z)dr and an optimal measure is
given by p(z,y) = fi(z) ® dy—,. The effective obstacle coincides with the obstacle and
the effective set [0, 1] \ By is the whole [0, 1].

Case 2. k > 1. In this case we have
u(z) =z < go(x)

everywhere in [0, 1] and we will use the usual transport in our vehicle to send everything
to = 0 and then use the courier from the point x = 0. The effective obstacle coincides
with the obstacle only at © = 0 and the effective set [0,1] \ By is the set {0}. Now an
optimal measure is given by pu(z,y) = f1(z) ® dy—0.

This case is related to Example 3.13 given in the next section.
3.2.1. Localizing the courier. In this subsection we consider the case in which we want
to restrict the possibility of using the courier to a subset K C ).

Let K a compact subset of Q and let us consider §;, §» the costs of using the courier
there. As before, these costs have to satisfy the following compatibility condition:

a1(z) = Gg2(y) < |z —y Vz,y e K.

Now, let us consider

(3.4) gi1(2) = max(gu(z) —clz —2[),  z€ Q,
and
(3.5) 92(y) = gleilr(l(gz(’w) + cly — wl), y€Q,

with ¢ > 1, and consider the transport problem with courier studied above for this
pair g1, go. One can see that the effective obstacles (the ones obtained in the previous
subsection 3.2) are equal to ¢;(z) for x € Q\ By, with Q\ B; C K, and to §.(z) for
x € Q\ By, with Q\ By, C K (see details afterwards). Then, from our previous results,
see Subsection 3.2, we have that there is a transport plan that does not use the courier
in Q\ K.

We can even localize the possible action of the courier in two different sets (one in
which we are allowed to leave mass and a different one where we can pick up mass). Let
us assume that, given two compact sets K; and K, (that can be disjoint or not), we have
two functions ¢;(z) and g2(y) that verify the compatibility condition,

g1(z) = g2(y) < |z —y Vre Ky, Vy e K.
Then we consider

g1(x) = max(g1(z) — c|z — z|), z €Q,
zeK;y
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and _

92(y) = min (ga(w) +cly —wl),  ye,

we Ko
with ¢ > 1, as obstacles in the whole Q. Note that these obstacles also verify
gi(r) —g(y) <lz—yl,  zyeQ

hence we may use our previous general results. But we have that the effective obstacles
that corresponds to these extensions ¢;, go, are the same as the effective obstacles of §;

and ¢, inside K; and K5 respectively. In this way we can deal with a transport problem
in which the possibility of using the courier is restricted to two different sets.

Let us now give some details on how to prove the above observations. We can see, in
fact, that the way we define go in (3.5) (a similar discussion also holds for g; given in
(3.4)), localizes exactly the effective domain for a transport involving only the obstacles
in the compact K: Define the effective obstacle defined in K (relative to K) as

) ga(x) if ga(z) = min{gs(z) + [& — 2},
g2<1’> e zeK

+00 else.

Proposition 3.11. Given g, defined in (3.5), for the effective obstacle G, defined in Q
we have that

5 g2(x)  ifx € K and go(x) = min{gs(2) + |z — 2|},
g2(l’) = zeK
+00 else.

Proof. The thesis holds if we prove that
{7 € gole) = minfgu(=) + o — 2} | = {w € K : gule) = min{gu(=) + lo — 2[} |

z€ Z

and in this set go(x) = ga(x). So, let us begin by taking = € Q such that
92(x) = min{g(2) + |z — 2[}-
S
Then
g2(x) = min{gs(2) + cfr — 2|} = min{gs(2) + [z — 2|}
zeK 2€Q

< min{gs(2) + |2 — 2[} < min{ga(2) + |z — z[}.

Therefore, for a minimizer z, € K in the first minimum of the above expression we have,
92() = Ga(ze) + ¢l — 2| < min{ga(2) + |2 — 2[} < g2(2) +|r — 2.

This implies z, = z (since ¢ > 1), and hence x € K, go(z) = min,ex{g2(2) + |z — 2|}
and go(z) = g2(x).
Let us now take z € K such that go(x) = min,cx{g2(2) + |z — 2|}. Then

92(7) < go() < ga(w),
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that is, go(x) = go2(x). Suppose that go(x) # min, g{g2(2) + |z — 2|}, that is,
min{gy(2) + |z — 2[} < ga(2),
zZE

then there exists z, € Q such that
92(22) + |z — Z| < g2(x) = G2(2).
Now, there exists w, € K such that g2(2;) = go(ws) + ¢|2; — w,|, hence
g2(we) + |2 — we| < ga(wa) + clze — wa| + |7 — 20| = g2(22) + |2 — z| < Ga(2),
a contradiction with the choice of z. 0

Remark 3.12. In particular, if we choose K = 0f) we are recovering and extending
some of the results given in [9].

Example 3.13. If K = {x¢} with §2(x¢) = by, we take a cone of the form
g2(z) = clz — x| + b
with ¢ > 1 then the effective obstacle is just
~ b, r = X,
Balw) = { —+00 x # xg.

