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Quasi-linear elliptic problems in L' with

non homogeneous boundary conditions

K. AMMAR - F. ANDREU - J. TOLEDO

ABSTRACT: We study quasi-linear elliptic problems with L' data and non homoge-
neous boundary conditions. Fxistence and uniqueness of entropy solutions are proved.

1 — Introduction

Let © be a bounded domain in IRY with smooth boundary 8Q and 1 < p <
00, and let a : @ x RY — RY be a Caratheodory function such that (H;) there
exists A > 0 such that a(z,€) - € > MEJP for ae. © € Q and for all ¢ € RY,
(H>) there exists ¢ > 0 and g € L?' () such that |a(z, )| < ¢(g(z) + [€P") for
a.e. x € Qand for all € € RY, where p/ = o2, (Hs) (a(z, &) —alz,n))-(E—n) >0
for a.e. z € Q and for all &, n e RY, € #.

We are interested in the quasi-linear problem

{ —div a(.,Du)+u=¢ inQ

a(.,Du) -n+ p(u) 3¢ on 09,

where ¢ € L'(9Q),¢ € L'(Q) and 3 is a maximal monotone graph in IR? such
that 0 € 3(0).

The main difficulties in the study of this problem are related to the non

regularity of the data (see [4]) and to the condition on the boundary which is
more general than the classical Dirichlet condition or the Neumann one.

(S)
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We solve problem (S) for ¢ € L'(Q2) and ¢ € L'(9f2) when a is smooth
or D(B) is closed in the entropy sense introduced in [4] for problem (S) with
homogeneous Dirichlet condition. The homogeneous case (that is ¢y = 0) was
studied in [2] for particular graphs 5. In the present paper, we overcome these
restrictions on [ using similar techniques than the ones employed in [2] and
monotonicity arguments.

We also study the quasi-linear problem

®) { —div a(., Du) =0 in Q
a(.,Du)-n+u=1 on 0,

where 1 € L'(9Q). We introduce a capacity operator which will be used to

study parabolic problems with dynamical boundary conditions.

2 — Notations

As usual, Ay denotes the Lebesgue measure in RY. For 1 < p < 400, LP(Q)
and W1P(Q) denote respectively the standard Lebesgue and Sobolev spaces, and
Wy (Q) is the closure of D(Q) in WHP(Q). For u € WhP(Q), we denote by u

or vy(u) the trace of w on 9 in the usual sense and by Wﬁ’p(aﬁ) the set
(WP (Q)).
In [4], the authors introduce the set
TP(Q) = {u: © — IR measurable such that T (u) € W*?(Q) V& > 0},

where Ty (s) = sup(—k, inf(s, k)). They also prove that given u € 71P(€), there
exists a unique measurable function v :  — IRY such that

DTk(u) = UX{|v|<k} Vk > 0.

This function v will be denoted by Du for the function u € 7+?(Q). It is clear
that if w € WHP(Q), then v € LP(Q) and v = Du in the usual sense. As
in [2], 7,17 (Q) denotes the set of functions u in 71P() satisfying the following
condition, there exists a sequence u,, in W1 (Q) such that

(a) u, converges to u a.e. in {2,

(b) DTy (u,) converges to DTy (u) in LY(Q) for all k > 0,

(¢) there exists a measurable function v on 9€, such that v(u,,) converges a.e. in
00 to v.

The function v is the trace of u in the generalized sense introduced in [2]. In the
sequel we use the notations u or 7(u) to designate the trace of u € 7,7 (£2) on 9.
Let us recall that in the case u € W1P(Q), 7(u) coincides with ~(u), the trace of
u in the usual sense. Moreover v(Ty(u)) = Ti(7(u)) for every u € T,-*(2) and
k>0, and if u € T,7(Q) and ¢ € WHP(Q) N L(Q), then u — ¢ € T, (Q) and
T(u—¢) = 7(u) = 7(¢).
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3 — Existence and uniqueness of solutions of problem (S)

We will prove existence and uniqueness of an entropy solution of problem (S)
in the case D(/3) is closed or a is smooth, that is, for all ¢ € L>°(2), there exists
g € L'(99) such that the solution of the homogeneous Dirichlet problem

{ —diva(.,Du)=¢ in
u=20 on 0},

is a solution of the Neumann problem

{ —diva(.,Du) =¢ in
a(.,Du)-n=g on 00

Functions a corresponding to linear operators with smooth coefficients and p-
Laplacian type operators are smooth.

DEFINITION 3.1. A measurable function u in € is an entropy solution of
problem (S) if u € L'(Q)NT;L7(Q) and there exists w € L' (8Q), w(z) € B(u(z))
a.e. on 0f), such that

(3.1) /Qa(-»D“)'DTk(u—v)—I—/QuTk(u—v)—i-/aQwTk(u_U) <

< wTk(u—v)—l—/(ka(u—v) Vk >0,
19) Q
for all v € L>(Q) N WP(Q), v(x) € D(B) a.e. in .

As we will see in the existence results, when a is smooth it is possible to
remove the condition v(z) € D(f) a.e. in 9N for the test functions in the above
definition.

We prove the following result of existence and uniqueness of entropy solu-
tions of problem (S).

THEOREM 3.2. Let D(3) be closed or a smooth.

(i) For any ¢ € L*(Q), ¥ € LY(09Q), there exists a unique entropy solution of
problem (S).

