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1. Introduction

The purpose of this survey is to present some recent results given by the
authors about existence and uniqueness of solutions for a degenerate elliptic

problem with nonlinear boundary condition of the form
—div a(z, Du) +v(u) > p;  in Q

(S/’Ifuz)

a(z, Du) - n+ B(u) 3 pa on 09,

where (2 is a bounded domain in RY with smooth boundary 9, the function
a: QxRN — RY is a Carathéodory function satisfying the classical Leray-Lions
conditions, 7 is the unit outward normal on 99, pu; = u L OQ, o = L Q
are measures and vy and 3 are maximal monotone graphs in R? (see, e.g.,
[23]), 0 € v(0) N 3(0). General nonlinear diffusion operators of Leray-Lions
type, different from the Laplacian, appear when one deals with non-Newtonian
fluids (see, e.g., [7]).

The nonlinearities v and [ satisfy rather general assumptions. In particu-
lar, they may be multivalued and this allows to include the Dirichlet condition
(taking 8 to be the monotone graph D defined by D(0) = R) and the non ho-
mogeneous Neumann boundary condition (taking § to be the monotone graph
N defined by N(r) = 0 for all » € R) as well as many other nonlinear fluxes on
the boundary that occur in some problems in Mechanic and Physics (see, e.g.,
[34] or [22]). For instance, in the Signorini problem (see, e.g., [36], [37], [28])

which appears in elasticity and corresponds to the monotone graph

0 if r<o0
B(r)=1< ]—00,0] if r=0
0 if >0,

in problems of optimal control of temperature and in the modelling of semiper-

meability (see [34]), which corresponds in some cases to the monotone graph

0 if r<a

] — 00,0] if r=a
Br)y=4¢ 0 if r €la,b]

0,400]  if r=0

0 if r>0,
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where a < 0 < b.

Note also that, since v may be multivalued, problems of type (Slfn ,) ap-
pears in various phenomena with changes of state like multiphase Stefan prob-
lem (cf. [30]) and in the weak formulation of the mathematical model of the so
called Hele Shaw problem (cf. [32] and [35]). In the case in which D(v) # R we
are dealing with obstacle problems, also called unilateral problems in the lit-
erature. Obstacle problems appear in different physical context, for instance,
in deformation of membrane constrained by an obstacle, in bending of elas-
tic isotropic homogeneous plat over an obstacle and in cavitation problems
in hydrodynamic lubrication. Notice also that some free boundary problems
fall into this scope by using Baiocchi transformation (see [8]), for more details
concerning physical applications we refer to [44] or [34].

In the particular case a(x,£) = €, the problem (S22 ) reads

H1,H2

—Au+~vy(u)dp; inQ

(LZ;B,Im)

Opu+ B(u) 3 po on 01,

where 0, u simply denotes the outward normal derivative of u. For this kind of
problems in the homogeneous case, po = 0, the pioneering works are the paper
by H. Brezis (|22]), in which problem (Ll’fo) is studied for v the identity, 8
a maximal monotone graph and p; € L%(Q), and the paper by H. Brezis and
W.Strauss ([27]), in which problem (Llfo) is studied for p; € LY(Q) and ~,
[ continuous nondecreasing functions from R into R with v/ > ¢ > 0. These
works were extended by Ph. Bénilan, M. G. Crandall and P. Sacks in [17]
where they study problem (Sllﬁ o) for any v and 8 maximal monotone graphs
in R? such that 0 € ¥(0) and 0 € 3(0), and prove, between other results, that,
for any py € L'(Q) satisfying the range condition

inf{Ran(vy)}meas(Q2) 4+ inf{Ran(3) }meas(9) < /Qul

< sup{Ran(y)}meas(£2) + sup{Ran(5) fmeas(092),

there exists a unique, up to a constant for v, named weak solution, [u, z,w] €
WhHQ) x LY(Q) x LY(99), z(x) € y(u(x)) a.e. in Q, w(z) € B(u(z)) a.e. in



Degenerate Elliptic Equations with Nonlinear Boundary Conditions 5

09, such that

/Du'Der/var/ wv:/,ulv,
Q Q o Q

for all v € WH>(Q).
For p-Laplacian type equations, an important work in the L!-theory is [12],

where problem

—div a(z, Du) +v(u) > pu1  in Q
(Dj)
u=0 on 0f)

is studied for any v maximal monotone graph in R? such that 0 € v(0). It is
proved that, for any p; € L(), there exists a unique, named entropy solution,
[u, 2] € Ty (Q) x LY(Q), z(x) € y(u(z)) a.e. in Q, such that

/Qa(.,Du)-DTk(u—v)—i-/Qsz(u—v)S/QulTk(u—v) Vk >0,

for all v € L>®(2) N Wy (Q) (see Section 2 for the definition of ;""" (£2)).

In [2], [4] and [5] the results of [17] and [12] are extended by proving the
existence and uniqueness of weak, entropy, renormalized or generalized weak
solutions for the general non homogeneous problem (Sﬂfu ,) depending on the
data py1, po. The arguments of the proofs are very connected to the nature of

the nonlinearities v and 3. Grosso modo the following cases are studied,

(A) D(v) = R, either D(8) = R or diva(z, Du) = A,(u), and pq, po inte-
grable data;
o = 0, either D(3) = R or diva(z, Du) = Ay(u), and py integrable data
(no conditions on );

(B) R # D(y) C D(f) and gy, po integrable data (an obstacle problem);

(C) D(y) = D(B) = R and p1 + po a diffuse measure, that is, it does not

charge sets of zero p—capacity.

The main interest in this study is that we are dealing with general nonlinear

operators —div a(z, Du) with nonhomogeneous boundary conditions, which is
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quite different from the homogeneous case py = 0, and general nonlinearities
~v and 5. As in [17], a range condition relating the average of u; and ps to
the range of B and ~ is necessary for existence of weak solution and entropy
solution (see Remarks 3.1 and 5.2).

However, in contrast to the smooth homogeneous case p2 = 0, even for
a corresponding to the Laplacian, for the nonhomogeneous case this range
condition is not sufficient for the existence of weak solution. The intersection
of the domains of § and v creates an obstruction phenomena for the existence
of these solutions. Even if D(8) = R it does not exist weak solution as the
following example shows. Let 4 be such that D(y) = [0,1], 8 = R x {0},
and let p1 € LY(Q), g2 < 0 a.e. in Q, and ps € LY(99), p2 < 0 a.e. in 9.
If there exists [u, z, w] weak solution of problem (L7°, ) (see Definition 3.1),
then z € v(u), therefore 0 < u < 1 a.e. in Q, w = 0, and it holds that for any
v € WHP(Q) N L>®(Q),

/a(x,Du)Dv—&-/zvz/,uw—!—/ Lo,
Q Q Q a0

Taking v = u, as u > 0, we get

0§/a(a¢,Du)Du+/zu:/u1u+/ pou < 0.
Q Q Q o0

Therefore, we obtain that [, |[Dul? = 0, so u is constant and

/Zv:/,ugv—F/ Hn1v,
Q Q 0

for any v € WHP(Q) N L>(Q), and in particular, for any v € W, (Q) N L ().
Consequently, 1 = z a.e. in 0, and puo must be 0 a.e. in 0.