That is, we can only create negative extra mass at the single point xy (with a cost given
by b). Analogously, if K = {x1,xs,...,zn} with go(z;) = b; we take

go(z) = min{c|x — z;| + b;}

with ¢ > 1, then we can obtain a transport plan that only creates negative extra mass
at the points z; (with costs given by b;).

Assume now that f- = 0 (we only have positive mass) and that the lower obstacle is
g1 = —m with m > 0 large enough. In this case a Kantorovich potential is given by

Uso () = min{|x — x;| + b;}.

This situation can be used to describe the use of localized resources. Assume that we
only have positive mass (that is, f_ = 0) that we want to store at a finite number of
prescribed locations, x1, ..., xy, with a cost given by b; to store a unit of mass at z;, then
the amount of mass that each location receives (and from where it comes) is exactly the
solution to our mass transport problem with obstacle go(z) = min;{c|x — z;| + b;} and
g1 = —m, m > 0 large enough. In fact, the point x; will receive all the mass of f;
located in the set

S; = {x : miin{|a: — x| + b} = v — +bj}'
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This fact is rather intuitive since if we want to store a unit of mass located at = we
will choose the location z; that minimizes the cost. Then the optimal measure for the
transport problem is given by u(z,y) = >, Xs; (2) f1(7) ® 6=y

4. APPENDIX
In this appendix we include a duality argument for our optimal mass transport prob-

lem. We remark that this argument was not needed in the previous sections, since the
p—Laplacian approximation gives a complete approximation of all the relevant quantities.

Let J: C(02) x C(€2) — R be defined by

He.w) = [ pla)fsta)de+ [ v)f-w)dn
and set
B(g1,92) == {(p, ) € C(Q) x C(Q) : p(x) +(y) < |z —yl, ;1 <@, —g2 <Y on O} .

Given (p,9) € B(g1,92) and p € A(fy, f-) we have

Hew) = [ e fu@de+ [ vf-)dy
—/st)(x)dm#u—/sod(m#u—f+)+/

Q Q

() oy — /Q bd(matby — )
< /SZXQ|$—y|du— /led(m#u— ) +/ngd(ﬂ'2#,u— ).

Then,
sup {J(¢,¥) : (p,¥) € B(gr,92)}

Moreover, if w € W(Q), with g1 < w < go in Q and ||[Vw||pe@) < 1, we have
(w, —w) € B(g1,92), and hence

max{/ w(z) f(z)de: we W% (Q), [Vl L@ < 1}
0

<sup {J(p.v) : (¢,0) € Blgr ) }.
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Therefore, by Theorem 2.3 we have that
(4.1)

mac [ p@fi@dot [ o)y
v, € C(Q): Q Q
®>91,% > —g2,
e(x) +¥(y) <z —yl

- win [ Je—ylda= [ gdlmittu— £+ [ udlmatn - ),
pEMTQXQ): Ox0 Q Q
m#p > firoand mo#Hu > fo

Now, (4.1) can be written as

max_ / (o(x) — ga(2)) fo () di + / () + 92(2)) f-(y) dy
S0>77/}1E1ZJC£Q*)5;2 . .
o) - 9) < 1o 3]

= min - _ /|$—?J|dﬂ—/gldﬂl#ﬂ+/g2dﬂz#u7
peMTQxQ): axQ Q Q

m#p > fr and ma#p > fo

that is,

max_ [ ot@) = @D e@yde [ @)+ )0 dy
v, € C(Q): Q Q
p—9g120,%+g2 >0,
(@) — g1(x) + ¥(y) + 92(y)
<lz—yl—g1(z) +92(v)

- min _ / (lz =yl — 91(2) + 9a3)) di.
weEMTQxQ): OxQ
mi#p > f+ and mo#p > f-

So, we can rewrite (4.1) as follows

. / (@) o () di + / $()f- () dy

= min / c(z,y)dp,
wEMT(QXQ): axQ

mi#Eu > f+ and mo#p > f-

where c(z,y) = |x —y| — 1 (x) + g2(y).

We want to remark that the above min-max result can be proven using Fenchel-
Rockafellar’s Theorem under the condition ¢(z,y) > 0, Vz,y € €. In fact, we can follow
the same steps of the proof of [13, Theorem 1.3|, the main change appearing in the
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definition of the functional =, that we define as

[e@r@ e+ [ vr-wa
= u€G(Qx Q) if u(z,y) = () +9(y),p < 0,9 <0,

0 else,
and for which, the calculus of the Legendre-Fenchel transform gives
0, if m#mT —p >0 and m#HFT —v >0,

400, in any other case,
for m € M(Q2 x Q).

Nevertheless, as we pointed out before, our approach using the p—Laplacian approxi-
mation gives also a Kantorovich potential for this problem, and, in addition, provides a
method to approximate that potential and the extra masses needed in the mass transport
process.
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