(ii) If uy is the entropy solution of problem (S) corresponding to ¢; € L*() and
Yy € LY(OQ) and us is the entropy solution of problem (S) corresponding
to ¢o € L) and 1po € L*(0Q) then there exist wi € LY(09), wi(x) €
B(ui(z)) a.e. in OQ, and wy € L (99Q), wa(x) € Blua(x)) a.e. in OQ, such
that

/Qa(.,Dui)~DTk(ui—v)+/ﬂuiTk(ui—v)+/ wiTh(u; — v) <

oQ
< [ wTi(ui—v) + / 6:T(ui —v) Yk >0,
o0 Q
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for allv € L=(Q) N WLP(Q), v(x) € D(B) a.e. in 02, i = 1,2. Moreover

R B e B S e R i

To prove the above theorem we will proceed by approximation.

THEOREM 3.3. Let D(8) be closed and m,n € IN, m <n.

(i) For ¢ € L>™(Q) and ¢ € L*>(0N), there exist u = Upypmn € WHP(Q) N
L>(Q) and w = We gpm.n € L®(0Q), w(z) € B(u(x)) a.e. on 0Q, such that

/Qa(.,Du)-D(u—v)—i—/szu(u_v)_'_/ wlu — v)+

oQ
1

i ut(u—v)— = u (u—wv
(32) o [ w5 [ <

< [ v+ [ su—o).

for all v € WHP(Q), v(x) € D(B) a.e. on 9L, and all k > 0. Moreover,

(3.3) Lt [t [ wte [ 1ol

(ll) ]fm1 <mg < ng < ny, ¢1,¢2 S LOO(Q), ’(/)1,’¢Q S Loo(aﬁ) then

+ +
/Q(u%ﬂbl,mhnl - u¢27w27m2,n2) + /ag(wqﬁhwhml,m - w¢'27¢27m2,n2) <

< [ =)+ [ =0

PROOF. Observe that st —L1s = Lgp (L _1yg=— (L _ 1),
For r € N, it is easy to see that the operator B, : W'P(Q) — (W
defined by

(Byu, v) — /Q a(z, D(u)) - Dv + /

1
Tr(u)v—i——/ JulP~2uv+
Q rJa

(3.4) + /09 T (Br(u))v + E Tr(ut)v — S /BQ Tr(u™)v—

m Joo n
_/BQ¢U_[2¢U7
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where (3, is the Yosida approximation of 3, is bounded, coercive, monotone and
hemicontinuous. On the other hand, since D(f) is closed,

W5P(Q) == {u € WHP(Q),u(z) € D(B) a.c. on 90}

is a closed convex subset of W1?(Q). Then, by a classical result of Browder ([9]),
there exists u, = gy mnr € WHP(Q), u.(x) € D(B) a.e. on 9, such that

[ ate.Du) - Dl =)+ [ T =0+ 1 [ e -0+

65+ [ T =0+ [ T - o)
1 _
o [ )=o) < [ v =0+ [ s o).

n

for all v € WHP(Q), v(z) € D(B) a.e. in 9.

Taking v = u, — Tx((u, — mM)T) in (3.5), where M = [|¢] 00 + [|¥]lc0s
dropping nonnegative terms, dividing by k, and taking limits as k goes to 0, we
get

1 1
—/ T, (u,)sgn™ (u, —mM) + — T (ur)sgn™ (u, — mM) <
m Jjo m Jjoq
< [ st (s —md) + [ dsgn* (- mi1),
a9 Q

consequently

/(Tr(ur) —mM)sgn™ (u, —mM) +/ (T-(uy) — mM)sgn™ (u, — mM) <
Q o9

< /aQ(mz/) —mM)sgnt (u, — mM) + /Q(mqﬁ —mM)sgn™ (u, —mM) <0,
therefore, for r large enough,
up(z) <mM aein Q.
Similarly, taking v = u, + Ty ((u, +nM)~) in (3.5), we get
up(x) > —nM a.ein Q.
Consequently, for r large enough, and taking into account that m < n,

(3.6) trlloo < M .
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Taking v = 0 as test function in (3.5) and using (H;) and (3.6), it follows that

1

As a consequence of (3.6) and (3.7) we can suppose that there exists a subse-
quence, still denoted u,., such that

u, converges weakly in WP (Q) to u € W'P(Q),
u, converges in LI(€2) and a.e. on € to u, for any ¢ > 1,

u, converges in LP(9Q) and a.e. to u.

Next we show that T,.(3,(u,)) is weakly convergent in L*(d€2). Since u,(z) €
D(3),
|8y (ur) ()| < inf{|r|,r € B(ur(x))}.
If D(B) =R,
sup{B(—nM)} < B,(u,) < inf{B(mM)}.

In the case D((3) is a bounded interval [a,b],a < b,

sup{B(a)} < fBr(u,) < inf{3(b)}.
If D(B) = [a,+00),a <0,

sup{ﬁ(a)} < Br(ur) < lnf{ﬁ(M)} :

The case D(f) = (—o0,a], a > 0 can be treated similarly. Consequently, for
r large enough, T,.(8,(u,)) = Br(u,) is uniformly bounded and there exists a
subsequence, denoted in the same way, L'(99)-weakly convergent to some w €
L>(982). From here, since u, — u in L'(99), applying [7, Lemma G, it follows
that w € f(u) a.e. on ON.