In general, for obstacle problems the existence of weak solution, in the
usual sense, fails to be true for nonhomogeneous boundary conditions, so a
new concept of solution has to be introduced.

For the case where the data are Radon measures, the problem is again
different. There is a large literature on elliptic problems with measure data,

mainly for the homogeneous Dirichlet problem and v = 0, that is, for the
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problem

—div a(z,Du) =p in Q

(o)

u=20 on 0f.
In the linear case, existence and uniqueness of solutions of (52’75}) was obtained
by G. Stampacchia [45] by duality techniques. In the nonlinear case the first
attempt to solve problem (ngg)) was done by L. Boccardo and T. Gallouét,
who proved in [18] and [19] the existence of weak solutions of (52:63) under the
assumption p > 2 — % In the case 1 < p < 2 — %,

case p € L'(Q), the definition of weak solution is not enough in order to get

even for the particular

uniqueness. It was necessary to find some extra conditions on the distributional
solutions of (Sg:oD) in order to ensure both existence and uniqueness. This was
done by Ph. Bénilan et alt. for the case of measures in L!(Q), by introducing
the concept of entropy solution in [12], and by P. L. Lions and F. Murat in an
unpublished paper where the concept of renormalized solution was introduced.
For diffuse measures, that is, for measures in L*(Q) + W~=1#'(Q), the problem
was solved by L. Boccardo, T. Gallouét and L. Orsina in [20], and for general
measures by G. Dal Maso et alt. in [31].

The study of the homogeneous Dirichlet problem for the Laplacian and
v # 0 was initiated by Ph. Bénilan and H. Brezis in 1975 (see [13]) for the
particular case y(r) = gp(r) := |r|P~'r. They proved the existence of weak

solutions of problem

—Au+~v(u)=p inQ

u=0 on 0,

for any measure y if p < &5 (N > 2), and non existence if p > &5 (N > 3)
for p = 64, with a € Q. Problem (L,ZZOD) was also studied by P. Baras and
M. Pierre [9]. Recently it has been studied by H. Brezis, M. Marcus and
A. C. Ponce in [25] in the case of a continuous nondecreasing nonlinearity
v:R =R, v(0) = 0 (see also [46], [10] for the particular case v(r) = e" — 1).
The same problem has been studied by H. Brezis and A. C. Ponce [26] in the
case Dom(v) # R closed. The case Dom(v) # R open has been studied by L.
Dupaigne, A. C. Ponce and A. Porreta [33].
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The study of nonlinear equations involving measures as boundary condition
was initiated by A. Gmira and L. Veron [38]. They proved the existence of weak
solutions of problem

—Au+u/Ttu=0 inQ
(GV)
U= p on 0§},

for any Radon measure p on 9 in the subcritical case 1 < ¢ < ¥4+, In the

N—1
supercritical case, ¢ > %, this is no longer true; for instance, the problem has
no solution if the measure p is concentrated at a single point. M. Marcus and
L. Veron in [42] characterized the Radon measures p on 992 for which problem
(GV) has solution in the supercritical case, these measures are those that are
absolutely continuous respect to the Bessel capacity C 2,4 00 09). In the last
years an extensive study of removable singularities and boundary traces for this
type of problems has been done by M. Marcus and L. Veron (see [43] and the
references therein).

The study of reduced measures initiated in [25] by H. Brezis, M. Marcus
and A. C. Ponce for problem (LZ:OD) has been developed in [26] by H. Brezis

and A. C. Ponce for problems of the form

—Au+vy(u)=0 in
(BP)
u=p on 0,

where v : R — R is a nondecreasing continuous function with ~(r) = 0 for
all » < 0. In that paper the authors make the observation that in all the
above problems the equation in €2 is nonlinear but the boundary conditions
is the usual Dirichlet boundary condition, being also interesting to investigate
problems with nonlinear boundary conditions of type
—Au+u=0 in Q
Lglﬁ
( 0O, ) ou

o +8(u) > on 09,

where 3 is a maximal monotone graph in R2.
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2. Preliminaries

Throughout this article,  C R is a bounded domain with boundary 02
of class C', p > 1, v and B are maximal monotone graphs in R? such that
0€7(0)NB((0) and a: Q x RY — RY is a Carathéodory function such that

(Hy) there exists A > 0 such that a(xz,&) - £ > A|¢JP for a.e. z € Q and for all
§ERY,

(Hs) there exists o > 0 and g € L (Q) such that |a(z,€)| < o(o(z) + |¢[*7)

for a.e. x € Q and for all £ € RN, where p’ = p%?

(Hs) (a(z, &) — a(z,&)) - (&1 — &) > 0 for ae. z € Q and for all &,&, €
RN, & # &.

The hypotheses (Hy — H3) are classical in the study of nonlinear operators in
divergence form (cf., [41]). The model example of a function a satisfying these
hypotheses is a(z, &) = |£[P~2¢. The corresponding operator is the p-Laplacian
operator A, (u) = div(|Du|P~2Du).

We denote by £V the N—dimensional Lebesgue measure of RY and by
HN =1 the (N — 1)-dimensional Hausdorff measure.

For 1 < p < +oo, LP(Q) and WP(Q) denote respectively the standard
Lebesgue space and Sobolev space, and W, (Q) is the closure of D(€) in
WP(Q). For u € WHP(Q), we denote by u or 7(u) the trace of u on 99 in
the usual sense and by Wﬁ’p@Q) the set 7(WHP(Q)). Recall that Ker(r) =

Wy P(9).
We write
1 if r>0, Lo oeeo
if r
i = 0 .f - O i + = ’
signg (r) i . r , signg (r) { 0. it r<o,
-1 if r<Q,
and for k£ > 0,

Tk (s) = sup(—k, inf(s, k)).

In [12], the authors introduce the set

T1P(Q) = {u: © — R measurable such that Tj(u) € W'P(Q) Vk > 0}.
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They also prove that given u € T1P(Q), there exists a unique measurable
function v : © — RY such that

DTk(u) = UX{\U|<I€} vk > 0.

This function v will be denoted by Du. It is clear that if u € W1P(£2), then
v € LP(Q) and v = Du in the usual sense.
As in [6], Z,-7(Q) denotes the set of functions u in 7'?(Q) satisfying the

following conditions, there exists a sequence u,, in WP(§) such that
(a) u, converges to u a.e. in Q,
(b) DTy (uy) converges to DTy (u) in L'(Q) for all k& > 0,

(c) there exists a measurable function v on 92, such that u,, converges to v
a.e. in 0f.

The function v is the trace of u in the generalized sense introduced in [6]. In
the sequel, the trace of u € T,-7(Q) on dQ will be denoted by #r(u) or u. Let
us recall that in the case where u € WP(Q), tr(u) coincides with the trace of
u, 7(u), in the usual sense, and the space T, ?(Q2), introduced in [12] to study
(D}), is equal to Ker(tr). Moreover, for every u € T,1P(Q) and every k > 0,
7(Tr(u)) = Ti(tr(u)), and, if ¢ € WHP(Q) N L®(Q), then u — ¢ € T,-7(Q) and
tr(u — @) = tr(u) — 7(0).
We denote

VIP(Q) = {¢ € L'(Q) : IM > 0 such that

[ 1001 < Ml vo € W)}
and

VIP(9Q) = {¢ € L'(99) : IM > 0 such that

/ ol < Ml Yo € WHP()}.
o9
V1P(Q) is a Banach space endowed with the norm

6]l (@) = inf {M >0: /Q |6v| < M[v]lwrg) Vo € Wl,p(Q)},
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and V1?(9Q) is a Banach space endowed with the norm

[lvrsom = inf {0 > 0+ [ fin] < Mlolwsoe) Vo e W @),
Observe that, Sobolev embeddings and Trace theorems imply, for 1 < p < N,
LP(Q) ¢ LWNP/(N=p))" () ¢ V1P(Q)

and
LP' (09Q) c LWN=Dp/(N=p)"(50) ¢ V1P (90).

Also,
VviP(Q) = LY(Q) and V'P(9Q) = L'(0Q) when p> N,

LYQ) c VEN(Q) and LY(0Q) c VIN(9Q) for any ¢ > 1.

For an open bounded set U of RY, the p-capacity relative to U, Co(.,U), is
defined in the following way. For any compact subset K of U,

Cp(K,U) :inf{/ |[Dul? ; we CX(U), u>XK},
U

where X is the characteristic function of K; we will use the convention that

inf ) = +o0. The p-capacity of any open subset O C U is defined by
Cp(0,U) =sup{C,(K) ; K C O compact}.
Finally, the p-capacity of any Borel set A C U is defined by
Cp(A,U) =inf {C,(0) ; O C A open}.

A function u defined on U is said to be cap,-quasi-continuous in A C U if for
every € > 0, there exists an open set B, C U with C,(B.,U) < € such that the
restriction of u to A\ B, is continuous. It is well known that every function in
WP(U) has a cap,-quasi-continuous representative, whose values are defined
capp-quasi everywhere in U, that is, up to a subset of U of zero p-capacity.
When we are dealing with the pointwise values of a function u € W1?(U), we
always identify u with its cap,-quasi-continuous representative.

Let us remark that if v € 717(Q), then u has a cap,-quasi-continuous

representative, which will be denoted equally by u; the cap,-quasi-continuous
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representative can be infinite on a set of positive p-capacity (see [31]). If in
addition the function u € T71P(Q) is assumed to satisfy the estimate

/ﬂummwwxgow+1) V>0,
Q

where C' is independent of £, then the cap,-quasi-continuous representative of
u is capp-quasi every where finite (see [31]).

Since we are considering 2 to be a bounded domain in RY with 9 of
class C1, Q is an extension domain (see [24]), so we can fix an open bounded
subset Ug of RY such that Q ¢ Uq, and there exists a bounded linear operator
E:WhP(Q) — Wol’p(UQ) for which

(i) E(u) =u a.ein § for each u € W1P(Q),

(ii) ||E(u)||W01,p(UQ) < Cllullwr.»(q), where C is a constant depending only on
p and €.

We call E(u) an extension of u to Ug. If u € WP(Q), 1 < p < oo, it
is possible to give a pointwise definition of the trace 7(u) of v on 9% in the
following way (see [47]), as E(u) € Wy'* (Ug), every point of Ug, except possibly
a set of zero p—capacity, is a Lebesgue point of E(u). Since p > 1, the sets
of zero p—capacity are of H™¥ ~!-measure zero and therefore E(u) is defined
HN1-almost everywhere on 99, so 7(u) = E(u) on dQ. This definition is
independent of the open set Ug and also of the extension E(u). From now on
Uq will be a fix open bounded subset of RY such that Q C Ug. We denote
7(u) by u in the rest of the paper.
Given u € T"P(Q) there exists T € 7,"*(Ug) such that

Ty(a) = E[Ti(u)]  for all k > 0.

For U an open subset of RV, we set by M;(U) the space of all Radon
measures in U with bounded total variation. We recall that for a measure p €
My(U) and a Borel set A C U, the measure pulL A is defined by (uLA)(B) =
w(B N A) for any Borel set B C U. If a measure u € M,(U) is such that
1= pl A for a certain Borel set A, the measure p is said to be concentrated
on A. For 1 € My(U), we denote by u*, = and |u| the positive part, negative
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part and the total variation of the measure p, respectively. By pu = pq + ps we
denote the Radon-Nikodym decomposition of x relatively to £V . For simplicity,
we write also i, for its density respect to £V, that is, for the function f € L*(U)
such that p, = FLVLU.

We denote by M7 (U) the space of all diffuse Radon measures in U, i.e.,
measures which do not charge sets of zero p—capacity. In [20] it is proved that
pt € My(U) belongs to MP(U) if and only if it belongs to L*(U) + W1 (U),
where WP (U) = [Wy?(U)]*. Moreover, if u € W'"P(U) and u € MY (U),
then u is measurable with respect to p. If w further belongs to L>°(U), then u
belongs to L (U, dy), hence to L*(U,dp).

Let ¥ be a maximal monotone graph in R x R. For r € N, the Yosida
approximation 9, of 9 is given by ¥, = r(I — (I + %19)_1). The function 9, is
maximal monotone and Lipschitz. We recall the definition of the main section
90 of ¥

the element of minimal absolute value of ¥(s) if ¥(s) # 0,
9(s) =4 +oo if [s,4+00) N Dom(?) = 0,

—00 if (—o0, s]NDom(Y) = 0.

We have that |, is increasing in 7, if s € Dom(4), 9,.(s) — 9°(s) as r — +o0,
and if s ¢ Dom(0), [9,(s)] — +oo as r — +oo. If 0 € Dom(?), jy(r) =
fOT ¥°(s)ds defines a convex lower semi-continuous function such that ¥ = 9.
If j4 is the Legendre transformation of jy then 9~ = 9.

We set

I(r+) = inf I(Jr, +o00[), I(r—) :=supd(] — oo, r])

for r € R, where we use the conventions inf ) = +o0o and sup ) = —co. It is

easy to see that
Hr) = [¢(r=),9(r+)]NR  for reR.