Let us see now that Du, converges in measure to Du. We follow the tech-
nique used in [8] (see also [2]). Since Du, converges to Du weakly in LP(), it
is enough to show that Du, is a Cauchy sequence in measure. Let ¢ and € > 0.
For some A > 1, we set

Clx, A1) := inf{(a(x, &) —a(z,n)) - (E—n): [§| <A, In[ <A, | —nl =t}

Having in mind that the function £ — a(z,§) is continuous (since ¢ denotes a
datum) for almost all z €  and the set {(&,n) : [§| < A, |n| <A, |E—n| >t}
is compact, the infimum in the definition of C'(z, A, t) is a minimum. Hence, by
(Hs), it follows that

(3.8) C(z,A,t) >0 for almost all = € Q.
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Now, for r,s € IN and any k > 0, the following inclusion holds
(3.9) {|Du, — Dug| >t} C
7 c{|Du,| > A} U{|Dus| > Ay U {|u, —us| > E*YU{C(2,At) <k}UG,

where
G = {|u, —us| <k* C(x,A,t) >k, |Du,| < A, |Dus| < A, |Du, — Dug| > t}.

Since the sequence Du, is bounded in LP(§2) we can choose A large enough in
order to have

(3.10) An({|Duy| > A} U {|Duy| > A}) < 2 for all r,s€IN.
By (3.8), we can choose k small enough in order to have
(3.11) Av({Cla, At < kD) < 5

On the other hand, if we use w, — Tg(u, — us) and us + Ti(u, — us) as test
functions in (3.5) for u, and us respectively, we obtain

1
/a(;v,Dur)~DTk(ur—uS)—|—/uer(ur—us)—i——/\uT|p_2uer(ur—us)+
Q Q rJa

1
(3.12)  + [ Belup)Te(ur —us) + — [ wTh(u, — ug)—
o9 m Joo

1
——/ u, T (ur — ug) < wTk(ur—us)Jr/chk(ur—us),
n Joo GlY) Q

and
— / a(z, Dug) - DTy (u, — us) — / usTh (uyp — ug)—
Q Q
1 -
- ; |us| UsTk(ur - us)_
(3.13) ¢ )
- ﬂs (us)Tk(ur - us) - uka(ur - U5)+
0 m Jaa
1
+ 7/ ug Ti(uy —ug) < — VT (u, — ug) — / Tk (up — ug) .
n Jon o0 Q

Adding (3.12) and (3.13), we get

| ate.Dur) = e D)) - DI~ w,) <
<[ (3|u|u - 1|u|u) Tty — )
~ [ el = Bl Tir = ).



298 K. AMMAR - F. ANDREU - J. TOLEDO 8]

Consequently, there exists a constant M independent of r and s such that

/Q(a(x, Du,) — a(x, Duy)) - DTy (uy — ug) < kM .

Hence
An(G) <
< )\N({‘ur - ’LLS‘ < k27 (a’(x7DuT) - a’(m7DuS)) ! D(UT - U’S) > k}) <
1
(3.14) < - (a(z, Duy,) — a(z, Dug)) - D(uy — us) =
kS sl <)
1 1 N
= - / (a(z, Du,) — a(x, Dug)) - DTy (u, — us) < — K2M < ¢
k Jo k 4

for k small enough.

Since A and k have been already chosen, if r( is large enough we have for
r,s > 1o the estimate Ay ({|u, — us| > k?}) < £. From here, using (3.9), (3.10),
(3.11) and (3.14), we can conclude that

AN ({|Duy — Dug| > t}) <e for r,s>rg.

From here, up to extraction of a subsequence, we also have a(., Du,.) converges
in measure and a.e. to a(., Du). Now, by (Hy) and (3.7),

a(., Du,) converges weakly in L” ()N to a(., Du).

Finally, letting r — +oo in (3.5), we prove (3.2).

In order to prove (ii), let us put w1, =Ue, 4y .mynyr A U2 = Uy 1o ma.ng.r-
Taking w1, — T ((u1,, — ug,)"), with r large enough, as test function in (3.5)
for uy ., m =my and n = n;, we get

/ a(., Duy ,)- DT (urr — sp) ")+ / wry To((urr — uz ) )+
Q Q

1
+ F/‘“l»r\p_Qul,er((ul,r—uz,r)+)+ Br(u1,) T ((ur o —ugr) )+
Q o0

(3.15) ,

1 _
+—/ uf, Ty ((u1,r —ugp)™) — —/ uy  Tr((ur,r —ugr)™) <
mi1 Joq ni Joo

< [ GiTh((ury —uz)*) + / 1T (e — wz)¥),
o0 Q
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and taking us , + Tj(u1, — u2,)" as test function in (3.5) for us ., m = my and
n = ng, we get

- / a(., Dus,p)- DTe( (10 11z, ) ) — / oy Tty — 113 ) )=

Q Q
1
o / g [P ug o T (wr r — ) ™) = [ Br(ug) Ti((wr e — ugr)™)—
T Ja o0
(316) :
__/ ug , Ti((u1,r —uge)™) + —/ up Tr((ur, —ugr)™) <
ma Jon n2 Jaq
<— | aTi((uryr —u2y)™) — / G2 Tk ((ur,r — uz,) ™).
o0 Q