Moreover,
J(9) := {0 € Dom(¥) : ¥(r—) < I(r+)}
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is a countable set.
In [15] the following relation for u,v € L'() is defined,

u<<v if

/(u—k)+ §/(v—k)+ and /(u—&—k)‘ < /(v—l—k:)_ for any k£ > 0.
Q Q Q Q
We finish this section with the following definition.
Definition 2.1 ([6]). We say that a is smooth when, for any ¢ € L*(Q)

such that there exists a bounded weak solution u of the homogeneous Dirichlet
problem
—diva(z,Du)=¢ inQ
(D) _
u=0 on 012,
there exists 1) € L'(0) such that u is also a weak solution of the Neumann
problem
(N) —diva(z,Du)=¢ inQ
a(z,Du) -n=1 on 0f.

Functions a corresponding to linear operators with smooth coefficients and
p-Laplacian type operators are smooth (see [22] and [40]). The smoothness of
the Laplacian operator is even stronger than this, in fact, there is a bounded
linear mapping T : L*(2) — L'(99), such that the weak solution of (D) for
¢ € LY(Q) is also a weak solution of (N) for 1 = T(¢) (see [17]).

3. Integrable data

In this section we deal with integrable data, so we rewrite u; = ¢ and
o = 1 in order to denote functions. Let us begin by giving the different

concepts of solutions we use.

Definition 3.1. Let ¢ € L'(Q) and ¢ € LY(0). A triple of functions
[u, z,w] € WEP(Q) x LY(Q) x LY(0R) is a weak solution of problem (S;{i)
if z(z) € y(u(z)) a.e. in Q, w(x) € B(u(z)) a.e. in 0, and

/Qa(x,Du)-Dv—l—/gzv—&-/mwv:/mwv—i—/gqbv,

for all v € L> () N WhP(Q).
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In general, as it is remarked in [12], for 1 < p < 2—+-, there exists f € L'(Q)
such that the problem

ue WhHQ), u—Ayu)=f in D(Q),

has no solution. In [12], to overcome this difficulty and to get uniqueness, it
was introduced a new concept of solution, named entropy solution. Following

these ideas, we introduce the following concept of solution.

Definition 3.2. Let ¢ € L'(Q) and ¢ € LY(09Q). A triple of functions
[u, z,w] € T,2P(Q) x LY(Q) x LY(0RQ) is an entropy solution of problem (Sgg)
if z(z) € y(u(x)) a.e. in Q, w(x) € f(u(z)) a.e. in IQ and

/Qa(x,Du) DTy (u—v) +/

A 2T (u — v) —l—/ wTi(u —v)

o0
(3.1)

g/{mz/JTk(u—v)—i—/quTk(u—v) Yk > 0,
for all v € L>(Q) N WHP(Q).

Obviously, every weak solution is an entropy solution and an entropy solu-
tion with u € WP(Q) is a weak solution.

Remark 3.1 - If we take v = T}, (u) £ 1 as test function in (3.1) and let h go to

+OO, we gel 1hat

Then necessarily ¢ and v must satisfy
R S/ w+/¢§7z+ ;
7,83 00 9 V7,5

R+)ﬁ := sup{Ran(y) }meas(£2) + sup{Ran(5) }meas(0)

ol

where

and

R, 5 = inf{Ran(y) }meas(22) + inf{Ran(3) jmeas(012).

In general, we will suppose R 5 < ’Rj 5 and write Ry g :z]’R; 0 ’Rj ﬁ[.
The following result holds for entropy solutions.
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Lemma 3.1. Let [u, z, w] be an entropy solution of problem (Sgg) Then, for
all h > 0,

A |Dul” < k [ + & 9]
{h<|u|<h+k} oQN{|u|>h} QN{|u|>h}

Respect to uniqueness we have the following results.

Theorem 3.1 ([2]). Let ¢ € L'(Q) and ¢ € L'(99Q), and let [uy, 21, w:]
and [ug, z2, w2 be entropy solutions of problem (Sli) Then, there exists a
constant ¢ € R such that

U — Uy =c¢ a.e. in §Q,

21 —22=0 a.e. in Q.
w; —ws =0 a.e. in 0.
Moreover, if ¢ # 0, there exists a constant k € R such that z; = zo = k.

Since every weak solution is an entropy solution of problem (Sgi), the same
result is true for weak solutions. Nevertheless we have the following general
result for weak solutions, in fact, a contraction principle between sub and super
weak solutions. As usual, we understand weak sub and supersolution in the
following way. A triple of functions [u, z,w] € W'P(Q) x L' (Q) x L'(99) is a

weak subsolution (resp. supersolution) of problem (S;g) if z(z) € y(u(z)) a.e.
in Q, w(z) € B(u(x)) a.e. on 0N, and

/a(x,Du)~Dv—|—/zv+/ wv < (resp. 2)/¢v+ Yv,
Q Q 20 Q o0

for all v € L>®(Q) N W'P(Q), v > 0.

Theorem 3.2 ([4]). Let ¢1,p2 € LY (Q), 11,2 € L1(OQ). If [uy, 21, w1] is a
weak subsolution of(S;{fwl) and [ug, 22, we) is a weak supersolution of(S;f%),
then

/Q(Zl —z9)" +/39 (w1 —wa)" < /Q(¢1 —¢a) " +/89(¢1 — 1ho) ™.

Respect to the existence of weak solutions we obtain the following results.
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Theorem 3.3 ([2]). Assume D(y) = R, either D(3) = R or a smooth, and
- +

R775 < R*fﬁ‘

For any ¢ € V1P(Q) and ¢ € V1P(0Q) with

/ ¢ =+ ¢ € R'y,ﬁa
Q o0

there exists a weak solution [u, z, w] of problem (S;i)

In the special case R 5 = R,Jyrﬁ, that is, when v(r) = B(r) = 0 for any
r € R, existence and uniqueness of weak solutions are also obtained.

Theorem 3.4 ([2]). For any ¢ € VIP(Q) and ¢ € VP(0Q) with

/§2¢+ 69770:0’

there exists a unique (up to a constant) weak solution u € W1P(Q) of the

problem
—div a(z,Du) = ¢ inQ

a(z,Du) -n=1 on 0f)

/Qa(x,Du)-Dv:/mwva/ﬂqﬁv,

for all v € WHP(Q).
In the case ¢ = 0 we have the following result without imposing any condi-

in the sense that

tion on 7, in the same line to the one obtained by Bénilan, Crandall and Sack

in [17] for the Laplacian operator and L!-data.
Theorem 3.5 ([2]). Assume D(3) =R or a smooth, and R 5 < Rjﬁ.

(i) For any ¢ € V1?(Q) such that [, ¢ € R, there exists a weak solution
[u, z,w] of problem (S;”g), with z << ¢.

(ii) For any [u1,z1,w1] weak solution of problem (S(Zfo), ¢ € VIP(Q),
Jo#1 € Ryp, and any [uy, zp, ws] weak solution of problem (S;fo),
¢o € VIP(Q), fQ ¢2 € R, 3, we have that

/Q(Zl — )"+ /69(wl —wy)" < /Q(¢1 —¢2)*.



18 F. Andreu, N. Igbida, J.M. Mazén, and J. Toledo

For Dirichlet boundary condition we have the following result.

Theorem 3.6 ([2]). Assume D(3) = {0}. For any ¢ € V1P(Q), there exists a
unique [u, z] = [ug.p, 2.0] € Wy P(Q) x VIP(Q), z € y(u) a.e. in Q, such that

/ a(:v,Du)-Dv+/ v = / ov,
Q Q Q
for all v € W, P(Q).

Moreover, if ¢1, ¢y € V1P(Q), then

/(%,wl — Zga )T < /(</>1 —pa2)*.
Q Q

Let us now state the existence results of entropy solutions for data in L!.

Theorem 3.7 ([2, 5]). Assume D(y) = R and either D(8) = R or a smooth.
Then,

(i) for any ¢ € L'(Q) and ¢ € L'(0R), there exists an entropy solution
[u, z,w] of problem (S;g)

(ii) For any [ui,z1,w1] entropy solution of problem (ngwl), 1 € LY(Q),

Y1 € L1(09), and any [uz, 22, ws] entropy solution of problem (ngwz),

¢ € LY(Q), 1o € LY (09), we have that

/Q(Zl Tl /asz(wl —wa)" < /89(1/)1 — )"+ /Q(¢1 — )t

As a consequence of the previous results we have the following corollary

(see [17, Propostion C (iv)] for the Laplacian).

Corollary 3.1. a is smooth if and only if for any ¢ € L'(f) there exists
T(¢) € L'(0R) such that the entropy solution u of

—div a(z,Du) = ¢ in

u =0 on 012,



Degenerate Elliptic Equations with Nonlinear Boundary Conditions 19

is an entropy solution of

—div a(z,Du) =¢ in

a(z,Du) -n=T(¢) on ON.

Moreover, the map T : L*(Q2) — L*(99) satisfies
/(T(¢1) —T(¢2))*" < /(¢1 — )",
Q Q

for all ¢1,¢2 € L*(R2), and T (V1?P(Q)) C V1P(9Q).

In the homogeneous case, without any condition on v, we also get the

following result.

Theorem 3.8 (|2, 5]). Assume D(3) =R or a is smooth. Then,
(i) for any ¢ € L'(Q), there exists an entropy solution [u, z,w| of problem

(S35, with z << ¢.

(ii) For any [u1,z1,w] entropy solution of problem (S;;BO), ¢1 € L1(Q), and
any [ug, 22, ws] entropy solution of problem (Sg;ﬁo), ¢ € L(Q), we have

that
/Q(Zl —2)" + /89(w1 —wy) " < /Q(¢1 —¢2) 7.

In order to obtain the existence results the main idea is to consider the

approximate problems

—div a(z, Du) + Ymn(w) 3 ¢, in Q
m,nsBm,n
(Sgmmgm™)
a(xz, Du) - N+ Bmn(u) D Ymn on 09,

where vy, , and [y, ., are approximations of v and 3 given by

1 1
= —_ + — —r
Ymanlr) =)+ —r* = =
and
1 1
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respectively, m,n € N, and

¢m,n - Sup{inf{m7 d)}v —TL}

and
wm,n = Sup{inf{ma 1/]}7 —TL}

are approximations of ¢ and 1 respectively. For these approximate problems we
obtain existence of weak solutions with appropriated estimates and monotone

properties, which allow us to pass to the limit.

4. An obstacle problem

Let us now suppose that

R # D(y) C D(B).

Observe that if D() is not bounded we are dealing with a one obstacle problem
and with a two obstacle problem if D(v) is bounded.

We want to stress, as remarked in the introduction, that for this kind of
problems the existence of weak solution, in the usual sense, fails to be true
for nonhomogeneous boundary conditions. We introduce a new notion of solu-
tion for which existence and uniqueness can be obtained for nonhomogeneous
boundary conditions in the case D(v) # R.

To give an idea of this new concept of solution, let us consider again the
problem (Lz)gb) treated in the introduction, with ¢ € L? (Q), ¢ € LP (9Q) and
D(v) = [0,1]. In order to get existence, it is usual to use the approximate
problems

—Aupr + v (ur) =¢  in Q
(L3
Oy = 9 on 012,
where 7, is the Yosida approximation of 7v. Now, by the results in the previous
section, the estimates we can obtain are, essentially, {7, (u,)} bounded in L*(Q)
and {u,} bounded in H'(Q2). Therefore we have to pass to the limit weakly-
star in the space of measures for 7, (u,) and weakly in H'(Q) for u,. And the
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standard analysis for this kind of problems allows us to obtain a couple [u, p],

where u € H'(Q), p is a diffuse Radon measure in RY concentrated in € and

/Du~Dv+/vdu+/ vdu:/¢v+ Yv Yove HY(Q)NL>®(Q).
Q Q 19) Q o0

In a first step, we prove that the Radon-Nykodym decomposition of y relatively
to the Lebesgue measure, p = piq + fis, is such that p, € y(u) a.e. in  and p,
is concentrated on {x € Q ; u(z) =0} U {z € Q; u(x) = 0} with

ps <0 on {x€Q; u(x)=0} and ps>0 on {xeQ; u(z)=1}.
Afterwards, an accurate analysis allows us to prove moreover that ug is con-
centrated on 02 and it is absolutely continuous with respect to an integrable
function on the boundary, which implies that pus € L'(99Q). So, [u, fta, is] is a

weak solution, in the usual sense, of the problem

—Au+v(u) 3¢ in Q

Du-n+ 0ljg qj(u) ¢  on 09,
where, for an interval I C R, 0I; denotes the subdifferential of the indicator

function of I,
0 ifrel,
I;(r) =
+oo ifré¢l,
which is the maximal monotone graph defined by D(0l;) = I and 0l;(r) =

0 for r € int(I). For instance, if D(y) = [a, b], then

]—00,0] if r=a
8]IW(T)= 0 if a<r<b

[0,+00] if r=0.
In other words, the boundary condition needs to be fullfield in the following
sense
Oyu=1v onl[0<u<l]
(4.1) Opu>1  on [u=1]
Opu <% onfu=0]



22 F. Andreu, N. Igbida, J.M. Mazén, and J. Toledo

The last two conditions of (4.1) disappear whenever the data ¢ and v are such
that the sets [u = 1] and [u = 0] are negligeable. This is the case, for instance,
if » = 0.