Adding these two inequalities, dropping some nonnegative terms, dividing by k,
and letting &k — 0, we get

/(ul,?” - u2,7“)+ +/ (67“(“1,7“) - ﬂr(u2,r))+ <
(3.17) ¢ o5

< / (V1,0 — Yo,) T + /Q(ébu — o).

o0
From here, taking into account the above convergences, (ii) can be obtained.
Finally, observe that when ¢2 = 0 and ¥9 = 0, taking v = 0 in (3.5) for
¢ = ¢ and 1) = g, we get ug , = 0. Therefore, from (3.17) we get (3.3).
THEOREM 3.4. Let a be smooth and m,n € IN, m < n.
(i) For ¢ € L>=(Q) and ¢ € L>(0N), there exist u = Upypmn € WHP(Q) N
L>(Q) and w = wy p.mn € L (ON), w(z) € B(u(x)) a.e. on IQ, such that

/Qa(.,Du)~D(u7v)+/Qu(ufv)+/ w(u — v)+

o0

1 1
+ — u+(u7v)ff/ u (u—wv) <
m Jaq n Joa

< [ wlw-v+ [ du-o),
o9 Q
for allv € WHP(Q) and all k > 0. Moreover,

L+ [ i< [ i+ [ ol

(ii) If my < mp <ng <ny, @1, 02 € L2(Q), 11,12 € L(0Q) then

+ +
/Q(udﬁlﬂ/)l,mhnl - u¢27¢27m2,n2) + /69(w¢l7w17m1:7711 - w¢27¢27m2,n2) <

< /m(wl i)+ [ (61— o)".
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ProOOF. Applying Theorem 3.3 to f3,, the Yosida approximation of 3, there
exists Uy = g m.n,r € WHP(Q) N L®(Q), such that

[ atDu) - D=0+ [ antur =)+ [ o) - o)+
Q oQ

Q
1 1

(3.18) +— | wf(u, —v)—— / u, (u, —v) <
m Joq n Joq

S agw(ur_v)"’_/g(b(ur_v)a

for all v € WP(Q). Moreover, u, is uniformly bounded by n (||¢||oc + [|¥0|co)-
Let u be the solution of the Dirichlet problem

—div a(x, D)+ a4 =¢ in
u=0 on 0f).

Since a is smooth, there exists 1) € L*(89) such that
(3.19) / a(., D) - D(i —v) + / a(t—v)= [ Pla—v)+ / ot —v),
Q Q o0 Q

for any v € WHP(Q) N L>(Q).

Taking v = u, — p(Gy(u, —@)) as test function in (3.18), where p € C*°(IR),
0 < p' <1, supp(p’) is compact and 0 ¢ supp(p) (supp(p) being the support of
p), and G+ p(By(u, — @)) as test function in (3.19), and adding both inequalities
we get, after dropping nonnegative terms, that

/’mwmmmW»s/<w—wM@wm,
1519} 1519}

which implies, see [6], that

lim B.(u,) =w weakly in L'(09).

r—-+00

Now, arguing as in the proof of Theorem 3.3, we obtain (i).
To prove (ii), by Theorem 3.3 applied to [,, we have that, denoting w; , =
Ugp; i msynayry © = 1,2,
[ e =)+ [ (Grtunn) = utwa) <
(3.20) @ oQ
< [ wi-v+ [0i-e
oQ Q

Taking limits in (3.20) as r goes to +oco we can get (ii).
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PROOF OF THEOREM 3.2. Emistence. Let us approximate ¢ in L'(Q) by
Om.n = sup{inf{m, ¢}, —n}, which is bounded, non decreasing in m and non
increasing in n, and ¢ in L'(0Q) by ¥, = sup{inf{m,v¥}, —n}. Then, if
m < n, by Theorem 3.3 and Theorem 3.4, there exist w,, , € WHP(Q) N L>®(Q)
and wy, , € LY(09), wimn(x) € B(tm,n(x)) a.e. on 9, such that

/ al., D, n) D (U, n — v)—i—/um,n(um,n - v)—i—/ Wi (U — V) +
Q Q o0

1 1
(3.21) + = wh (U — ) — —/ Uy o (U — v) <
m Jjoq nJoq
S ¢m,n(um,n - 'U) + / ¢m,n(um,n - U) 9
o0 Q

for any v € WHP(Q) N L>(Q), v(z) € D(B) a.e. on 9. Moreover

62) [ fomal+ [ fumal < [ omal+ [ 1omal < [ w1+ [ 101,

Fixed m € IN, by Theorem 3.3 (ii) and Theorem 3.4 (ii), {wmn}5Z,, and
{Wm,n}oL,, are monotone non increasing. Then, by (3.22) and the Monotone
convergence theorem, there exists i, € L'(Q), W, € L' (99Q) and a subsequence
n(m), such that

R 1
Hum,n(m) - um”l < E
and

Thanks to Theorem 3.3 (ii) and Theorem 3.4 (ii), &y, and w,, are non decreasing
in m. Now, by (3.22), we have that [, [i,,| and [, [, are bounded. Using
again the Monotone convergence theorem, there exist u € L*(Q) and w € L'(99)
such that

{iy, converges a.e. and in L'(2) to u

and
1, converges a.e. and in L'(99) to w.
Consequently,
U = Uy () CONVerges a.e. and in LY Q) to u
and

(3.23) Wy 1= Wy n(m) CONVerges a.e. and in LY (09) to w.
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Taking v = wy, — Tk (up,) in (3.21) with n = n(m),
(3.24) 3 [ IDTunl? < k(160 -+ [011) vk € N,
Q

From (3.24), we deduce that Tj(u,,) is bounded in WP(2). Then, we can
suppose that

Ty () converges weakly in WHP(Q) to Ty (u),

Tk (urm,) converges in LP(£2) and a.e. on § to T (u)

and
Tk (uy,) converges in LP(9Q) and a.e. on 92 to Tx(u).