After a complete analysis of the general problem (Sgg) when D(7) € D(3),
we get the right notion of solution which coincides with the concept of weak

solution for the problem

—div a(z, Du) + vy(u) > ¢ in Q

a(z,Du) -n+ p(u) + 8]IW(U) > on O

Definition 4.1. Let ¢ € L'(Q) and ¢ € L*(09). A triple of functions
[u, z,w] € WHP(Q) x LY(Q) x L' (09) is a generalized weak solution of problem

(S;,Z) if z2(z) € y(u(x)) a.e. in Q, w(z) € B(u(z)) + 8]IW(U(9:)) a.e. on 052,

/a(a:,Du)-Dv+/zv—|—/ wv= [ ¢v+ Yo,
Q Q a0 Q 90
for all v € L (Q) N WhP(Q).

and

It is clear that a weak solution is a generalized weak solution. Moreover,
thanks to the results in Section 3, the two concepts coincide in the case (A).
Let us show the existence and uniqueness results of solutions in the sense of
Definition 4.1 for (Sgg) in the case R # D(v) € D(B).

The main result about existence is divided in two statements. The state-
ment (i) corresponds to the existence of generalized weak solutions for the one
or two obstacle problem and regular data. Observe that for the one obsta-
cle problem R, g can be different from R and for the two obstacle problem
R..3 = R. The statement (ii) is for the two obstacle problem and L'-data.

Theorem 4.1 ([4]). Assume R # D(vy) C D(3). Then,

(i) for any ¢ € V¥P(Q) and ¢ € V1P(0Q) such that

/Q¢+/801/’€R%5a

there exists a generalized weak solution [u, z, w] of problem (S(Zi) ;
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(ii) if D(v) is bounded, the existence of a generalized weak solution [u, z, w]
of problem (Sgg) holds to be true for any ¢ € L'(Q) and ¢ € L'(99).

Since [u, z,w] is a generalized weak solution of problem (S;Z) if and only
if [u, z,w] is a weak solution of problem (Sg’i”), where (8, := 8+ 3]IW, the
uniqueness of a generalized weak solution is a consequence of Theorems 3.1 and

3.2.

Theorem 4.2. Let ¢ € L*(Q) and ¢ € LY(9). Let [u1, z1,w1] and [ug, 22, w2)
be generalized weak solutions of (ng;) Then, there exists a constant ¢ € R
such that

Uy — U = ¢ a.e. in §Q,
z1—29=0 a.e. in

and

wy —we =0 a.e. in ON.

If ¢ #£0, z1 = zy is constant.
Moreover, given [uy,z1,w;] a generalized weak solution of (S;;B ;) and

[uz, 22, wa] a generalized weak solution of (S(waz),

[e=mt+ [ n—w < [+ [ @t

By the above result we have that [0, ¢, ] is the unique generalized weak
solution of the paradigmatic problem (L;i)

Thanks to the example (Ll?p) it is clear that, for a generalized weak solu-
tion, w ¢ [(u) in general. However we show that for the homogeneous case

=0, w e [Bu).

In order to prove the existence results we define
ME(Q) = {,u € My(Ug) N\W—17 (Ug) : pis concentrated on ﬁ} .

This definition is independent of the open set Ugq, and for v € WP(Q) and

p € MP () we have
(u,ﬁ)z/udqu/ wds.
Q o
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Observe also that if 4 € M¥(Q) then u € MY (Ug).
We also define, for u € W'?(Q) and p € MY (Q),
p€y(u)
if the following conditions are satisfied,
(1) o € y(u) LY —a.e. in Q,
(ii) s is concentrated on the set {z € Q:u =D} U{z € Q:u=~"},
(iil) ps <Oon{zcQ:u=7D}and s >0o0n {z € Q:u=~},

where 7(*) = inf Dom(y) and v(*) = sup Dom().
Let us point out the similitude of the above concept with the definition of
p € y(u) for p € MP(Q) given in [9], from where we have taken some ideas for

our proofs.
Let u € WP (Q) and p € M%(Q). Recalling that the set {z € 0 : u = +oo}
has zero p-capacity relative to Ug and that p € M7 (Ug), we have that

ps =0 on {zr€Q:u=4oo}.
In particular, if D(y) = R, then
p€y(u) ifand only if p€ LY(Q) and p € y(u) a.e. in €.

Initially we prove the following proposition by approximating the problem
by other one to which we can apply the results in Section 3. Concretely,
we consider approximate problems replacing 3 by 3, being  the maximal

monotone graph defined by

8(s) it s ely®, 4],
Bls) =14 B'(YD) if s <A@ (1 finite),
By it s> A0 (40 finite).
And replacing v by 4" as follows, in the case domain of ~y is bounded, i.e. v(*)

and v(®) are both finite, for every r € N we take v = 7, to be the Yosida

approximation of v, and in the case D(v) is not bounded, we consider that



Degenerate Elliptic Equations with Nonlinear Boundary Conditions 25

7 = —o0o and 4(*) is finite (the other case, v(*) finite and 7(*) = +o0, being
similar), for every r € N we take 7" the maximal monotone graph defined by

. ~(s) if s<0,
7" (s) = .
¥ (8) if s>0.
It is clear that in the last case we are regularizing just the positive part, the
regularization of the negative part is not necessary since it is everywhere de-
fined.

Proposition 4.1 ([4]). AssumeR # D(vy) C D(f3). Then, for any ¢ € V1P(Q)
and v € V1P(9Q) such that

[+ fvemn

there exists [u, u, w] € WHP(Q) x MP(Q) x VIP(99) such that w € B(u) a.e.
in 9, p € y(u) and
[ atwow Dot o)+ [
Q

wv:/¢v+ Yv Yo e WHP(Q).
a0 Q a0

Next we show that us is concentrated on 0f2 and is absolutely continuous
respect to an integrable function in order to get Theorem 4.1. To this end, the

following technical result is established.

Lemma 4.1. Let n € W"P(Q), v € MP(Q) and A € R be such that n < A
(resp. n > A) a.e. Q. If
—div a(z,Dn) =v

in the sense that /

a(z,Dn) - D¢ = Lf dv, for any ¢ € W(Q), then
Q Q

/ Edv >0
{zeQun(z)=\}
(resp.

/ £dv <0)
{zeQun(z)=\}

for any £ € W'P(Q), £ > 0.
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5. Measure data
We define
MY (Q) := {p € MJ(Uq) : pis concentrated on Q} .

This definition is independent of the open set Uq. Note that for u € WP ()N

L>(Q2) and p € MY (), we have

o b)) = [ wdpt [

on the other hand, there exists f € L'(Uq) and F € (L? (Ug))N such that
u = f + div(F), therefore, we also can write

(u, E(u)) = fE(u)dx —/ F-DE(u)dz.
Uq Uq
Note that, if f € L1(Q2) and g € L'(09) then fLYNL Q4+ gHN 1L OQ is a
diffuse measure concentrated in Q. Now, if p > N—k, 1 <k < N—1, and M is
a k-rectifiable subset of 99, then H¥L M is a diffuse measure concentrated in
99 which is not an L' function in 99 (see, [39, Theorem 2.26| or [47, Theorem
2.6.16]).

Definition 5.1. Let uq, o measures, py = 1L Q and puo = ol 0N, such that
p1 + po € MY(Q). A triple of functions [u, z,w] € WHP(Q) x L'(2) x L'(99Q)
is a weak solution of problem (Sme) if z(x) € v(u(x)) a.e. in Q, w(zr) €
B(u(z)) a.e. in OQ and

/a(x,Du).Dvdx+/zvd:c+/ wvdHNfl:/vdu1+/ vdpo
Q Q I9) Q o9
for all v e WHP(Q) N L ().

As we pointed out before the concept of weak solution for this type of
problems is not enough in order to get uniqueness. It is necessary to find
some extra conditions on the distributional solutions in order to ensure both
existence and uniqueness. This was done by introducing the concepts of entropy
and renormalized solutions (see, e.g., [12]). For our problem these concepts are
the following.
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Definition 5.2. Let u1, pio measures, pq = p1 L and ps = po L 09, such that
p1 + p2 € MP(Q). A triple of functions [u, z,w] € T,-7(Q) x LY(Q) x L*(99)
is an entropy solution of problem (S,'jfm) if z(x) € y(u(z)) a.e. in Q, w(zx) €
B(u(z)) a.e. in Q) and

/Qa(x, Du) - DT (u — v) dx + /Q 2Ty (u —v)do

(5.1) +/ wTy(u — v) dHN 1
o0

S/Tk(u—v)dm—i—/ Tr(u —v) dpe VEk > 0,
Q o0
for all v € WHP(Q) N L ().

Definition 5.3. Let uq, uo measures, p1 = 1 L and us = oL 99, such that
p1 + p2 € MP(Q). A triple of functions [u, z,w] € T,7P(Q) x LY(Q) x L'(0Q)

is a renormalized solution of problem (Slﬁm) if z(z) € v(u(z)) a.e. in Q,

w(z) € B(u(z)) a.e. in I, and the following conditions hold

(a) for every h € W1>°(R) with compact support we have

/ a(x, Du) - Duhb'(u)p dz —|—/ a(x, Du) - D h(u) dx
Q )

(5.2) +/§22h(u)cpdz+/?39wh(u)cdeN71

= / h(u)e dps + / h(u)pdps Yk >0,
Q o0
for all o € WHP(Q) N L>(2) such that h(u)p € W1P(Q),

(b)

lim a(z, Du) - Dudx = 0.
n o Jin<ul<nt1}

Remark 5.1 - Every term in (5.2) is well defined. This is clear for the right
hand side since h(u)e belongs to L (2, 1 + p2), and thus to L'(Q, u1 + po).
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On the other hand, since supp(h) C [—k, k] for some k > 0, the two first terms
of the left hand side can be written as

/ a(x, DTy (u)) - DTy (u) b (u)p dz + / a(z, DTy (u)) - Dy h(u) dx,
Q Q

and both integrals are well defined in view of (Hs), since both ¢ and Ty (u)
belong to W1P(Q). Moreover, it is not difficult to see that the product
DTy (u) h'(u) coincides with the gradient of the composite function h(u) =
h(Ty(u)) almost everywhere (see [21]).

The nexus relating both concepts of solutions is the following one.

Lemma 5.1. Let iy, uo measures, py = p1_Q and po = uol 02, such that
p1 + pe € MY(Q). Let [u,z,w] be an entropy solution of problem (S):2, ).

H1,p2
Then,

lim \DulP =0, Yk > 0.
h—+o0 {zeQ:h<|u(z)|<h+k}
Theorem 5.1. Let pq, o measures, p1 = pu1L-Q and ps = po 09, such that
pi1 + pr2 € MY (Q). Then, [u, z,w] is an entropy solution of problem (S5, ) if

and only if [u, z,w)] is a renormalized solution of problem (SZ; 112
Remark 5.2 - Assume that [u, z, w] is an entropy solution of problem (Slfjuz)

If we take v = T, (u) £ 1 as test functions in (5.1) and let h go to +oo, we get

that
/z+/ w = p1(Q) + p2(092).
a0

Then, since z(x) € v(u(z)) a.e. in Q and w(z) € S(u(x)) a.e. in IQ, necessarily
p1 and po must satisfy

R 5 < Q) + p2(09) < RY 5.

For weak solutions a contraction principle is proved in Theorem 5.3. Respect

to uniqueness for entropy solutions we have the following general result.

Theorem 5.2 ([5]). Let uy, uo measures, p1 = 1 LQ and po = ua L 0Q, such
that py + pg € 93?15(5). Let [uq, z1,w1] and [ug, 22, ws] be entropy solutions of

problem (Szlﬁw) Then, there exists a constant ¢ € R such that

U —Us =c a.e. in ),
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21 —29=0 a.e.in .
wy, —we =0 a.e. in ON.
Moreover, if ¢ # 0, there exists a constant k € R such that z; = zo = k.
In order to get the existence of solutions we use the following key results.

Lemma 5.2 ([5]). Let Q be a bounded domain in RY with 99 of class C*.
Given p € MY (€Y), there exists a sequence {1, fnen C Ce(€2),

¥y, — |4 as measures,
such that, for any {v, }nen € WHP(Q) with v,, — v weakly in W1P(Q) and all

k>0,
lim Tk (v = /7Tk(v) dp.

Moreover, if p = f+div F, f € L (Ug), F € L? (Uq)N, then

oo

< Culfll o vy lonllze()

+ C2||F||(Lp’(UQ))N (HUnHLp(Q) + ||D’Un||LP(Q)) .

Grosso modo, we rectify 9 using local maps {(G;,U;)}i=o1,...,
troduce a partition of unit {6;}i—o,1,... x subordinate to 9Q and Uy, ... Uy (see
[24]). Letting d.(2',2n) = (z/, (1 — €)xn + €) and writing d}, = G;0d1 0 G; 71,

1=1,...,n, we take

k

i=1

where p. is a mollifier with support in B(0,¢) and d#v is the push-forward

measure.

Lemma 5.3 ([1]). Let {u,}nen € WHP(Q), {zn}tnen C LY (Q), {wp}nen C
LY(09Q) such that, for every n € N, z,, € v(u,) a.e. in Q and w,, € B(uy,) a.e.
in 0€). Let us suppose that
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(i) if R;ﬂ = 400, there exists M > 0 such that
/z,fdx+/ wido <M  VneN;
Q o0

(ii) if Rjﬁ < 400, there exists M € R such that

/znd:v+/ wnda<M<RjB
Q o0 ’

and

lim / |zn|dgc+/ |wpldo | =0
L—+oo \ J{zeQiz,(z)<—L} {2€8Qw, (z)<—L}

uniformly in n € N. Then, there exists a constant C = C(M) such that
lutllero) < C (I1DullLre) +1)  VneN.