Taking G = {|um — un| < k%, Jum| < A, |u,| < A, C(z,A,t) > k, |Duy| <
A, |Du,| < A, |Duy, — Duy| > t}, and arguing as in Theorem 3.3, it is not
difficult to see that Du,, is a Cauchy sequence in measure. Similarly we can
prove that DTy (u,,) converges in measure to DT (u). Then, up to extraction of
a subsequence, Du,, converges to Du a.e. in 2. From here,

(3.25) a(., DTy (up,)) converges weakly in LP' (Q)N and a.e. in ©Q to a(., DTy (u)).

Let us see now that u € 7,-7(Q). Obviously, u, — u a.e. in . On the other
hand, since DT} (u,,) is bounded in LP(2) and DT (u,,) — DTy (u) in measure,
it follows from [4, Lemma 6.1] that DT} (u,,) — DTy (u) in L1(2). Finally, let
us see that v(u,,) converges a.e. in 9. For every k > 0, let

A ={x € 0Q: |Ti(u)(z)| < k} and C := 0Q ~ UpsoAk .

Then, by (3.22), (3.24) and the Trace theorem, there exists positive constants
My, M5 such that

Mol € 00 D)) = 1) < 35 [ TP <

My

(3.26) N
ST (/Q | T () [T (u) [P~ +/Q|DTk(u)|P> < k_j(kp— k).

Hence, Ax_1(C) = 0. Thus, if we define in 92 the function v by
v(z) =Tip(u)(z) ifxe A,

it is easy to see that

(3.27) Up, — v =:7(u) ae. in .
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Therefore, u € 7,7 (€2) and moreover, by (3.26), u € M?° (9Q), py = inf{p—1,1},
where MP0(99) is the Marcinkiewicz space of exponent py (see, for instance, [5]).
Since wy, () € B(um(x)) a.e. on 99, from (3.23), (3.27) and from the max-
imal monotonicity of 3, we deduce that w(z) € f(u(x)) a.e. on .
Finally let us pass to the limit in (3.21) to prove that « is an entropy solution
of (S). For this step, we introduce the class F of functions S € C?(IR) N L*°(IR)
satisfying

S(0)=0, 0< 8 <1, S'(s) =0 for s large enough,
S(—s) = —S5(s), and S”(s) <0 for s > 0.

Let v € WHP(Q) N L>®(Q), v(z) € D(B) ae. if D(B), and S € F. Taking
U — Sty — v) as test function in (3.21) we get

/Qa(x,Dum) - DS (up, — v) +/

Uy S (U, — 0) + / W S (U, — )+
)

o

1 1
3.28 + — u:;Sum—v——/ u_ S (U, —v) <
(3:28) m Joq ( ) n(m) Joq "™ ( )

S wms<um_v)+/ ¢m5(um_v)'
o0 Q
We can write the first term of (3.28) as

(3.29) /Qa(:v, D) - Dup S’ (um — v) — /Qa(x,Dum) - DvS" (U, — v) .

Since u,, — v and Du,, — Du a.e., Fatou’s lemma yields

/ a(z,Du) - DuS’(u —v) <liminf | a(z, Duy,) - DumS' (U, — v) .
Q

m—00 QO

The second term of (3.29) is estimated as follows. Let 7 := [|v]o + [|5]co-
By (3.25)
(3.30) a(z, DToup) — a(z, DT,u)  weakly in LP ().

On the other hand,
|DvS’ (uy, — v)| < |Dov| € LP(Q).
Then, by the Dominated Convergence theorem, we have

(3.31) DS’ (ty, —v) — DvS'(u—v) in LP(Q)N.
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Hence, by (3.30) and (3.31), it follows that

lim [ a(x, Duy,) - DvS (up —v) = / a(x, Du) - DvS’(u —v).

m—oo JQ Q

Therefore, applying again the Dominated Convergence theorem in the other
terms of (3.28), we obtain

/Qa(gc,Du)~DS(u—v)—|—/Qu5(u—v)+/mw5(u—v)g
< ¢S(u—v)+/s)¢5(u—v).

o0

From here, to conclude, we only need to apply the technique used in the proof
of [4, Lemma 3.2].