The next theorem gives the existence results of weak and entropy solutions.

A contraction principle for weak sub and super solutions also holds.

Theorem 5.3 ([5]). Let Q C RY be an open bounded set with boundary OS2
of class Ct. Assume Dom(vy) = Dom(3) = R and J(v) and J(3) are bounded.
Then,

(i) for any measures pi1, o such that pg = p1LQ, po = oL 0Q, p = p1 +
po = f+div(F), f € LV (Ug), F € (L” (Ug))N, and u(Q) € R, g, there

exists a weak solution [u, z,w] of problem (S5, ).

(ii) If [u, z,w| is a weak subsolution of problem (S;’fm)
p1 = pLQ and po = p2 L9 such that p = p1 + pe € MY(Q), and
[@, Z,w] is a weak supersolution of problem (ngﬂz)’ ‘[Ll,ﬂi measures,
fu = fi1LQ and fix = iz 0 such that i = fi1 + fio € MM} (), then

, 41, o measures,

(5.4) fe=a7+ [ i <@-ir@.

(iii) For any measures pi1, o such that pu; = pLQ, pus = ual0Q, p =
p1 + pe € MY(Q), and p(Q) € R, 5, there exists an entropy solution

[u, z, w] of problem (Slfm)‘
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For the existence results we first suppose that R, 3 = R and consider a
sequence of approximated problems, replacing ¢ by v,,, given in (5.3), to which
we can apply Theorem 3.5. Afterwards we use monotonicity arguments to deal
with the other cases.

The proof of the contraction principle is as follows. Let [u, z, w]| be a weak
subsolution of problem (Sme) and let [@,Z,w] be a weak supersolution of
problem (Sglﬁﬂ2> Then,

/a(x,Du)~Dv+/zv+/ wvﬁ/vdu
(5.5) Q Q a0 )

Yo e WhP(Q)N L¥(Q), v >0,
and

/a(x,Dﬂ)~Dv+/,§v+/ ﬁ)vz/vdﬂ
(5.6) Q Q G19) 1)

Yo e WHP(Q) N L>®(Q), v > 0.

+
k

Consider p € WHP(Q), 0 < p < 1. Taking as test function v = Tk (u—1a+ kp)
in (5.5) and in (5.6), we have

/Qa(x,Du)~D<7;§(u—ﬂ+kp)>+/sz;5(u—ﬂ+kp)

TF TF
+/ w—E(u — @+ kp) S/ (k(u—ﬂ+kp)> du
oo K a\ k

and

/Qa(x,Dﬁ)~D<7;§_(u—ﬂ+kp)>—l—/ﬁiz;g(u—ﬂ—i-kp)

T T
+/ w—k(u—a+kp)z/ (k(u—a+kp)> dji
ook a\ k
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Therefore, having in mind the monotonicity of a, we get

—ZT—;u—ﬂ w—wT—;u—ﬂ
|-tk + [ i)t

—|—/ (a(xz, Du) — a(xz, D@)) - Dp
{0<u—itkp<k}

T . . -
< [ (Fra-avmn) du- < - @.
Taking limit when k& goes to 0 in the above expression, having in mind that

Duy = Dugy where u; = us, we obtain that

Au—zm@qw—aw@ﬂy+4@—zmmmm

(5.7) / (w— w)signar(u — U)X {yza} + / (w — W) pX fu—a}
a0 a0

< (u— @)+ (@)

By approximation we can suppose that (5.7) holds for every 0 < p € WhH(Q)n
L>(9). Tt is easy to see that there exist 0 < p, € WH1(Q) N L>(2) such that
pn = signg (w — @) HY~! a.e. on 9Q and

pn — signd (z — 2) in LY(Q).

Then, taking p = p, in (5.7) and sending n — +o00, we get the contraction

principle (5.4).

Remark 5.3 - We also get the following monotonicity result for entropy solu-
tions.

Let [u, z,w] be an entropy solution of problem (Sl"jfﬂg), 11, o Measures, (11 =

p1 L Q and po = po L0 such that p = pg +pe € MY (Q) and p(Q) € R, g, and
ngﬂg)’ fia, fiz measures, fiy = fi L
and ﬂg = [LQL@Q such that ,lNL = [Ll +ﬂ2 c m{;(Q) and [L(Q) c R%[g. prq < pa,

then z1 < 29 a.e. in Q and w; < wy a.e. in 0.

[t, Z, ] an entropy solution of problem (
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Remark 5.4 - We point out that the cases of Hele Shaw problem, which corre-

sponds to
0 if r<o,
~v(r) = [0,1] if r=0,
1 if >0,

and the multiphase Stefan problem, which corresponds to

r—1 if r<Q0,
v(r)=4q [-1,0] if r=0,
r if >0,

are included in the above existence and uniqueness results.

In the particular case of Dirichlet boundary condition, that is, for § the
monotone graph D = {0} x R, which corresponds to the problem

—div a(z,Du) +y(u) > p in Q
(Sio)
u=20 on 01},

where v is a maximal monotone graph in R? and p a diffuse measure in 2, we

also have existence and uniqueness of entropy solutions.

6. Applications

One of the main applications of these results is the study of doubly non-
linear evolution problems of elliptic-parabolic type and degenerate parabolic
problems of Stefan or Hele-Shaw type, with nonhomogeneous boundary condi-
tions and/or dynamical boundary conditions.

The results obtained have an interpretation in terms of accretive operators.
Indeed, we can define the (possibly multivalued) operator B-% in X := L(2) x
L'(09) as

BB = {((v,w), (6,%)) € X x X : Jue T-P(Q),

v+0,w4w

with [u, v, w] an entropy solution of (S7” )}
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Then, under certain assumptions, B7” is an m-T-accretive operator in X.
Therefore, by the theory of Evolution Equations Governed by Accretive Op-
erators (see, [11], [16] or [29]), for any (v, wp) € D(B%ﬁ)x and any (f,g) €
LY(0,T; LY(Q)) x LY(0,T; L' (99)), there exists a unique mild-solution of the
problem

VI + B (V)3 (f,9),  V(0) = (vo,wo),

which rewrites, as an abstract Cauchy problem in X, the following degenerate

elliptic-parabolic problem with nonlinear dynamical boundary conditions

vy —diva(z, Du) = f, v € y(u), in Qx(0,T)
(DP) we +a(z,Du)-n=g, we p(u), ondx(0,T)

v(0) = v in Q, w(0) =wp in O

In principle, it is not clear how these mild solutions have to be interpreted
respect to the problem (DP). In [1] and [3] we characterize these mild solutions
as weak solutions or as entropy solutions depending on the regularity of the
data.
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