Uniqueness. Let u be an entropy solution of problem (S), taking T} (u) as
test function in (3.1), h > 0, we have

uTk(u — Th(u)) + /(99 wTk(u — Th(u)) <

/Qa(x, Du) - DT (u — Ty, (u)) + /

Q

oQ

Now, using (H;) and the positivity of the second and third terms, it follows that

(332) A / Dup? < / ]+ & / 6]
{h<|u|<h+k} oQN{|u|>h} QN{|u|>h}

Let now u; and ug be entropy solutions of problem (S), following the lines of [4],
we shall see that u; = uz. Let wi,wy € L'(9Q) with w(x) € B(ui(z)) and
wa(z) € B(uz(z)) a.e. on 9N such that for every h > 0,

/ a(x, Duy) - DTy (uy — Th(u2)) +/ ur Ty (ur — T (u2))+
Q Q
+ /m w1 Ty (uy — Th(uz)) < /m YTy (ur — Th(uz)) + /Q T (ur — Th(u2))
and
/ a(z, Dug) - DTy (ug — T (u1)) -l-/ u2Ty (uz — Th(u1))+
Q Q

+ /8Q wo Ty (ug — Tp(ur)) < | Ti(uz — Th(ur)) +/Q¢Tk(u2 = Th(u1)).

o0
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Adding both inequalities and taking limits when h goes to oo, on account of the
monotonicity of 3, we get

- / (u1 — u2)Th(ur —ug) > 1ihminf Ik,
Q —00
where

Ing = /Qa(x,Dul) - DTy (uy — Th(u2)) + /Q a(x, Dug) - DTy (ug — Th(u1)) -

Then, in order to prove that u; = us, it is enough to prove that

(3.33) lihm inf I, > 0 for any k.

To prove this, we split
In, = Ili,k + IiQL,k + I}?;,k + Ig,k ;

where

Ihk / (a(z, Duy) — a(z, Dus)) - DTk (u; —ug) >0,
{lui|<h, |uz|<h}

Ih A / a(z, Duq) - DT (uy — hsgn(uz))+
{lurl<h; fuz|=h}

a(x, Dug) - DTy (ug — uq) >
{lu1l<h, |uz|=h}

> / a(x, Duy) - DTy (ug — uq),
{lui|<h, |uz|>h}

Iy = / a(z, Duy) - DTy (uy — ug)+
{lurl2h, fuz|<h}
—|—/ a(x, Dug) - DTy (uz — hsgn(uy)) >
{lu1|>h, |uz|<h}

> / a(z, Duy) - DT} (uy — us)
{lur|>h, |uz|<h}

If;k = / a(z, Duq) - DTy (uy — hsgn(uz))+
{lua|=h, Juz|=h}

+/ a(x, Dug) - DT} (ug — hsgn(ui)) > 0.
{lus|>h, Jual>h}
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Combining the above estimates we get
Iy > L}L,k + L%,k )

where
L, = / a(x, Dug) - DTy (us — uyq)
’ {lu1|<h, |us|>h}

and
L= / a(x, Duy) - DTy (u1 — uz) .
{lu1[=>h, |uz|<h}

Now, if we put
C(h,k) :={h <|ui| <k+h}N{h—k<|uz| <h},

we have
L2, < / la(z, Duy) - (Duy — Duy)| <
{lur—uz|<k, |ui|>h, |uz|<h}

< / |a(z, Duy) - Duy | +/ la(xz, Duy) - Dus| .
C(h,k) C(hk)

Then, by Hoélder’s inequality, we get

1/p 1/p
Li,us( / |a<x7Du1>|p) (( / Dull”) n
C(h.k) C(hk)
1/p
C(h,k)

NOWa by (H2)7

A L/ , P\ /¢
([ tawowr) " < ([ (o +Dup) )
C(h,k) C(h,k)

N , 1/p
<2k (|g§,—|—/ |Du1P> .
{h<|ur|<k+h}

On the other hand, applying (3.32), we obtain

k
/ D < ( [l f |¢|)
{h<|ur|<k+h} {lurl=h} {lur|=h}
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and

k
/ pusp <3 ([ wl+ [ 9l
{h—k<uz] <h} {lual>h—k) {lual>h—k)

Then, since uy,uz, ¢, € L*(Q) and uy,us € MP0(9S), we have that
lim L} , =0.
Jm, L =0

Similarly, limp, . L}, ,, = 0. Therefore (3.33) holds.

Finally, let u; be the entropy solution of problem (S) corresponding to ¢; €
LY(Q) and ¢ € LY(9Q) and let uz be the entropy solution of problem (S)
corresponding to ¢ € L' () and ¥y € L1(9Q). As a consequence of uniqueness
we can construct u; and usy following the proof of (i), then, taking into account
Theorem 3.3 (ii) and Theorem 3.4 (ii), we prove (ii).

DEFINITION 3.5. Let us suppose that D(() is closed or a is smooth. For
€ LY(0R), let us define the operator A in L'(Q) x L'(Q) by (u,¢) € A if
uwe LYQ) NTLP(Q), ¢ € L'(Q) and there exists w € L' (9Q), w(z) € Blu(x))
a.e. on 0f), such that

/Qa(.,Du)-DTk(u—v)—f—/ WTh(u—v) <

o0

< [ whit-o+ [ ohu-v)
o0 Q

for all v € WHP(Q) N L*(Q), v(z) € D(B) a.e. in 9L, and all k > 0.

By Theorem 3.2 we have that A4 is an m-accretive operator. Moreover, it
is not difficult to see that D(A) = L'(Q2). Then by the Nonlinear Semigroup
Theory it is possible to solve in the mild sense the evolution problem in L'()

{ u+Au>0 in 2x]0, +oo],
u(0) = up € L(9).

The mild solution of the above problem in the case ¥ = 0 is characterized in [3]
in the entropy sense for particular graphs f.

4 — Existence and uniqueness of solutions of problem (P)

Let us now study problem

P) { —div a(., Du) =0 in Q

a(.,Du)-n+u=1 ondQ,

for any a satisfying (Hy), (Hz) and (Hs3) and any v € LY(99).
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Using classical variational methods (][9], [10]), for every data @ € L°°(9)
this problem can be solved in WP(Q). In fact, let us define the following
capacity operator

CWVPOR) — W7 (90)
by
<Cf,g>= / a(., Du) - Dv
Q

where u € W1P(Q) is the solution of the Dirichlet problem

D) { —diva(.,Du) =0 in

u=f on 0f),

and v € WHP(Q) is such that vy(v) = g. Function u is called the A-harmonic lift-
ing of f, where A is the operator associated to the formal differential expression

—diva(z, Du). It is easy to see that the operator C is bounded from Wﬁ’p(ag)

to its dual W7 ' (092), hemicontinuous and strictly monotone. Therefore,
(4.34) Cf+ f =1 has aunique solution f € Wﬁp(aﬁ) N L (09Q).

In the general case where ¢ € L'(9Q), the variational methods are not available.
For this reason we introduce a new concept of solution, named entropy solution,
and we will give an existence and uniqueness result of solutions in this sense.

DEFINITION 4.1. A measurable function u : Q — IR is an entropy solution
of (P) if u € T,-7(Q), 7(u) € L'(99Q) and

/Qa(.,Du) - DTy (u — ) —i—/aQ uTp(u —v) < /09 YTk (u —v)

for all v € L>(Q) N WP(Q) and all k > 0.

THEOREM 4.2. For any 1 € L'(0N), there exists a unique entropy solution
of problem (P).

Moreover, if uy is an entropy solution of problem (P) corresponding to 11 €
LY(09) and ug is an entropy solution of problem (P) corresponding to s €

LY(09) then
/ |U1—U2|§/ |91 — ol .
29 29
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PRrOOF. Let n € IN, using Theorem 3.2 with 3(r) = r for all » € IR and
¢ = 0, we have that, given ¢ € L'(dQ), there exists u, € L'(Q) N T,-7(Q),
7(u,) € L*(0R), such that

/Qa(.,Dun)~DTk(un—v)+%/

U T (U, — v)—l—/ U gy, — v) <
Q

(4.35) o
< | WTk(un —v)
o0
for all v € L>(Q) N WP(Q) and all k > 0.

Taking v = 0 as test function in (4.35), and using (Hy), it is easy to see that

1 M
(4.36) % | DTy (un)|P < 5% VYn € IN and Vk > 0,
Q
(4.37) / un| < M ¥neN
o0
and
1

(4.38) /—|un| <M VneN,

on

where M = [[/||1(90). Then, by (4.36), we can suppose that
Ty (uy,) converges weakly in W(Q) to o, € WHP(Q),
Tk (u,) converges in LP(Q2) and a.e. to oy

and
Ty (uy) converges in LP(9€) and a.e. to oy .

Since there exists C7 > 0 such that, for all n € IN and for all £ > 0,

</Q |Tk(un)|P*>1/p* =G </69 | T (un)| + (/Q |DTk(Un)p>1/p> ;

where p* = NN—_pp, we deduce, thanks to (4.36) and (4.37), that there exists Cy > 0
such that

ME\ 7
[T (wn)l Lo+ () < C1 (M-i- (T) ) < Cokv Vk>1.
Now,

.
)\N{er:\ak(mH:k}g/ lowl”
o kP

1

m forallkZl

Ty (un) [P -
< lim inf M <ch
n Q kr
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Hence, there exists C3 > 0 such that

1
)\N{{EGQ'O’]C((E”:I{}SCSW forall £ > 0.

Let u be defined on Q by w(z) = ox(z) on {z € Q: |ox(x)| < k}. Then
Uy, converges to u a.e. in §2,
and we can suppose that

Ty (un) converges weakly in WHP(Q) to Ty (u) € WHP(Q),

T (uy) converges in LP(§2) and a.e. to Ty (u) ,

and
Ty (un) converges in LP(0) and a.e. to Ty (u) .

Consequently, u € T1P(Q).
On the other hand, thanks to (4.37)

1
Moo €02 [Tw)@)] =k} < ¢ [ [Tufw) <
o0
1. . M
< Ehmlnf/@Q | Tk (un)| < =

Therefore, if we define v(z) = Ty (u)(z) on {x € 9N : |Ti(u)(x)| < k},
U, — v a.e.in 9.

Consequently, u € T,27(Q) and, by (4.37), u € L' (99).

Taking G = {|um —un| < k2, |um| < A, Jup| < A, Clz, A, t) >k, |Duy,| <
A, |Du,| < A, |Duy, — Duy| > t}, and arguing as in Theorem 3.3, it is not
difficult to see that Du,, is a Cauchy sequence in measure. Similarly, DT} (u,,)
converges in measure to DTy (u). Then, up to extraction of a subsequence,
Du,,, converges to Du a.e. in 2. From here,

a(., DTy (u,)) converges weakly in LPI(Q)N and a.e. in Q to a(., DTk (u)) .

Let us see finally that

(4.39) u,, converges to u in L*(99),

1
(4.40) —u,, converges to 0 in L'(Q).
n
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In fact, taking v = T}, (u,,) as test function in (4.35), dividing by k and letting
k — 0, we get

1
@y [ unl+ [ wl < [ .
N J{zeQ:|un (z)|>h} {z€0Q:|uy ()| >h} {z€dQ:|uy (z)|>h}

Now, by (4.37), Anv—1{z € 9Q : |u,(x)| > h} — 0 as h — +oo. Then, by (4.41),
it is easy to see that the sequence {1 u,} is equiintegrable in L'() and that the
sequence {u, } is equiintegrable in L'(99). Since 2w, — 0 a.e. in Q and u, — u
a.e. in 99, applying Vitali’s convergence theorem we get (4.39) and (4.40).

We can then pass to the limit in (4.35) (as in the proof of Theorem 3.2) to
conclude that u is an entropy solution of (P).

Let us prove now the uniqueness. Let u; be an entropy solution of prob-
lem (P) corresponding to ¢ € L'(9€2) and us be an entropy solution of prob-
lem (P) corresponding to 1o € L*(99). Working as in the proof of the uniqueness
of Theorem 3.2, we get

/ (1 — a) T (s — uz) — / (w1 — us) T (1 — ) >
o0 o0

> léminf (/ a(x, Duy) - DTy (uy — Th(us2))+
— 400 Q

+ /Q a(z, Dug) - DTy (ug — Th(ul))> >

(4.42)
> lim inf / (a(w, Dur) — a(z, Dus)) - DT (ur — uz) +
h—=+00 \ J{|ui|<h, |us|<h}
—l—/ a(x, Dug) - DTy (ug — up)+
{lui|<h, |uz|>h}
+/ a(x, Duy) - DTy (ug —u2) |
{lu1[>h, |uz|<h}
and

lim / a(xz, Dug) - DTy (ug — uy) +
hrtoo \Hlua|<h, Juz|2h}

+/ a(x, Duy) - DTy (uy —usg) | =0.
{lur|=h, |uz|<h}

Since f{‘u1|<h’ tun|<ny (@(@, Du1) — a(z, Duz)) - DTji(ur — uz) > 0, dividing by &
and letting k — 0, we get that

/aQ|U1—U2|S/aQ|1/J1—¢2|-
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In order to prove that uy; = us in Q if ¢p; = 19, it is enough to observe that the
inequalities (4.42) become equalities. Consequently

lim inf/ (a(z, Duy) — a(z, Duz)) - DT (u1 —ug2) =0.
h=+00 J{juy|<h, |uz|<h}

From here, since f{|u1|<h7 lus|<h} (a(z, Duy)—a(z, Dug))- DT}, (u; —us) is positive
and non decreasing in h, it follows that DT}, (u1) = DT),(u2) a.e. in Q for all h,
but since u; = us a.e. in 92, we get u; = us a.e. in ).

DEFINITION 4.3. We define the following operator B in L*(9Q) x L'(99)
by (f,%) € Bif f,4 € L'(9Q) and there exists u € 7,7 () with 7(u) = f such
that

/ a(., Du) - DTy (u —v) < YT (u—v),
Q a0
for all v € L>(Q) N WP(Q) and all k > 0.

By Theorem 4.2, B is an m-accretive operator in L'(9€2). Now, on the one
hand, operator C considered as an operator on L'(99) x L'(9), denoted again
C, is completely accretive (see [6]). In fact, let p € C°(IR), 0 < p’ < 1, supp(p’)
compact and 0 ¢ supp(p). If (f1,v1), (f2,%2) € C, then,

/ (1 — 2)olfs — f2) = / (a(-, Duy) — a(., Duy)) - Dp(uy — uz) =
o0

Q
= A(a(.7Du1) —a(.,Dug)) - D(uy — u2)p'(uy —ug) >
>0,

where u; is the A-harmonic lifting of f;, ¢ = 1,2. Consequently, by (4.34),

gl @M i tn-accretive in LY(09).

On the other hand, if (f,4) € C then
<, T (4 —v) >= / a(.,Da) - DTy (4 — v),
Q

for any v € WHP(Q) N L (), where & € W1P(Q) is the solution of the Dirichlet

problem
{ —diva(.,,D4) =0 inQ

u=f on Of).
Therefore

(f,4) € B,

and consequently, since B is m-accretive,

SLY(9Q)x L (99)

C =B.
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REMARK 4.4. In [1], the operator B is also characterized as follows, (f, ) €
1
Bif f,¢ € LY(09Q), Ti.(f) € W7 (08) for all k > 0 and

<Clg+Th(f - 9). Tu(f — g) >< /mzzJTk(ffg»

for all g € L (0Q) N Wﬁ’p(ﬁQ) and for all £ > 0.

REMARK 4.5. It is not difficult to see that D(B) is dense in L'(99). Then,
by the Nonlinear Semigroup Theory, it is possible to solve in the mild sense the
evolution problem in L*(92)

{ut+Bu=O in 9Qx]0, +oo[,
u(0) = ug € L' (09),

which rewrites, from the point of view of Nonlinear Semigroup Theory, the fol-
lowing problem

—div a(z, Du) =0 in 2x]0, +o0[,
W' (t) +a(z,Du)-n=0 on dNx]0,+oo],
u(0) = ug € L' (09).

In a forthcoming paper the mild solutions of the above problem will be charac-
terized in the entropy sense.
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